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Controllability of a dynamical system

GENERAL DYNAMICAL SYSTEM

y (0) = Yo,
t — y(t) is the state (possibly infinite dimensional) or the output.
t — v(1) is the control = the input = the command = the user action on the system.
GoaL : Determine v to impose a prescribed behavior to the state y

() {y'(t) = F(t,y,v),

MANY EXAMPLES

* Driving a car, a plane, a satellite  Population dynamics, Biology

* Optimizing chemical reactions * Economics

CONTROLLABILITY QUESTIONS : For a given T > 0, and yo

T,y =0)

Yo
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Controllability of a dynamical system

GENERAL DYNAMICAL SYSTEM

() {y'(t) =F(,y,v),
y(O) = Yo,

t — y(t) is the state (possibly infinite dimensional) or the output.

t — v(1) is the control = the input = the command = the user action on the system.

GoaL : Determine v to impose a prescribed behavior to the state y

MANY EXAMPLES

* Driving a car, a plane, a satellite  Population dynamics, Biology
* Optimizing chemical reactions * Economics
CONTROLLABILITY QUESTIONS : For a given T > 0, and yo

APPROXIMATE CONTROLLABILITY
Let yr be a given target.

Can I find a control v such that y(7', v) is close from
yr?
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Controllability of a dynamical system

GENERAL DYNAMICAL SYSTEM

y (0) = Yo,
t — y(t) is the state (possibly infinite dimensional) or the output.
t — v(1) is the control = the input = the command = the user action on the system.
GoaL : Determine v to impose a prescribed behavior to the state y

() {y'(t) = F(t,y,v),

MANY EXAMPLES

* Driving a car, a plane, a satellite  Population dynamics, Biology

* Optimizing chemical reactions * Economics

CONTROLLABILITY QUESTIONS : For a given T > 0, and yo

CONT. TO TRAJECTORIES YTv=0) §(T,0) = y(T,v)

Given an another trajectory (9, 7).
Can I find a control v such that y(7,v) = 3(T, ) ? *
Linear systems: null-controllability
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Controllability of a dynamical system

GENERAL DYNAMICAL SYSTEM

y (0) = Yo,
t — y(t) is the state (possibly infinite dimensional) or the output.
t — v(1) is the control = the input = the command = the user action on the system.
GoaL : Determine v to impose a prescribed behavior to the state y

() {y'(t) = F(t,y,v),

MANY EXAMPLES

* Driving a car, a plane, a satellite  Population dynamics, Biology

* Optimizing chemical reactions * Economics
CONTROLLABILITY QUESTIONS : For a given T > 0, and yo
DISCRETE EXACT CONTROLS

Given a discretisation (Sy) of (S), canIfind a
bounded family of discrete controls (v;); such that

T,y =0)

y; (vu=0) }.T

Yo
YZ (vn) —>yr 7
h—0
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Controllability of a dynamical system

GENERAL DYNAMICAL SYSTEM

y(O) = Yo,

() {y'(t) = F(t,y,v),

t — y(t) is the state (possibly infinite dimensional) or the output.
t — v(1) is the control = the input = the command = the user action on the system.
GoaL : Determine v to impose a prescribed behavior to the state y

MANY EXAMPLES

* Driving a car, a plane, a satellite

* Optimizing chemical reactions

CONTROLLABILITY QUESTIONS :

DISCRETE EXACT CONTROLS

Given a discretisation (Sy) of (S), canIfind a
bounded family of discrete controls (v;); such that

YZ(Vh) —yr ?
h—0

 Population dynamics, Biology

e Economics

For a given T > 0, and yo

T,y =0)

yr

Yo T
Vi (Vi)
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Let’s start with an example

Oy — 0.19%y = 1j0.3,0.8[V»

T =1, y0(x) = sin(mx)".
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Abstract (linear time invariant) parabolic control problem

* Two Hilbert spaces : the state space (E, (., .)) and the control space (U, [.,.]).

* A:D(A) C E — E is some elliptic operator such that —.A generates an analytic semigroup in E.

e B: U+ D(A*)" the control (bounded) operator, B* its adjoint.

¢ CoMPATIBILITY/REGULARITY ASSUMPTION : we assume that

(t s B*e“*‘*w) € L(0,T; U), and [[B*e_'A*w]] < Cllll, Vi € D(AY).

L2(0,T;U) —

Oy+ Ay=DBv in]0,T|,
y(o) = Yo,
Here, yo € E is the initial data, v € L2(]0, T[, U) is the control we are looking for.

Our controlled parabolic problem is (S) {

THEOREM (WELL-POSEDNESS OF (S) IN A DUAL SENSE)

For any yo € E and v € L*(0,T; U), there exists a unique y = y,.,, € C°([0, T], E) such that

(), ) — <y0,e*’f‘*¢> — /0 ' [v(s),B*e*H)A*w] ds, Vit €[0,T],¥ € E.

NOTATION : [ﬁr (v[yo) = yv,yO(T).]
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Controllability questions

(5) [0+ Av =By in]0. T,
¥(0) = yo.

For a given (fixed) control time 7 > 0 and any § > 0, we set

(Adm(yo,8) & {v € L2(0,7:0), 5. || £+ (v]yo) | < 3}

APPROXIMATE CONTROL PROBLEM FROM THE INITIAL DATA Yo

Do we have
Adm(yo,d) #0, V6 >07

NULL-CONTROL PROBLEM FROM THE INITIAL DATA Yo

Do we have
Adm(yo,0) #0?

REMARKS CONCERNING LINEAR PARABOLIC PDEs
 Exact controllability is hopeless in general

* Null-controllability is equivalent to controllability to the trajectories
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Main academic examples

DISTRIBUTED CONTROL FOR SCALAR EQUATION B* =1,

Oy — Ay =1,v, in{
y=0, ondQ.
with w C € strict subset (the case w = ) is straightforward).
DIRICHLET BOUNDARY CONTROL FOR SCALAR EQUATION B* = 1r, O

Oy—Ay=0, inQ
y = 1p,v, on OS2
where I'g C 0N is a subset of the boundary (the case I'g = 952 is straightforward).

(Fattorini-Russel, *71) (Lebeau-Robbiano, *95), (Fursikov-Imanuvilov, ’96) (Alessandrini-Escauriaza, ’08)
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Main academic examples

DISTRIBUTED CONTROL FOR SCALAR EQUATION B* =1,

Oy — Ay =1,v, in{
y =20, on0f.
with w C € strict subset (the case w = ) is straightforward).
DIRICHLET BOUNDARY CONTROL FOR SCALAR EQUATION B* = 1r, O

&y*Ay:O, in Q
y = 1p,v, on OS2
where I'g C 0N is a subset of the boundary (the case I'g = 952 is straightforward).
COUPLED PARABOLIC SYSTEM WITH FEW DISTRIBUTED CONTROLS B* =1,B*
y(t,x) € R, C(t,x) € M,(R), B € M, n(R), withm < n
Oy — Ay+ C(t,x)y = 1,Bv, inQ
y=0, ondf.
COUPLED PARABOLIC SYSTEM WITH FEW BOUNDARY CONTROLS B* =1r,B*0,
y(t,x) € R, C(t,x) € My(R), B € My m(R), withm < n
Oy — Ay+ C(t,x)y =0, in Q
y = 1p,Bv, on 0f2.
(Fernandez-Cara, Gonzilez-Burgos, de Teresa, ’10) (Ammar-Khodja, Benabdallah, Gonzalez-Burgos, de Teresa, *11)
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Numerical analysis questions

CASE 1: WE KNOW THAT (S) IS NULL- OR APPROXIMATE CONTROLLABLE

* Is the same property inherited by a given semi-discretisation (S;) and/or by a full-discretisation (Sy,s:) ?

* Do the approximate controls are uniformly bounded w.r.t. i, ¢ ?
* If not, can we relax the controllability requirements at the discrete level to ensure a good approximation ?

* Is it possible to distinguish approximate and null-controllability at the discrete level ?

* What algorithm can we use to compute a suitably bounded family of controls with a reasonnable amount
of computational work ?

* How do we relate algorithm parameters to discretisation parameters ?
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Numerical analysis questions

CASE 1: WE KNOW THAT (S) IS NULL- OR APPROXIMATE CONTROLLABLE

* Is the same property inherited by a given semi-discretisation (S;) and/or by a full-discretisation (Sy,s:) ?

* Do the approximate controls are uniformly bounded w.r.t. i, ¢ ?
* If not, can we relax the controllability requirements at the discrete level to ensure a good approximation ?

* Is it possible to distinguish approximate and null-controllability at the discrete level ?

* What algorithm can we use to compute a suitably bounded family of controls with a reasonnable amount
of computational work ?

* How do we relate algorithm parameters to discretisation parameters ?
CASE 2 : WE DON’T KNOW WHETHER OR NOT () IS CONTROLLABLE

» Can we use numerical computations to get some intuition ?

» Can we use numerical computations to determine non-controllable modes in the system ?
REMARKS

* From a numerical point of view : we often analyze the system for a given initial data.

* In most of the available results in the literature, controllability issues are stated and analyzed for all
possible initial data.
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Outline

2. SoME FACTS ABOUT THE HILBERT UNIQUENESS METHOD AND ITS PENALIZED VERSION
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The Hilbert Uniqueness Method (HUM)

(Lions, ’88) (Glowinski-Lions, *90s)
IpEAS
» Formulate controllability problems as constrained optimisation problems.
* Write the associated unconstrained dual optimisation problem.
* Find conditions for the solvability of the dual problem and prove that there are satisfied.

COST OF THE CONTROL

F(v) <€ %/OT [v()]? dt, Wv e L*(0,T;U),

and for any § > 0, we define (it it exists !), v to be the unique minimiser

FO)= inf F(v). (P°)

vEAdm(yg,6)

DuAL PROBLEMS

* The dual pb of (P°) is not coercive in the natural space E. We need to introduce a big abstract space
obtained as the completion of E with respect to a suitable norm.

« The dual pb of (P°), § > 0 is coercive in E but is not smooth.
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The penalized HUM

PRIMAL PROBLEM

T
Fe(v) £ %/O ()] dt + 2*15 12 (vlyo) |I*, Wv € L?(0,T; U),

we consider the following problem : to find v. € L?(0, T; U) such that

F.(ve)= inf F.(v). (Pe)
vEL2(0,T;U)

PROPOSITION

For any € > 0, the functional F. is strictly convex, continuous and coercive.

Therefore, it admits a unique minimiser ve € L*(0,T; U).
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The penalized HUM

PRIMAL PROBLEM

T
Fe(v) £ %/O ()] dt + 2*15 12 (vlyo) |I*, Wv € L?(0,T; U),

we consider the following problem : to find v. € L?(0, T; U) such that

F.(ve)= inf F.(v). (Pe)
veL2(0,T;U)

PROPOSITION

For any € > 0, the functional F. is strictly convex, continuous and coercive.

Therefore, it admits a unique minimiser v. € L* (0,T;U).

DuaL proBLEM (via Fenchel-Rockafellar duality theorem) (Ekeland-Temam, *74)

w7 Tome e o2 o,
[JE(qF)d:fQ/O [[B e~ (T—DA qF]] dt+§|‘qF’|2+<yo,e TA qF>, qu EE.}

ProOPOSITION

For any € > 0, the functional J. is strictly convex, continuous and coercive.

Therefore, it admits a unique minimiser q- € E.
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The penalized HUM

REMARK
We do not require any particular assumption on the operators A and B.

In particular we do not assume that the PDE (S) is (or is not) controllable.

ProOPOSITION (DUALITY PROPERTIES PRECISED)

For any € > 0, the minimisers ve and q- of the functionals Fe and J. respectively, are related through the

formulas
ve(t) = B e TG forae. t €]0, T,

and
L1 (ve|y0) = Yoo (T) = —e4t-

As a consequence, we have

inf F.=F.(ve) = fJe(qg) = —infJe.
L2(0,T;U) E
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Reading controllability properties on the penalised HUM
(B.,’13)
THEOREM

1. Problem (S) is approximately controllable from the initial data yo if and only if

['T(Vs |y0) = y"e,yo(T) — 0.

e—=0

2. Problem (S) is null-controllable from the initial data yo if and only if

My20 g 2 sup < inf FE) = 2sup F-(ve) < +oo0.
>0 \L2(0,T;V) >0

IN THE NULL-CONTROLLABLE CASE
velizoiry < Mo, and (|21 (v2 o) | < My vE.

0 _
Moreover we have [v] L2 = M,, and

(0,T;U0)

e—0

[Vs —— ", strongly in L*(0, T; U)} and

L (ve|yo)
ﬁ e—0 07

where 1° is the unique HUM null-control (that is the one of minimal L?-norm).
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Non observable adjoint states and HUM

Non observable adjoint states : (QF “ {qF EE, st Bre ™ qF =0,Vt > 0} }

THEOREM (CONVERGENCE OF THE PENALISED HUM FINAL STATE)

For any yo € E, the penalised-HUM sequence of controls (v. ). satisfies

ET(VE |y0) - Por (e_TAy()) .

PROPOSITION (SELFADJOINT CASE)

Assume that A is selfadjoint, and set Yo e TA OF then

PQF (e_TAyO) = e_TA (Pﬁyo) o
Therefore, the system is approximately controllable from yo if and only if yo L Yo.

* The set of (approximately) controllable initial data is Yg".
* For any yo € Yo we have
ve =0, Ve >0,

Adm(y,0) 0 < 6>

—TA
e yUH .
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Non observable adjoint states and HUM

Non observable adjoint states : {QF “ {qF EE, st Bre ™ qF =0,Vt > 0} J

THEOREM (CONVERGENCE OF THE PENALISED HUM FINAL STATE)

For any yo € E, the penalised-HUM sequence of controls (v )e satisfies

Lr (Vg ’yo) ;—()—} ]PQF (e_TAyo) .

COROLLARY (APP. CONTROLLABILITY AND UNIQUE CONTINUATION)

The system (S) is approximately controllable from the initial data yo if and only if

[B*e‘”—’M*qF =0, Vte [O,T]] = <y0,e‘”‘*qF> = 0. (UC)

PROPOSITION (APP. CONTROLLABILITY AND WEAK OBSERVABILITY)
The property (UC) is equivalent to the following weak observability inequality

X 2 . g " 2
’<yo,e_TA qF>’ < Cim / [[B*e_(T_’)A qF]] dt +¢ HqFH2 , Vg~ €E, Ve >0.
0
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Reading controllability properties on the penalised HUM

THEOREM (NULL-CONTROLLABILITY AND OBSERVABILITY)

Problem (S) is null-controllable from yo if and only if, there exists ]\N/Iy0 > 0 such that
[

Moreover, the best constant Ap;lyo is equal to the cost of the HUM control [[vo]]

2 ~ T . 2
ngO/ [Bre 2] ar, va €.
0
L2(0,T;U)"

THEOREM

Problem (S) is null-controllable from any initial data if and only if, there exists Cops > 0 such that

_ *
He TA qF

2 T . 2
< Cbe/ [[B*e_(r_t)A qF]] dt, VqF €E.
0
In that case, for any yo, the associated HUM control v° satisfies

0
[[V ]]L2(0,T;U) < Cops [[yoll -

ONE CONSEQUENCE : In finite dimension, null-controllability is equivalent to approximate controllability.
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The penalized HUM approach ...

... with an approximate initial data
For each e > 0, let yo,- € E such that Yo = (yo,c )« is bounded in E and

—TA —TA
e Yo,e —> € " Yo.
e—0

AssociATED HUM FUNCTIONALS

FJWE%A[M%2m+%H&@mg

. el (T . renar 2 A%
Je(qF) d:f 5/ |:|:B e (T-nA qF]] dt + % ”CIFH2 + <,V0,Eae A qF> ) qu €E.
0

We denote by ¥ the unique minimiser of F..

I, wel’0,T;0),

CONTROLLABILITY CONDITIONS

[(S) is app. cont. from yg <= Lr (f1€|y0,5) —— O.]
e—0

sup ( inf I:“E> < +00 = (S) is null-controllable from yg.
e>0 \L?(0,T;U)

(S) is null-controllable from yq

1 —
sup — He " (30 = yo.e)

=> sup ( inf Fs> < +o00.
e>0 €

2
‘ < +00 >0 \L2(0,T;U)
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The penalized HUM approach ...

... with an approximate initial data
For each e > 0, let yo,- € E such that Yo = (yo,c )« is bounded in E and

—TA —TA
e Yo,e —> € " Yo.
e—0

AssociaTEpD HUM FUNCTIONALS

FAWE%A[M%2m+%H&@mg

. el (T . renar 2 A%
Je(qF) d:f 5/ |:|:B e (T-nA qF]] dt + g ”CIFH2 + <,V0,Eae A qF> ) qu €E.
0

We denote by ¥ the unique minimiser of F..

I, wel’0,T;0),

CONTROLLABILITY CONDITIONS

(S) is null-controllable from yq

1y _ 2 = su inf i’)<+oo.
sup — He T(yo —yo,e)|| < 400 €>I:O) <L2(0,T;U> :
e>0

Discussion : Assume A = A* and Q" # {0}, then take yo . = e%z,z € e 74" Q"
. _ 520471 1A
inf F. = He z
L2(0,T;U) 2

2

—> 400, assoonasa < 1/2.
e—0

Yo, — @ <= this initial data is indeed null-controllable !!.
e—0
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The penalized HUM approach ...

... with an approximate initial data
For each e > 0, let yo,- € E such that Yo = (yo,c )« is bounded in E and

—TA —TA
e Yo,e —> € " Yo.
e—0

AssociATED HUM FUNCTIONALS

F.(v) & %/0 v(0)]? dt + ?15 1L+ (v[yo.)

. el (T . renar 2 A%
Je(qF) d:f 5/ |:|:B e (T-nA qF]] dt + % ”CIFH2 + <,V0,Eae A qF> ) qu €E.
0

We denote by ¥ the unique minimiser of F..

I, wel’0,T;0),

ProPOSITION (RELAXED OBSERVABILITY INEQUALITY)

Let Yo = (yo,c)e and assume that

2
< oo

1 _
sup — He "% — yo,e)
e>0 €

The system (S) is null-controllable from the initial data yo if and only if

x 2 a - 2
’<yo,e7e_TA qF>’ SM?O (/ HB*e_(T_')A qF]] dt+5||qFH2> , V4" €E.

0

We do not require the system to be null-controllable from any of the (yo . ).. 18/106
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3. THe HUM APPROACH IN THE DISCRETE FRAMEWORK
3.1 The semi-discrete in space setting
3.2 Practical considerations
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Semi-discrete (uniform) control problems

FRAMEWORK
For any h > 0, we are given
* A discrete state space (En, (-, ),,)-
* An approximate operator .4; on Ej,.
* A discrete control space (Uy, [-,-],).
e A linear operator B, : U, — Ej, B, being its adjoint (Buu, x),, = [Byx,ul, .

Oyn + Anyn = B,

The semi-discrete control problem is (S))
yr(0) = you-

Its solution is refered to as t — yy, y, ,(¢) € Ex and we set

[‘C}Tl (Vh |y0,h) = Yvisyo,n (T)J

QUESTIONS
Assume that (yo,;)s are, in some sense, approximations of a yo € E.

1. Can we relate the controllability properties of (S) starting from yo to the ones of (S;) starting from yo 5 ?

2. Can we obtain uniform bounds (w.r.t. /) for the associated controls v, ?
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Main issues related to discretisation

1. It may happen that (Sy) is not controllable even if () is.

ExampLE : the 2D 5-point discrete Laplace operator A;. (Kavian, Zuazua *06)
1
-1 There exists a non trivial ¥, € Ej, such that
1 Ajby = b, and By, = 0.
w -1 = g € O E{qh € By, st Bre Mg =0, Vi > 0},
1

d
For any control v, € L*(0, T; Uy,), = n(#);n), + o (n(r), dn) = 0,

and thus
<ll]rl(vh’y0,h) ’¢h>h = (1), ¥n), = € " (yon, tn), -
RemARK : The eigenvalue p, is very large ~ -5 thus (L7 (va|yo,s) , ¢n), is exponentially small.

2. Evenif (S) and (S) are both controllable, it is not necessarily desirable to compute a null-control v, of
(Sk) to obtain a suitable approximation of a null-control of (S).
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Penalised HUM applied to semi-discrete problems

w1l [T > Ll o 2 >
Fen(vn) = 5/ [[Vh(t)]]h dt + % H[,T(Vh‘yo,h)‘ . Vv, € L7(0,T; Uy),
0

1

e 1 T *x —(T— * 2 13 2 _ *
Ten(gn) = 5/ [[Bhe « ’thﬂ]h dr+ 5 |lai, +<y0,h7€ TA"qf>h7 Vqj, € Ep.
0

* For each value of 4 > 0, all the previous results apply.
* We denote by v, the unique minimiser of F¢ .

GoaL
One would like to let (¢, h) — (0, 0) but this should be done with some care.

COMMENTS

1. Even if (S) is controllable from yo, in the cases where Q} # {0} we may have

tim |25 (veafvos) || #0, ¥ >0

2. One can prove that for any 2 > 0
S‘;I; [[Ve,h]]H(o,T;U,,) < +00.

{=:> € and & need to be somehow related.j
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Relaxed null-controllability / observability
Main idea : choose ¢ = ¢ (h)
Let h €]0, +-o00[— ¢(h) € (0,400) be a given function such that lim;—.o ¢(h) = 0.
DEFINITION

For a given family of initial data Yo = (Yo,n)n € [, En we say that the family of problems (Sy,) is
(h)-null controllable from Yo, if there exists a ho > 0 such that

M2 £ 2 sup ( inf F hh><—|—oo.
1o 0<h<hg \L2(0,T;Uy) 200,

Here, F ) ,n is built upon yo

2
Fv(;,) n Vh / [[Vh ]]h dl‘-|- HL vh|y0h ‘h7 Vv, € L2(0, T; Uh)7
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Relaxed null-controllability / observability
Main idea : choose ¢ = ¢ (h)
Let h €]0, +-o00[— ¢(h) € (0,400) be a given function such that lim;—.o ¢(h) = 0.
DEFINITION
For a given family of initial data Yo = (Yo,n)r € [],~ o En, we say that the family of problems (Sy,) is
@ (h)-null controllable from Yo, if there exists a ho > 0 such that

M2 £ 2 sup ( inf F hh><—|—oo.
1o 0<h<hg \L2(0,T;Up) 200,

THEOREM (RELAXED OBSERVABILITY)

For a given Yo € [, o En, the problems (S;) are o(h)-null-controllable from Yo if and only if there exists
ho > 0 and MYO > 0, such that, for any 0 < h < hg

_TA* 2~ T e —(T—nA* 2 2
| o e™™iqr) | < i, (/ [Bie ’)Ahqﬁ]]hdrﬂo(h)llqﬁllh) Vai €Er )
0

In such case, the best constant 1\7IyD is equal to My, and we can find controls Voo (h),h S-1.

[[vﬂp(h)ah]]L?(o,T;Uh) < My,, and HE'} (vw(h),h|yo,h) ’h < My,\/¢(h), Y0 < h < ho. (%)

In fact (%) and (%) are “equivalent”. 24/106



Relaxed null-controllability / observability
Main idea : choose ¢ = ¢ (h)

Let h €]0, +-o00[— ¢(h) € (0,400) be a given function such that lim;—.o ¢(h) = 0.
DEFINITION

For a given family of initial data Yo = (Yo,n)r € [],~ o En, we say that the family of problems (Sy,) is
@ (h)-null controllable from Yo, if there exists a ho > 0 such that

M2 £ 2 sup ( inf F hh><—|—oo.
1o 0<h<hg \L2(0,T;Up) 200,

ProrosITION
Assume that, for some Cqps > 0, the following relaxed observability inequality holds

2 T v —(T— * 2 2 qu € Eh7
, < Chs (/ [[Bhe (T=04; qg]]h dr + ¢(h) ||q£”h) ) '
0

He—TA,j F
Y0 < h < ho

Gh

then for any bounded family Yo, the problems (S;,) are p(h)-null-controllable from Yo and we have

My, < cobs( sup ||yo,h||,,).
0 h

<h<hg

Here also ¢(h)-relaxed observability and ¢(%)-null-controllability are in fact equivalent.
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Outline

3. THe HUM APPROACH IN THE DISCRETE FRAMEWORK

3.2 Practical considerations
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Solving the control problems in practice

GENERAL PRINCIPLE : Minimise dual functionals J. 5 (with € = @(h)).
PRrROPOSITION (GRADIENT OF J; ; - GRAMIAM OPERATOR)

Foranyh > 0,e > 0 and any g € E;, we have

Ve u(qh) :L?(B;e*”*-)*‘h*q,ﬂo) +egh + L2(0]yon)

=Free sol. at time T

def
A F
=A qa,
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Solving the control problems in practice

GENERAL PRINCIPLE : Minimise dual functionals J. 5 (with € = @(h)).
PRrROPOSITION (GRADIENT OF J; , - GRAMIAM OPERATOR)

For any h > 0,& > 0 and any g}, € Ej, we have

Vden(ah) = L7 (Bﬁe*”*‘)"‘;qﬂO) +eqh + L3 (0]yos)
—_———

=Free sol. at time T

def \p F
=A q,

CoOMPUTATION OF GRAMIAN OPERATORS
Given ¢!, the computation of A"¢f amounts to

t=0 t=T
Solve —0iqn + Ajgn =0
q1(0)

A

an(T) = qj,
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Solving the control problems in practice

GENERAL PRINCIPLE : Minimise dual functionals J. 5 (with € = @(h)).
PRrROPOSITION (GRADIENT OF J; , - GRAMIAM OPERATOR)

For any h > 0,& > 0 and any g}, € Ej, we have

Vden(ah) = L7 (Bﬁe*”*‘)"‘;qﬂO) +eqh + L3 (0]yos)
—_———

def =Free sol. at time T
e qf
h

CoMPUTATION OF GRAMIAN OPERATORS

Given ¢!, the computation of A"¢f amounts to

Solve —diqn + Ajgn = 0

A

q1(0)

Apply B Apply Bj

an(T) = qj,
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Solving the control problems in practice

GENERAL PRINCIPLE : Minimise dual functionals J. 5 (with € = @(h)).
PRrROPOSITION (GRADIENT OF J; , - GRAMIAM OPERATOR)

For any h > 0,& > 0 and any g}, € Ej, we have

Vden(ah) = L7 (Bﬁe*”*‘)"‘;qﬂO) +eqh + L3 (0]yos)
—_———

=Free sol. at time T
def

:Ahq;:

COMPUTATION OF GRAMIAN OPERATORS
Given ¢!, the computation of A"¢f amounts to

t=0 t=T

Solve —diqn + Ajgn = 0
1(0) - an(T) = g,
Apply 5 Apply Bj;
y(0) =0 > y(T) =: N'gf

Solve Oyn + Anyn = Bil3); qn
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Solving the control problems in practice

GENERAL PRINCIPLE : Minimise dual functionals J. 5 (with € = @(h)).
PROPOSITION (GRADIENT OF J , - GRAMIAM OPERATOR)

Foranyh > 0,e > 0 and any g € E;, we have

Viden(gn) = L7 (Bifei(Ti')A;qmo) +eqy, + E?(O‘yo,h) )

=Free sol. at time T

def
A F
=A qa,

EQUATIONS TO SOLVE
The semi/fully-discrete controls are computed by solving the equations

(A" + eld)gh = —L7(0]yos)

In practice, we can use a conjugate gradient algorithm (A"isa positive symmetric operator).
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Solving the control problems in practice

GENERAL PRINCIPLE : Minimise dual functionals J. 5 (with € = @(h)).
PROPOSITION (GRADIENT OF J , - GRAMIAM OPERATOR)

Foranyh > 0,e > 0 and any g € E;, we have

Viealah) = £i(Bie™ T4 gf]0) +eq + Li(0]on)

=Free sol. at time T

def
A F
=A qa,

CONDITION NUMBER

Basic estimate : € quHh < H(Ah + eld)g),

‘ Cond(A" + eld) ~ é ’

The number of conjugate gradient iterates blows up when € — 0.

< ©+a)dl,
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How to choose 1 — o(h) ?
Basic user guide

TWwoO MAIN PRINCIPLES

1. € = p(h) should not be too small in order to maintain a reasonable condition number (i.e. computational
cost)

Cond(A" + p(h)Id) ~ ﬁ

2. The size of the computed solution at time 7 is

||yh(T)||h ~2 Cobs (,0(/1)

CONCLUSION
It seems reasonnable to choose

Qa(h) ~h—0 h2p7

where p is the order of accuracy of the numerical method under study.

REMARKS

» Computing a null-control for (S;), i.e. taking & = ¢ (h) = 0, is not possible in general.

—C/h?

» Choosing (k) much smaller than 4 (like e ) is a useless computational effort.
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How to choose 1 — o(h) ?

The simplest example in the world

WesetE:Eh:R,A:)\>O,A/,:(>\+5;,)eRwithd;,ﬁo,B:Bh:L
—

/ /
Ay =, + (X + S)yn = v,
) {y y and (1) {yh ( w)Yh = Vi

y(0) =1, yu(0) = 1.
Uncontrolled solution e ="y , = ¢~ (AT,
GRAMIAM ‘“OPERATORS”
1 — ¢—20+8T 1 — =T
Ang" = W(] , and Ag" = qu, Vq" € R,

ProrosITION

The corresponding semi-discrete penalised and exact HUM controls are
o 2(\ + 6)e~ AT
Ven(t) = —e=T=DOFM A+ dn)e

1 — e 20T 4 [2(X\ + 6p) ’

—(r—nx 2xe™
A
ve) = —~ T
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How to choose 1 — o(h) ?
The simplest example in the world

"+ Ay = , ; A+ 0 =,
(S) yray=v and (S;) Vi (A 0n)n = v
y(0) =1, yi(0) = 1.

ProOPOSITION

The corresponding semi-discrete penalised and exact HUM controls are

_ o= (T=D(+5) 2(A + )= AT

1 — =207 4 (2e(X\ + 6;) 7

(T— 2Xe M
T—t)\
v(t) = —e T =

Veu(t) =

ERROR ESTIMATES
Iv = verli2 0,700 < €A T)(|04| +€), for 6, and e small,
L1 (ven]l) = C1(N, T)n + C2(X, T)e + O(® + 63),
with C;(A\, T) > 0.

Concrusion : The optimal choice is to take ¢ = @(h) ~ Jj.
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How to choose 1 — o(h) ?
The simplest example in the world is not so stupid
2 s
81)7 - axy = lav, inQ :]07 1[a

in the particular case where w = (2.
STANDARD FINITE DIFFERENCE APPROXIMATION ON A UNIFORM GRID

i+1 — 2y + yi— .
E)tyi—yﬂh%:vi, VlG{l,...,N}, Yo = yn+1 = 0.
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How to choose 1 — o(h) ?
The simplest example in the world is not so stupid

Dy — 82y = lqv, inQ=]0,1],
in the particular case where w = (2.
STANDARD FINITE DIFFERENCE APPROXIMATION ON A UNIFORM GRID
i+1 — 2yi + i1 .
Oryi — % =v, Vie{l,...,N}, yo=ynt1=0.
EIGENFUNCTIONS OF A
é(x) = sin(kmx), M\ = k°m°, Vk > 1.

EIGENFUNCTIONS OF Ay,

4sin” (43t

Gk = (sin(kmx;))i, Aen = 2 2 )7 V1<k<1/h

EQUATIONS FOR THE k-TH EIGENMODE

20,90 + M0, 8 = (1 88), 5 (0 B1) + MrOn, Be) = (i B

Here 44
k= 2
Ok = Mo = Ak 250 _?h ’
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How to prove such relaxed controllability/observability properties ?

DIRECT NUMERICAL ANALYSIS (Labbé-Trélat, *06)
* Galerkin framework
* Based on the properties of the continuous problem
* Sub-optimal choices for & — (k).
DiscRETE CARLEMAN ESTIMATES (B.-Hubert-Le Rousseau, *09-"14)
» Cartesian geometries
* Direct analysis of the semi-discrete problem

c/n? ore /"

* “Optimal” penalisation & — @ (h) up to e™
MOMENTS METHOD (Lopez-Zuazua, ’98), (Allonsius-B.-Morancey, ’18), (B. - Hernandez-Santamaria ’25-"26)

* 1D geometries + Boundary control of coupled systems

» Based on discrete spectral properties of the underlying discrete elliptic operator

* “Optimal” penalisation & — (k) up to e/
MOMENTS METHOD + LEBEAU-ROBBIANO (Allonsius-B., *18)

* 2D Cartesian geometries and operators

* Boundary control

* Optimal penalisation ...

CRUCIAL POINT
The method used to perform the analysis has no impact on the algorithm !
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Outline

4. DiscRETE CARLEMAN INEQUALITIES AND APPLICATIONS

4.1 Introduction to the Lebeau-Robbiano approach

4.2 Discrete Lebeau-Robbiano inequality. Discrete elliptic Carleman estimate
4.3 Discrete parabolic Carleman estimate

4.4 The time discrete setting

4.5 The fully discrete setting
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Outline

4. DiscRETE CARLEMAN INEQUALITIES AND APPLICATIONS
4.1 Introduction to the Lebeau-Robbiano approach
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Partial controllability / partial observability

Let G be a closed (e.g. final dimensional) subspace of D(.A*) such that A*G C G.
Oy+ Ay=DBv in]0,T|, » —0g+ A*q=0 in]0,T],
() _ (57) _F
¥(0) = yo, a(T)=q,

PRrROPOSITION
Let M > 0. The following two properties are equivalent.

1. PARTIAL OBSERVABILITY

" 2 T o 2 .
HeiTA qFH SMQ/ [[B%fd*t)A qp]] di, Vq° €G.
0

2. PARTIAL CONTROLLABILITY
For any initial data yo € E, there exists av € L*(0, T; U) such that the associated solution of (S) satisfies

P(;)’(T) =0,
[[V]]LZ’(O,T;U) <M lyoll -

Proor : By minimizing on G the functional

J(CIF) = 1 /OT HB*K(P')A*!IF]F dt + <YO,67TA*Q >
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The Lebeau-Robbiano method

An overview
Oy — Ay =1,v, inQ
y=0, on 0,
¥(0,.) = yo,

Let (¢, M)« the eigenelements of A = —A.

Let E,, = Span{¢y, M\ < p}.
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The Lebeau-Robbiano method
An overview
Oy — Ay =1,v, inQ
y=0, on 0,
¥(0,.) = yo,
Let (¢, M)« the eigenelements of A = —A.
Let E,, = Span{¢y, M\ < p}.
(1) SpeEcTRAL INEQUALITY (a.k.a. Lebeau-Robbiano inequality)

[¥llz20) < CeVF [ Ylli2(wy, VO € Ep.
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The Lebeau-Robbiano method
An overview
Oy — Ay =1,v, inQ
y=0, on 0,
¥(0,.) = yo,
Let (¢, M)« the eigenelements of A = —A.
Let E,, = Span{¢y, M\ < p}.
(1) SpeEcTRAL INEQUALITY (a.k.a. Lebeau-Robbiano inequality)
¥]l2(0) < Ce |Y]l12(0)s VO € Ep.
(2) PARTIAL (LOW-FREQUENCIES) OBSERVABILITY INEQUALITY

C/r T

e —sA* F 3

e o s, e < B
0

—TA* F
lle ‘Iﬁ”i?(n) <C
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The Lebeau-Robbiano method
An overview
Oy — Ay =1,v, inQ
y=0, on 0,
¥(0,.) = yo,
Let (¢, M)« the eigenelements of A = —A.
Let E,, = Span{¢y, M\ < p}.
(1) SpeEcTRAL INEQUALITY (a.k.a. Lebeau-Robbiano inequality)
¥]l2(0) < Ce |Y]l12(0)s VO € Ep.
(2) PARTIAL (LOW-FREQUENCIES) OBSERVABILITY INEQUALITY

C/r T

e —sA* F 3

e o s, e < B
0

le™™ ¢ 720y < €
(3) PARTIAL (LOW-FREQUENCIES) CONTROLLABILITY:
For any yo € E, 7 > 0 there exists v € L?(]0, 7[xw) such that the solution of
Oy — Ay =1,v, inQ
{ ¥(0,.) =yo € E

satisfies Pe, y(7) = 0 and moreover [[v]|;2(0.-(xw) < CT~ ¢V |lyoll12(q)-
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The Lebeau-Robbiano method

An overview

Oy — Ay =1,v, inQ
y=0, on 0,

¥(0,.) = yo,

Let (¢, M)« the eigenelements of A = —A.

Let E,, = Span{¢y, M\ < p}.

(4) CONSTRUCTION OF THE CONTROL : Time slicing procedure.

Iyl ,

[Ilyo HL2(Q) 1

3

Control low
frequencies
<

T1
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Let (¢, M)« the eigenelements of A = —A.
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(4) CONSTRUCTION OF THE CONTROL : Time slicing procedure.

ylle2() 5
Do nothing
||y0 HLz(Q) ) Control low
frequencies
< m
0 gl !
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The Lebeau-Robbiano method
An overview
Oy — Ay =1,v, inQ
y=0, on 0,
¥(0,.) = Yo,
Let (¢, M)« the eigenelements of A = —A.
Let E,, = Span{¢y, M\ < p}.

(4) CONSTRUCTION OF THE CONTROL : Time slicing procedure.

@)z @) 4
Do nothing C(l)(r)lvl:Ol
freq.
llyo HLz(Q) 1 Control low <re%32
frequencies /7/
< m
0 el - T1 h T2 >
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The Lebeau-Robbiano method

An overview

Oy — Ay =1,v, inQ

y=0, on 0,

¥(0,.) = yo,

Let (¢, M)« the eigenelements of A = —A.
Let E,, = Span{¢y, M\ < p}.
(4) CONSTRUCTION OF THE CONTROL : Time slicing procedure.

Iyl ,

3

1
Do nothing C(l)gv[:o
Do
freq. .
||YOHL2(Q)' Control low : 32 nothing | 24 s0 on ...
frequencies |1
< L
0 1 1 ECERECN T

At the end, the control v is shown to satisfy

CONSEQUENCE

By duality, we obtain the uniform observability inequality for the adjoint system.

[IVll22go0,71xw) < CllyollLz(a)-

34/106



Outline

4. DiscRETE CARLEMAN INEQUALITIES AND APPLICATIONS

4.2 Discrete Lebeau-Robbiano inequality. Discrete elliptic Carleman estimate
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Discrete Lebeau-Robbiano inequality

(B.-Hubert-Le Rousseau, *09-’11)

We assume that A, is SPD and let (., it;,); its eigenelements.
ASSUMPTION : DISCRETE LEBEAU-ROBBIANO SPECTRAL INEQUALITY

There exists g > 0, a € [0,1), 8 > 0, and &, £ > 0 such that, for any & < ho and for any (a;); € R", we

have
H Z a4y n

K S H

i S

THEOREM

Assume that assumption (Ha,g) holds, then there exists ho > 0, C > 0 such that, the relaxed observability

inequality holds as soon as the function @ satisfies

o p(h)
llpllllgélf o—C/iP > 0.

Thus, for any bounded family of initial data Yo € Einit, and for any 0 < h < ho we have

h
Do) 120 ripy < Come ol and ||27 (vpalyon) |, < Cone yonll, v/ (B):

‘: < re HB,:( 3 a,-w,-,h)ﬂ:, Vi < h% (Ha,5)

36/106



Discrete Lebeau-Robbiano inequality
Construction of the discrete control

Let E,,, = Span{v; s, pj» < p}. Assumption (Ha,3) says that

2
2 @
thHh < Ke™ [[B;qhﬂ ) Vt]h S E;_L,/uvlf/ < /’l7
h
1. NON-UNIFORM PARTIAL OBSERVABILITY
CeH”

T

* 2 T * 2
i)} < e [ [Bieia]) as. Vel € B>
0 4
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Discrete Lebeau-Robbiano inequality
Construction of the discrete control

Let E,,, = Span{v; s, pj» < p}. Assumption (Ha,3) says that

2
2 @
H%Hh < ke™ [[B;%H , Van € Eup, Vi < ek
h
1. NON-UNIFORM PARTIAL OBSERVABILITY
_eAr P2 Ccer [T _sAr F]2
He TA’quHh <cC . / [[B,fe A qf]]] ds, Nqh € E,p, V7 > 0.
O i

2. PARTIAL CONTROLLABILITY

For any yo 4 € E,, 1, and any 7 > O there exists a v, € L2(0,7; Uy) such that
eCH”
[[Vh]][)(o’,r;yh) S C’Tl/2 Hy(),hHh )

Oyn + Awyn = Bwvi, yu(0) = you, |Pr, ,ya(1) = 0.
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Discrete Lebeau-Robbiano inequality
Construction of the discrete control

Let Eun = Span{tj 5, pjn < p}. Assumption (Haq,g) says that

2
2 @
thHh < Ke™ [[B;qhﬂ ) Vt]h S E;_L,/uvlf/ < /’l7
h
1. NON-UNIFORM PARTIAL OBSERVABILITY
CeH”

T

N 2 T « 2
Heim" quh <cC / [[Bﬁefmh qf]], ds, gy, € Epn, V7 > 0.
O i

2. PARTIAL CONTROLLABILITY
For any yo, € E,, 5, and any 7 > O there exists a v, € L?(0, 7; Uy) such that
eCH”
Iveli2(0,70,) < Cm ol

Oyn + Awyn = Bwvi, yu(0) = you, |Pr, ,ya(1) = 0.

3. CONSTRUCTION OF THE CONTROL : Time slicing procedure.

llyn ()1l
Do nothing Control Do until the
| ‘y 0,h | ‘ n low nothing threshz)ld
Control low freq. B=GFe

frequencies

0 | T 37106



Discrete Lebeau-robbiano inequality
Sketch of proof

H > i

i S

2 o 2 l

C<ne 6 (5 au)] (i< g (Hee)
Hj S p h

IMPORTANT OBSERVATION

Excepted in very particular cases, the assumption (#,3) has no chance to hold true without restriction on ,
for dimension reasons.

See also the counter-example of Kavian.

FINITE DIFFERENCE FRAMEWORK

We assume now that A, is the finite-difference discretisation of —V - (7V.), -y being a Lipschitz continuous
coefficient and B3, = 1, with w =C Q.
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Discrete Lebeau-robbiano inequality
Sketch of proof

| 3 e

IR

2
j < Hen,ua |:|:B;( Z ajwj,h)]] , V/L < /’l% (Ha,ﬂ)

i <p h

THE CARLEMAN ESTIMATE
For a suitable weight function (¢, x) — 7(t,x), g0 > 0, s0 > 0 and C > 0.

For any s > so such that (sh < eo) and any u € C> 0, 7], E), with u(0) = 0, we have
y y

.
sS/ e ull? dr + s
0

SC/
0

2
" 0u(0)|| + 5 o)} + > |lu(r)]l;
h

51 2 2 2sm(T) * s1(0,.) z
(=07 + A;,)u“h dt + Cse (Anu(t),u(r)), + Cs HBhe 8,u(0)Hh .
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Discrete Lebeau-robbiano inequality
Sketch of proof

H > @t

Ky n<p

2
zgm*‘““ [[B,f( 3 a,w,,h)]] . V< h%

i <p h

THE CARLEMAN ESTIMATE
For a suitable weight function (¢, x) — 7(t,x), g0 > 0, s0 > 0 and C > 0.

For any s > so such that and any u € C?([0, 7], Ex), with u(0) = 0, we have
$2 1) |lu(r)||? < Cse® " (Apu(T), u(r)), + Cse || By 0u(0)|7

as soon as (—0; + Ap)u = 0.

(Ha,,(—})
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Discrete Lebeau-robbiano inequality
Sketch of proof

H > @t

Ky n<p

2
j < Hen,ua |:|:B;:( Z ajwj,h>]] , V/L < /’l% (Ha,ﬂ)

i <p h

THE CARLEMAN ESTIMATE
For a suitable weight function (¢, x) — 7(t,x), g0 > 0, s0 > 0 and C > 0.

For any s > so such that and any u € C?([0, 7], Ex), with u(0) = 0, we have
$2 1) |lu(r)||? < Cse® " (Apu(T), u(r)), + Cse || By 0u(0)|7

as soon as (—0; + Ap)u = 0.
sinh(, /i nt)

WE TAKE : u(t) = Z a
V Hih

K nSp

1j.n, sol. of the elliptic Cauchy problem:

= Z a4y

BinS<p
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Discrete Lebeau-robbiano inequality
Sketch of proof

H > @t

Ky n<p

2
j < Hen,ua |:|:B;:( Z ajwj,h>]] , V/L < /’l% (Ha,ﬂ)

i <p h

THE CARLEMAN ESTIMATE
For a suitable weight function (¢, x) — 7(t,x), g0 > 0, s0 > 0 and C > 0.

For any s > so such that and any u € C?([0, 7], Ex), with u(0) = 0, we have
$2 1) |lu(r)||? < Cse® " (Apu(T), u(r)), + Cse || By 0u(0)|7

as soon as (—0; + Ap)u = 0.

sinh( /41t .
o) = Y ava, wr)= Y @ Iy )= Y ey snh (i

i Sp i <p VHi i Sp
IT FoLLOWS
1 ) 1 2
I = 3 s (i) = - Aty and (o)l = [5:( 5 awa)] -
i S ® Hjn<p h

Finally, we need s ~ /p which gives the condition \/uh < eo.
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A discrete Carleman inequality
Sketch of proof

THE CONTINUOUS CASE
We consider a weight function ¢ in C*([0, 7] x €, R), sich that
V| > cand ¢ > 0in]0, 7[x8, 9, 9(t,x) < 0in (0,7) x 99,
O > con {0} x (Q\w), V(T,.)=0andd(T,.) < —confl.
We set ) = ¥ for X large enough and p = ¢, and
P=-0/ -V (V).

WE COMPUTE THE CONJUGATE OPERATOR p ' Pp
AssuMEd =1 anDy =1

f=Pu=—8%u—8u,
becomes (with r = p~ 1, u = pv)
/v + 0 + (9 p)v + (8 p)v + 2r(91p) (D) + r(D:p) (ev) = —1f -

=Av =Bv

Then

2(Av,Bv)z < [If 2.
We conclude by integrating by parts in the term (Av, Bv) and using the properties of the weights (and by
choosing X large enough).

ConcrusioN : The inequality holds for any s large enough. 397106



A discrete Carleman inequality
Sketch of proof

THE 1D UNIFORM DISCRETISATION CASE
v for smooth Cartesian multi-D geometry

0 1 M = (xi)1<i<n

X0 X1 X2 XN AN+1

e Primal/Dual discrete functions

u= (ui)i1<i<nv € R™, y = (Vi+%)0§iSN c R™.

* Discrete derivatives (Dirichlet BC : < up = uy4+1 = 0)

. — — _ il — V1

2 0<i<N 1<i<N

* Discrete integrals and norms
N N
2 2 2 _
HuHh:/u = E hu; /v_ g hvi+%,...
£ i=1 L i=0

[The discrete operator reads A, = —D(VD-)]
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A discrete Carleman inequality
Discrete differential calculus

PRODUCTS DERIVATIVES fi e R™, g € R™
D(fif2) = (DA)f2 + (DR2)f1,

D(g1g2) = (Dg1)gz + (Dg2)g1.

PRODUCTS AVERAGES 5

R
B =FiJa + = (D) (DF2).
REPEATED AVERAGES
_ 2

= L
J=f+ D0y,

DISCRETE INTEGRATION BY PARTS fE€R™and g € R™

/f(Dg) = —/(Df)g 18y 1 —fogy-
Q Q
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A discrete Carleman inequality
Sketch of proof

* We consider the same weight as in the continuous case which is sampled on the meshes.

* Discrete integration by parts and discrete derivation of products lead to new terms

v+ rpDDv + r(87 p) v + r(DDp) v + 2r(8,p) (8,v) + 2rDp Dy
=Av =Bv

* All the additional terms are small with respect to 4 but contain high powers of the parameters s and \.

Typical term :
_ ]’l2 _ h2 h2‘,2
rp=1+—r(DDp) =1+ —rdip~1+ ’ @m)? rp +---
4 4 4 ~—

=1

* We shall need a condition relating s and / of the following form
sh < &g,

where €¢ only depends on the data.

* In the proof of the discrete Lebeau-Robbiano, we take s ~ /i, which gives the threshold 1 < %
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Outline

4. DiscRETE CARLEMAN INEQUALITIES AND APPLICATIONS

4.3 Discrete parabolic Carleman estimate
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Another (parabolic) discrete Carleman estimate

(B. - Le Rousseau, ’14)
GoaLs
* To obtain relaxed observability estimates for some time depend coefficients parabolic equations.
* To study some semi-linear case.
* To derive discrete parabolic Carleman estimates (a la Fursikov-Imanuvilov).

CARLEMAN WEIGHTS

+ Standard weights in space 7 = ¢*¥ — eMvlles <0,

* Singular weights in time 6(t) = (t + oh) ™ (T — t + ah) L.
THEOREM

For any T > 0 large enough, there exists o > 0 and ho > 0 such that for any function q, € C* ([0, T], Ex)
and any h < ho we have

1 70 2 3 76
1(r0)2 ™" Dailliz o,z + 1(70)2 ™ a2 0,1,

76 * 2 3 T0nax p
< C(He (=0 + A; )qh||L2(0,T;Eh) +[[(70)2e™"B;; C[/zHiZ(ogr;E,,))

. 2
+Ch 2 ( eTevq/,(O) / - eTenq/,(T)

2
h
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Another (parabolic) discrete Carleman estimate

(B. - Le Rousseau, ’14)
GoaLs
* To obtain relaxed observability estimates for some time depend coefficients parabolic equations.
* To study some semi-linear case.
* To derive discrete parabolic Carleman estimates (a la Fursikov-Imanuvilov).

CARLEMAN WEIGHTS
+ Standard weights in space 7 = ¢*¥ — eMvlles <0,
* Singular weights in time 0(¢) = (t + oh) ™ (T — ¢t + ah) ™"

THEOREM (RELAXED OBSERVABILITY INEQUALITY)

_2
There exists C > 0 s.t. for any function ay € L*°(]0, T[, En), and any h < min(ho, hy) with hy ~ ||ap||~>,
any solution of —0qn + A qn + angn = 0 satisfies

— < Tlanlleo :
lgn(O)|I} < Consl|Branllz2o.ri,y +¢= 7 1l lgu(T)]]7.

2
=~ 1,7 3
With Cope = €C(1+?+1 H”/:Hoc"’“”h“oc).
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Outline

4. DiscRETE CARLEMAN INEQUALITIES AND APPLICATIONS

4.4 The time discrete setting
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The time discrete setting

PROBLEM FORMULATION

Assume we are given yo € L?(£2). Does there exist a sequence (V'T1)o<,<p—1 C L*() such that the
solution in Hj () to

yr oy Ayt =1, Vne{o,... .M -1}
(S) ot ’ Y ’
¥ = o.
satisfies the controllability condition ?
M
In case of a positive answer can we bound Z at|]y" \|§2(Q) uniformly with respect to 67 ?
n=1

FIRST ANSWERS
o If w # 2, this problem does not have any solution (Zheng, *08)

» However, it was proved that it is positive if we relax the controllability condition by

M
PEC/ézy =0.
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The time discrete setting

PROBLEM FORMULATION

Assume we are given yo € L?(Q2). Does there exist a sequence (V" T!)o<,<p—1 C L*(£2) such that the
solution in Hp () to

n—+1 n

Y - n+1 n1
YT Ayt Vne {0,...,M—1},
(s) o y wV n e { ) }
0

y =Yo.

satisfies the controllability condition ?
M
In case of a positive answer can we bound Z at||v" Hiz(g) uniformly with respect to §¢ ?
n=1

FIRST ANSWERS
* Associated relaxed observability inequalities where proved in (Ervedoza-Valein, *10)

M
Il ]|* < €2 (Z 6z|q"||fz<w>> +c(@)? [|4"|)”,
n=1
with
qn _ qn+l
(59 ot

M—+1 F
" =4".

—~Ag"=0, Vne{l,...,M},
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The time discrete setting

PROBLEM FORMULATION

Assume we are given yo € L?(£2). Does there exist a sequence (V'T1)o<,<p—1 C L*() such that the

solution in Hj () to

y -y n+1 n+1
Y TV Ayt =10, Wne{o,...,M—1},
) 5 Y { }
0

y =)Yo.

satisfies the controllability condition ?
M
In case of a positive answer can we bound Z at|]y" \|§2(Q) uniformly with respect to 67 ?
n=1

FIRST ANSWERS

¢ In both cases, spectral techniques are used
=> Not adapted to time-dependent or nonlinear problems.

 The value of 3 is suboptimal.
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The time discrete setting
A discrete Carleman approach

THEOREM ((B.-Hernéndez—Santamaria, ’20))

LetT >0,M € N and §t =T /(M + 1). Let (a"), C L* () with ||a"||. < A for some A.

There exists Cops, C1, that depend only on A such that any solution (in H& (Q)) of

* M—Aqn+anqnzo7 Vne{l”M}7
(s7) 9
¢ ="
satisfies
. ) M . <1 F |2
n T sil/4

lg"II° < e { D2 0t1a" 2w ) + Cre” 3777 llg" [y -

n=1

TooL : A suitable time-discrete Carleman estimate
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The time discrete setting
A discrete Carleman approach

THEOREM ((B.-Hernéndez—Santamaria, ’20))
LetT >0,M € N* and 6t =T /(M + 1). Let (a"), C L*(Q) with ||d"||Lec < A for some A.
There exists Cops, C1, that depend only on A such that any solution (in H& (Q)) of

* M—Aqn+anqnzo7 V}’le{l,’M}v
(s7) 6
¢ =4,
satisfies
12 2 M 2 = F 2
n ~<1/4

4" < Coo | D81l lIE2wy ) + Cre™ 577 " Iz -

n=1

PROPOSITION (RELAXED CONTROLLABILITY IN ’1)
For any yo € L*(Q) there exists a (v"), C L* () such that the unique solution in Hg () of

}’Hl - +1 +1_nt+1 +1

T AT AT =1V, Vrne{0,....M—1},

) 5 ¥ y { }
0
y =)Yo,
c M

satisfies |[y"||;—1 < Ce” 7% ||yo||,2 and Z&H\}"Hiz < Clys [lyoll3=- 471106



Main result
THEOREM

For any yo € L*(Q), and any function ¢ : (0, +00) — (0, +00) such that p(5t) %, eVt ihe unique
minimizer of the penalized HUM functional

M
s 1 n 1
Fcp(ét),&(v [) = 5 Z6tl|v ||zz(w) + 280((”) HyM”z%
n=1

is such that the associated time discrete trajectory

)’"H -y +1 +1_n41 +1

Y 7Y Ay Yy T =1t Vee {0,... M — 1},

) 5 y y { }
¥’ =0,

satisfies

15" ll2 < Consv/2(81) 1yoll 2

M
S st 12 < Cy llvoll -

n=1

OTHER APPLICATIONS : semi-linear equations
yn+l _ yn
5~ Ay 4+ ") =1, vre{o,...,M —1}.
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Outline

4. DiscRETE CARLEMAN INEQUALITIES AND APPLICATIONS

4.5 The fully discrete setting
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The fully discrete setting

We have introduced and analyzed the o (h)-null-controllability hold for

Oy + Anyn = Bpvp,
(5§
yi(0) = Yo
WHAT ABOUT TIME DISCRETIZATION OF SUCH A SYSTEM ?
We study unconditionally stable schemes : the §-scheme with 6 € [1/2, 1]
n+1

I I A0yt + (1 — 0)yp) = Byt W € [0,M—1],
(Sh,(St) ot

Yi = Yo € En,
where, 8t = T /M, vi5: = (V})1<n<m € (Ux) is a fully-discrete control function whose cost is defined by

M 1
def nn2 2
Dol oran 2 (00002 )

n=1

The value at the final time iteration of the controlled solution of (Sy,s;) is denoted by

[E¢'6t(vh,6t|y0,h) = yﬁlj
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The fully discrete setting

TrE PENALISED HUM PRIMAL FUNCTIONAL

1 1 2
Fs,h,é:(vh,sr) e 5 [[Vh,étﬂigt(o,r;w) + % Hﬁlrl’él (vh75,|yo,h) i

DEFINITION (DUAL FUNCTIONAL)
We define the functional

S T2
RACH =5 5 [[Bhl:r’h’&(qi)]]

LZ,(0,T;Up)
where E:’h"s’ (qﬁ) = (gh)1<n<m is the solution of the following adjoint problem
@ = dns
M M+1
BG4 gag) =0,
ot
qZ - qz+1 n n+1y
—— +A(0gy + (1 —0)g, ) =0, Vne[1,M—1].

ot

4 % HfIZH,? = (o qn — t(1 — 0)Augii), , Vg € En,

(S;:,&)
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The fully discrete setting

TrE PENALISED HUM PRIMAL FUNCTIONAL

2
Fepsi(Vns) = [[Vh 5;]]L2 ooy T 52 Hﬁh Vst |Y0.n H )

Jenalal) & 1 [[Bhﬁ*“’(qf thHh (o qn — 6t(1 = 0)Augir), , Vg € En,

)]] L§,(07T;Uh)

THEOREM (DuALITY)
The functionals F. y,5, and J. ;5 are in duality, in the sense that their respective minimisers
Vensr € L2(0,T; Up) and qg,,’(;, € Ej satisfy

. F .
inf Fa,h,ét = Fs,h,ét(vs,h,ét) = _Ja,h,ét(qs,h,ét) = - 1an5,h,6t7
L3,(0,T3Uy,) Ej

and moreover
*,h,6t ( F
Ve,h,5t = By L7 (q:s,h,ét) .
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The fully discrete setting
A ¢ (h)-null-controllability result
TueoreM (Cask 0 €]1/2,1])
Assume that the discrete Lebeau-Robbiano inequality (H,g) holds and let ¢ be such that

o(h)

_c/hﬁ

11m mf > 0. ’

Then, there exists hog > 0, Cr > 0, Cobs > 0 such that for any 0 < h < ho and any 6t < Cr|log ;,o(h)\*l, the
following relaxed observability inequality holds

gt — 61(1 — 8)Angh||; < Cas ([[BZqZ]]igf(o,T;Uh) + o(h) ||‘II§H,2,) , Vg, € Ep.

Thus, for any such 0t and h and any initial data yo », € Ej, the full-discrete control Voo (h),h,51» Obtained by
minimising F iy n,5: (07 equivalently J, gy p,5:) satisfies

[[V‘P(h)ahﬂsf]] Lgt((]j;yh) < Cobs Hyothh ’
,0
|25 Gommalyon)]|, < Cons/e® llsonll,-

Case 0 = 1/2 : We need the (much stronger) condition d7p(.Aj) < 6 for some 4.
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Outline

5. NUMERICAL ILLUSTRATIONS
5.1 1D scalar problems
5.2 1D Parabolic systems
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Outline

5. NUMERICAL ILLUSTRATIONS
5.1 1D scalar problems
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The 1D heat equation

By —0.18%y = 1j0.3,0.8[V»

. 10
T =1,y0(x) = sin(mx) .
im0
] oo
i
] S
08—
06—
0s ]
02
o
S lsSS —
o % % % s d5 o

—
05 06 07 0.
(b=
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The 1D heat equation

By —0.18%y = 1j0.3,0.8[V»
T =1,yo(x) = sin(mx)

CONJUGATE GRADIENT ITERATES

10

N M N M
20 80 320 1280 Hoo 20 80 320 1280  +oo
20 14 16 16 16 16 20 24 30 28 27 32
50 22 26 29 29 31 50 83 87 87 93 106
100 | 30 38 44 49 48 100 | 235 240 233 262 265
200 | 45 58 69 7 82 200 | 778 850 1098 1230 1374

(a) Case @(h) = h?

(8) Case p(h) = h*
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The 1D heat equation

OPTIMAL ENERGY

By —0.18%y = 1j0.3,0.8[V»

T = 1,y0(x) = sin(mx)

inf F
@(h),h,ét
L2,(0,T5Uy,)

10

N M
20 80 320 1280 +oo
20 | 7.17-1072 6.54-1072 6.38-10"2 6.34-1072 6.33-102
50 | 7.98-102 7.08-102 6.85-102 6.79-1072 6.78-10"2
100 | 85-1072 7.44-102 7.15-10"2 7.07-1072 7.05-10"2
200 | 9.1-1072 7.75-1072 7.39-1072 7.3-1072 7.27-1072

Case @(h) = h?
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The 1D heat equation

By —0.18%y = 1j0.3,0.8[V»

T =1,yo(x) = sin(mx)"".

OPTIMAL ENERGY

inf F
@(h),h,ét
L2,(0,T5Uy,)

20 80 320 1280

+oo

20 | 0.11 8.92-1072 843-1072 83-102
50 | 0.12 8.94-1072 829.-10"2 8.12-10"2
100 | 0.12 9.1-1072 833-10"2 8.13-1072
200 | 0.13 9.33-1072 841-1072 8.17-10"2

8.26 -
8.07 -
8.06 -
-1072

8.09

10—2
10—2
10—2

Case @(h) = h*
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The 1D heat equation

CONVERGENCE ANALYSIS

1072

1073

1074

1075

By —0.18%y = 1j0.3,0.8[V»
)10

T =

1, yo(x) = sin(mx

slope 1

L1 h

1073

1072

10"
Case @(h) = h?

Size of the target M = 20 -5—

M = 80 —o—
M = 320 ——
M = 1280 —-—
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The 1D heat equation

CONVERGENCE ANALYSIS

1072

1073

1074

1075

By —0.18%y = 1j0.3,0.8[V»
)10

T =

1, yo(x) = sin(mx

slope 1

L1 h

1073

1072

10"
Case @(h) = h?

Size of the target M = 20 -5—

M = 80—6—

M = 320 ——

M = 1280 ——

Exact solution M = 20 ——
M =80 —e—

M = 320 ——

M = 1280 —a—
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The 1D heat equation

CONVERGENCE ANALYSIS

1072

1073

1074

107°

By —0.18%y = 1j0.3,0.8[V»
T =1,yo(x) = sin(mx)"".

Size of the target M = 320 85—
M = 1280 ——

M = 5120 ——

M = 20480 ——
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The 1D heat equation

By —0.18%y = 1j0.3,0.8[V»
T =1,yo(x) = sin(mx)"".

CONVERGENCE ANALYSIS

1072 B A Size of the target M = 320 -5
F 1 M = 1280 —6—
—3| b M = 5120 ——
107 M = 20480 —a—
10-4 B | Exact solution M = 320 ——
M = 1280 —e—
i 1 M = 5120 ——
1077 E M = 20480 —a—
107° ¢ E
10—7 TR h I Lo

H
<
M)
-
9
1

Case (h) = h*
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The 1D heat equation

By —0.18%y = 1j0.3,0.8[V»
T =1,yo(x) = sin(mx)"".

CONVERGENCE ANALYSIS

1077 F T T3 Size of the target M = 1280 —5—
g ] M = 5120 ——

1074 F 4 M = 20480 —o—
: ] M = 81920 —a—

107° E £ M = 400 —6—

10~ E 5

1077 E £

1078 ; slopes 2 and 3 é

10700 A b

1072 107!
Case p(h) = 1000h°
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The 1D heat equation

By —0.18%y = 1j0.3,0.8[V»
T =1,yo(x) = sin(mx)"".

CONVERGENCE ANALYSIS

1077 F T T3 Size of the target M = 1280 —5—
g ] M = 5120 —o—
1074 F B m w3 4 M = 20480 —o—
; ] M = 81920 —a—
107° E £ M = 400 —6—
i ] Exact solution M = 1280 —m—
1070 E M = 5120 —@—
i ] M = 20480 ——
1077 ¢ E M = 81920 —a—
i M = +o00—0—
1078 slopes 2 and 3 4
1001 . h

1072 107!
Case p(h) = 1000h°
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A 1D parabolic equation with unstable modes

Ay — 0.10%y — 1.5y = 1j0.3,0.8(V
T =1,yo(x) = sin(mx)"".

Time (=0
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A nonlinear case

Oy — 0.10%y — 5ylog"* (1 + [y]) = 1j0.2,0.8,
T = 0.5,y0(x) = 20 sin(7x).

Time =0

—— Component #1
Free component 11
Control domain
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Outline

5. NUMERICAL ILLUSTRATIONS

5.2 1D Parabolic systems
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A two equation cascade system

) 0 o0\ (1
Oy —0.107y + <a21(x) O) y= <O> 1,v.

SHORT REVIEW OF KNOWN RESULTS

¢ In the case a1 = cte the system is null-controllable if and only if a21 # 0 (Kalman-like condition)
(Ammar-Khodja-Benabdallah-Dupaix—Gonzilez-Burgos, *09)
¢ In the case where Supp(a21) Nw # @, the system is null-controllable
(Gonzilez-Burgos—de Teresa, 10)
¢ In the case where Supp(agl) Nw = () and a»; has a constant sign, the system is null-controllable
(Rosier—de Teresa, ’11)
* In the case where Supp(a21) Nw = @ and a2 changes it sign:

 There are structural conditions for the system to be even approximatively controllable.
(B.- Olive, ’13)
* A minimal time condition for the null-controllability can occur
(Ammar-Khodja-Benabdallah-Gonzalez-Burgos—de Teresa, *14) (B.-Morancey, ’25)
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A two equation cascade system

0 0

2
B,y — Olaxy + <a21(x) 0

) 1.

Case 1 : az1(x) = 1j0.2,0.9{(x), w =]0.1,0.5[, yo(x) = (sin(3mx), sin(ﬂx)w)t.

| - Cost of the control —o—
107 Size of the target —m—
A—m— A AN A
Optimal energy ——
slope 2
1073 F
1075 |
1077 | App. Cont. ¢
Null Cont. ¢
|
10°° o~
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A two equation cascade system

) 0 o0\ (1
Oy —0.107y + <a21(x) O) y= <O> 1,v.

Caske 1 : az1(x) = 1j9.2,0.9{(x), w =]0.1,0.5[, yo(x) = (sin(3mx), sin(ﬂx)m)t.

o o

(b=
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A two equation cascade system

) 0o 0\ _
Oy = 0.19:y + (am(x) 0>y = (

) 1.v.

CASE2 @ a21(x) = 1jg.7,0.0((x), w =]0.1,0.5[, yo(x) = (sin(3mx), sin(mx)'?)".

10?

100 [

10—2 [

1074 [

107° -

A\A\A\A
e S S—

slope 2

Cost of the control —o—
Size of the target —m—
Optimal energy —A—

App. Cont. ¢/
Null Cont. ¢

1073
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A two equation cascade system

) 0 o0\ (1
Oy —0.107y + <a21(x) O) y= <O> 1,v.

CasE 2 : az1(x) = 1jo.7,0.9{(x), w =]0.1,0.5[, yo(x) = (sin(3mx), sin(ﬂx)m)t.

o o

(b=
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A two equation cascade system

2 0 0y (1
Oy — 0.107y + <a21(x) O) y= <O> 1,v.

Case3: az1(x) = (x — &)1,0.5((x), w =]0.5, 1], yo(x) = (sin(2mx), 3 sin(2mx))".

10° —
Cost of the control ——
102 I i Size of the target —m—
Optimal energy —A—
10 | slope —4 .
107 .
1073 | s = = = App. Cont. %
Null Cont. %
(I
107° 1072

Ficure 1: o = 1/4
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A two equation cascade system

2 0 0y (1
Oy —0.107y + <a21(x) O) y= <O> 1,v.

Case3: az1(x) = (x — &)1,0.5((x), w =]0.5, 1], yo(x) = (sin(2mx), 3 sin(2mx))".

103 ——
Cost of the control ——
L Size of the target —l—
107 |- 0\0\0\0\0 I Optimal energy —A—
slope —1
107 2
slope 1
1073 ././././. |
1075 | | App. Cont. ¢
Null Cont. ¢ for T > Tpin
(I
1073 1p—?

FiGure 1: o = 1/8
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A two equation cascade system

) 0 o0\ (1
Oy —0.107y + <a21(x) O) y= <O> 1,v.

Case4: a21(x) = Lja—ga) — Lja,ata, yo(x) = (sin(mx)0, —2sin(2mx) )",

10° —_— _—
. Cost of the control ——
0% Size of the target —B—
Optimal energy —A—
10° |
103 [
10'
= App. Cont. %
1070 ¢ Null Cont. %
1073
FIGURE2: a = 1/2,d = ﬁ w =]0.8,1.0[.
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A two equation cascade system

0
a1 (x)

By —0.18%y + (

Case4: az1(x) = Lja—a,a) — La,a+a)s Yo(x) = (sin(mx)'?, —2sin(27x)'?)

o~ ()

FIGURE2: o = 1/2,d =

1

2V3

, w=]0.8,1.0[.

t

——)1
——)2

69/106



A two equation cascade system

) 0 o0\ (1
Oy —0.107y + <a21(x) O) y= <O> 1,v.

Case4: a21(x) = Lja—ga) — Lja,ata, yo(x) = (sin(mx)0, —2sin(2mx) )",

T T T T 1 117 T T T T L
| Cost of the control ——
107 |- MMM p N\ | Size of the target —l—
Q0OI00—0—0—0——0— .
Optimal energy ——
1071 L -
1073 |- slope 2 s
10-° | i App. Cont. ¢
Null Cont.  ?
L] L1
1073 1072 10!

FiGURE3: o = 1/2,d = ﬁ w =]0,0.2[U]0.8,1.0[.
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Simultaneous control of two 2 x 2 cascade systems

0 00 1
By — 0102y + [1o,(x) 0 0]y= (0] 1.(x)v.
lo,(x) 0 0 0

Here also necessary and sufficient conditions for approximate controllability are known
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Simultaneous control of two 2 x 2 cascade systems

0 0 0 1
Oy — 0182y + [1o,(x) 0 0]y={0]1,(x)v.
lo,(x) 0 0 0
Casel: O Nw # 0
T T 17
o Cost of the control ——
1071 et | Size of the target —l—
Optimal energy —A—
1072 :
slope 2
107 2
10-6 1 | App. Cont. ¢
Null Cont. ?
L1
1073 12
9% w
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Simultaneous control of two 2 x 2 cascade systems

0 0 0 1
Oy — 0182y + [1o,(x) 0 0]y={0]1,(x)v.
lo,(x) 0 0 0
Case 2 : O3 and Os are located in different connected components of Q \ w
T T T T T T 11
10t b A A, ] Cost of the control ——
oo Size of the target —m—
Optimal energy —A—
107 :
slope 2
107° 2
10-5 App. Cont. ¢/
Null Cont. ¢
|
1073 1p—?
O3 w

71/106



Simultaneous control of two 2 x 2 cascade systems

0 0 0 1
Oy — 0182y + [1o,(x) 0 0]y={0]1,(x)v.
lo,(x) 0 0 0
Cask 3: O3 and Og are located in the same connected component of Q \ w
108 T
6 Cost of the control ——
107 1 ) Size of the target —m—
Optimal energy —A—
10t )
slope —4
10% | 1
10° [ 00— 5 |
App. Cont. %
1072 o 0 1 m Null Cont. %
I [ |
1073 1072
h
O3 w
: > —
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Simultaneous control of two 2 x 2 cascade systems

0 0 0
Ay — 018y + [1o,(x) 0 0
1(93 ()C) 0 0
Cask 3: O3 and Og are located in the same connected component of Q \ w
1078

1
y= (0] 1,(x)v.
0

—0—)1
—— )2
—A—)3
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Simultaneous control of two 2 x 2 cascade systems

0 0 1
Oy — 0.19%y + 1@2x 0 0fy={(0]1u(x)v
1@ )C 0 O 0
Case4.1: Oz =]0.35,0.65[, O3 ]O 5,1/v/2[,w =]0,0.2[U]0.8, 1.0]
T T T T L
10! | i Cost of the control ——
g\s\‘\\g\‘\% Size of the target —l—
Optimal energy —a—
107t .
slope 2
107°% | .
10—5 [ -/././. | App Cont. V
Null Cont. ?
L L T R B |
1073 12
——
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Simultaneous control of two 2 x 2 cascade systems

0 0 0 1
Oy — 0182y + [1o,(x) 0 0]y={0]1,(x)v.
lo,(x) 0 0 0
Case 4.2: O =]0.35,0.65[, O3 =]0.4,0.6[, w =]0, 0.2[U]0.8, 1]
108 T
5 Cost of the control ——
107 - Size of the target ——
Optimal energy —A—
104 [
slope —4
102 [
10° | 00—
App. Cont. %
1072 = = = = Null Cont. ¥/for T > Tmin
L |
10°° 107?
h
w Os w
—
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Simultaneous control of two 2 x 2 cascade systems

0 0 O 1
Oy — 0102y + [1o,(x) 0 0]y=[0]1,(x)v
lo,(x) 0 0 0
Case 4.2: O3 =]0.35,0.65[, O3 =]0.4,0.6[, w =0, 0.2[U]0.8, 1]

1072

——)1
—— )2

0.5 1 —A—Y3

—0.5 +
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A three equation cascade system

0 0 0 1
Oy — 0182y + | az1(x) 0 0ly=1[0] 1.(x)v.
0 a32(x) 0 0

VERY SHORT REVIEW :

* If the supports of all the a;; intersect the control domain w and keeps a constant sign on a part of w, then
the system is null-controllable.

* Necessary and sufficient conditions for approximate controllability are known in the general case.
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A three equation cascade system

0 0 0 1
Oy — 0182y + | az1(x) 0 0ly=1[0] 1.(x)v.
0 a32(x) 0 0

CasE 1: a1 = 1]0,0'5[, aza =1, w 2]0.5, 1[.

10° —

an i Cost of the control ——
10 Size of the target —l—
105 Optimal energy —A—

slopes —2 and —3

10° |- <>\O\o\o\o 2

10' | .
slope 0.5
[—— App. Cont. ¢/
o —g—a—&8—8 | Null Cont.  ?
I I T |
10°? 1072
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A three equation cascade system

0 0 0 1
Oy — 0182y + | az1(x) 0 0ly=1[0] 1.(x)v.
0 a32(x) 0 0

Casg 2: az1 = ljg,0.50, a32(x) =x —1/2, w =]0.5,1[.

10° —
an i Cost of the control ——
10 Size of the target —l—
105 | 4 Optimal energy —A—
= slope —4
103 | slope —1 i
10t b H\o\°\0 |
1 88— 8—@ App. Cont. %
10721 ) Null Cont. %
L1
10°° 1072
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A 3 equation system with 2 disjoint controls

~
Il
.
&
O/—\
=
N
[
N
/\O
=
Nai
VS
<
=
~

11
Oy —010%y+ 1 1
1

0
0
1 0

yo(x) = (0,0, SiIl(Tl’X)lO)I, w1 =]0.7,1.0[, w2 =]0.1,0.5]

01

()bl

(Olive, ’12)
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A 3 equation system with 2 disjoint controls

1 10 lo,(x) 0 )
Oy—0195+ |1 1 0)y= 0 1., (x) (V1> )
110 0 0 2
yo(x) = (0,0, sin(mx)")", w1 =]0.7,1.0[, wa =]0.1,0.5]
T T T T T 1T T T T T UL
L Cost of the control ——
10° 17 A A Size of the target —m—
000—0—0—0— o )
Optimal energy —A—
107t :
slope 2
107 8
1075 a App. Cont. ¢
Null Cont. ¢
Lo L1
107° 1072 4, 10"

(Olive, ’12)
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Outline

6. DISCRETE SPECTRAL ANALYSIS AND APPLICATIONS
6.1 Introduction to the moments method

6.2 Moments method for 1D semi-discrete scalar problem

6.3 Boundary control for 1D semi-discrete cascade system
6.4 Numerical illustrations

6.5 Multidimensional boundary control systems
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Outline

6. DISCRETE SPECTRAL ANALYSIS AND APPLICATIONS
6.1 Introduction to the moments method
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Remarks on boundary control problems

SCALAR CASE

Distributed controllability = Boundary controllability

C-5e
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Remarks on boundary control problems

SCALAR CASE

Distributed controllability = Boundary controllability

o

Boundary controllability == Distributed controllability
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Remarks on boundary control problems

SCALAR CASE

Boundary controllability <= Distributed controllability
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Remarks on boundary control problems

SCALAR CASE
Boundary controllability <= Distributed controllability

NON SCALAR CASE WITH LESS CONTROLS THAN EQUATIONS
» Extension trick does not work anymore
* Lebeau-Robbiano method fails :
[No spectral inequality available for boundary observation operator]

e Parabolic Carleman method fails :

[Elimination of an observation cannot be done on the boundary]

TAKE HOME MESSAGE

For some parabolic systems distributed controllability is no more equivalent to boundary controllability.
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Remarks on boundary control problems

SCALAR CASE
Boundary controllability <= Distributed controllability

NON SCALAR CASE WITH LESS CONTROLS THAN EQUATIONS
» Extension trick does not work anymore
* Lebeau-Robbiano method fails :
[No spectral inequality available for boundary observation operator]

e Parabolic Carleman method fails :

[Elimination of an observation cannot be done on the boundary]

TAKE HOME MESSAGE
For some parabolic systems distributed controllability is no more equivalent to boundary controllability.

A ”"NEW” APPROACH : THE MOMENTS METHOD
* Main advantages:
 Gives sharp results in some situations where other approaches fail.
* Handles the case where there is a minimal null-control time.
* Main drawbacks:

* Rely on precise spectral analysis of the underlying operators
* (For 2nd order parabolic equations) : seems to be restricted to the 1D case
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The moments method

Reminder

(Ak, ¢k ) : eigenelements of A = A* (let say a scalar elliptic operator)
PROPOSITION

A functionv € L*(0, T; U) is a null-control for the problem
Oy + Ay = By, y(0) = yo,
if and only if
- <yo,e’“¢k> = /T [v(z),e*“”*’)ts*qbk] dr, Vk>1.
0
This is a moment problem.

STRATEGY : If we are able to build a family of functions gz € L*(0, T; U) such that

T
/ [@(t): eiAA(TH)B*@c] dt = du, Yk,1>1,
0
then the control problem can be formally solved by

OEEDY <yo, eﬂ’T¢l>@(f)-

>1
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The moments method

Reminder
(Fattorini—Russell, *71-°74), (Benabdallah-B.-Gonzalez-Burgos-Olive, *14), (B., ’26+)

Let ¥ = (0% )« be an increasing sequence of distinct positive numbers. For a given p we consider the properties

k2
012> p, Okt1— 0k > p, Yk > 1, OkSZ,VkZl- (Hp)

THEOREM (BIORTHOGONAL FAMILIES OF EXPONENTIAL FUNCTIONS)

Assume that ¥ = (o) satisfies (H,,) for some p > 0.
Then, for any T > 0, there exists a sequence of functions (qi)ren C L*(0,T) such that

T
/ e*(Tfs)quk(s) ds = 6u, Vk,l €N,
0
llgllz20,my < KeKﬁ+§, Vk > 1,

where K depends on p but not on the particular sequence ..

REMARKS
* Good news : Conditions (H,) are satisfied in 1D for heat-like equations.
* Bad news : There are not satisfied in higher dimension.
* Crucial point : The estimates are uniform with respect to the family 3.
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The moments method

Reminder
(Fattorini—Russell, *71-°74), (Benabdallah-B.-Gonzalez-Burgos-Olive, *14), (B., ’26+)

Let ¥ = (0% )« be an increasing sequence of distinct positive numbers. For a given p we consider the properties

k2
012> p, Okt1— 0k > p, Yk > 1, OkSZ,VkZl- (Hp)

THEOREM (BIORTHOGONAL FAMILIES OF EXPONENTIAL-KIND FUNCTIONS)
Assume that ¥ = (o) satisfies (H,,) for some p > 0. Let ) € N* fixed.

Then, for any T > 0, there exists a sequence of functions (qr;) rex  C L?*(0,T) such that
i€{0,...,n}

T
/ (T —s)'e” T g, i(s) ds = 6udy, Vk,1 € N,Vi,j € {0,...,n},
0

l2ory < KXVTFET Wk > 1, € {0, ..., n},

ll g
where K depends on p, 1) but not on the particular sequence >..

REMARKS
* Good news : Conditions (H,) are satisfied in 1D for heat-like equations.
* Bad news : There are not satisfied in higher dimension.
* Crucial point : The estimates are uniform with respect to the family 3.
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The moments method

Reminder

WHAT WE WANT

T
/ [@(t):e_)\k(r_[)lg*‘lﬁk] dt = ou, Yk, 1>1,
0
and set v = — Z <y0’ eiA’T¢,> 7.

I>1
CONSTRUCTION
We define B
_ K
qi(t) = q(t) ev,
[B*¢]?
so that [[@ﬂﬁ(o,r;u) = quHLQ(O,T) [[B*qjk]]71 .
DISTRIBUTED CONTROL BOUNDARY CONTROL
U=L*Q), B*¢r = 1.,k U=R,

B¢ = v(1)i(1)

[5"6] = llgelli2w) = Cos VE 2 1. [B*¢:] = [v(Dr(1)] > CV/ A > €, Vi > 1.
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The moments method

Reminder

WHAT WE WANT

T
/ [@(t):e_)\k(r_[)g*qﬁk] dt = ou, Yk, 1>1,
0
and set v = — Z <y0’ eiA’T¢,> 7.

>1
CONSTRUCTION
We define B
_ K
a(t) = qu(t) ———5 € U,
[B* ]
so that [[@ﬂﬁ(o,r;u) = quHL2(0,T) [[B*(bk]rl .
DISTRIBUTED CONTROL BOUNDARY CONTROL
U=L*Q), B* ¢ = Lodx U=R, B* ¢ = v(1) (1)
[B*¢] = l1#xll2(w) > Cwy Yk > 1. [B*¢] = [v(1) (1) = CV/ M > C, Yk > 1.
CONCLUSION IN BOTH CASES:
We have .
[[<y07e’AIT¢1>aH < Ce M KVAITE < coNT/25
L2(0,T;U)
and thus the series defining v converges and we have
£ 78/106
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Outline

6. DISCRETE SPECTRAL ANALYSIS AND APPLICATIONS

6.2 Moments method for 1D semi-discrete scalar problem
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The 1D scalar case : Moments method at the discrete level

FRAMEWORK

Oiyn + Anyn = Buvy
(Sn)
yu(0) = Yo € En,

A, is the finite difference discretization operator
1 Yit1 =Y

(Ahy)i = “h (’Yi+1/2Ti — Yi-1/2 7

Yo = ynt1 =0,

with Yi+1/2 = ’Y(Xi+1/2), Xiy1/2 = (Xi + Xi+1)/2.
* 3; is the discrete control operator

0 0
N
0 1
either B, = 1, = AN or By= 0
1

0 IN+1/2

N, 53
* Note that the discrete observation operator B3 is either B; = 1., or B; = —v0:

0—
Indeed in the boundary control case : B,fyh = W+1/2 )%V = —W+1/2 TyN

ReMARK : For any fixed & the system (S;) is controllable !

w) vie{l, ..

YN+1 — YN

= —IN+1/2 L
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The 1D scalar case : Moments method at the discrete level

FRAMEWORK

Oiyn + Anyn = Bpvn
(Sn)
y1(0) = yo,n € En,

A, is the finite difference discretization operator

* B, is the discrete control operator
Remark : For any fixed & the system (S;) is controllable !

THEOREM (UNIFORM ¢(/1)-NULL CONTROLLABILITY)
There exists C > 0 such that for any ¢ satisfying
h

lim inf
h—0 e*C/hz

there exists C > 0, ho > 0 such that for any h < ho, any yo’h, there exists a vy, € L2(07 T, Uy) such that

ln, and |y (T)lIn < Clly*"|lav/$(h).

[Vallz2 0,70, < C”YO’h
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The 1D scalar case : Moments method at the discrete level

FRAMEWORK

(S1) Oiyn + Anyn = Bpvn
h

yi(0) = yo,u € En,
TooLs : BIOTHO. FAMILIES + DISCRETE SPECTRAL PROPERTIES FOR A,

(Allonsius-B.-Morancey, *18)

* Uniform growth rate for eigenvalues N> Ck®, Vk,Vh.
* Uniform spectral gap >\2+1 - )\Z >p, Yh, Yk < %
1

* Uniform lower bounds for discrete eigenfunctions

|1Br ot = ||¢Z||L2<w> > C, VYh,Vk < % for distributed control,

I1Br |l = |0,p1| > C, Vh,Vk < % for boundary control.

REMARKS

» Those properties are not straightforward for general diffusion coefficients on general grids.
* Our results are uniform for a constant portion of the spectrum.

* Optimal value of C; is somehow explicit.
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The 1D scalar case : Moments method at the discrete level

FRAMEWORK

() Oiyn + Anyn = Bpvn
h

yi(0) = yo,u € En,
TooLs : BIOTHO. FAMILIES + DISCRETE SPECTRAL PROPERTIES FOR A,

(Allonsius-B.-Morancey, *18)

N> Ck®, Vk,Vh.
C
Nevr =M 2 p, Wh, k< St
1
* Uniform lower bounds for discrete eigenfunctions

* Uniform growth rate for eigenvalues

e Uniform spectral gap

|1Br ot = ||¢Z||L2<w> > C, VYh,Vk < % for distributed control,

I1Br |l = |0,p1| > C, Vh,Vk < % for boundary control.

AN EXPLICIT CASE : THE DISCRETE LAPLACE OPERATOR ON UNIFORM GRID

EXPLICIT FORMULAS FOR ANY 1 < k < N, h =

N+1
¢k,h = (Sin(kﬂ'x,')),', Vi e {1, ..,,N},

>
=
|
=
o—otwm
N —o
S
Z.
=]

(=]

(5
)\k,h = T27 Vk € {1, ,N}

~+ The above properties can be proved by hand. 80/106



The 1D scalar case : Moments method at the discrete level

FRAMEWORK

() Oiyn + Anyn = Bpvn
h

yi(0) = yo,u € En,
TooLs : BIOTHO. FAMILIES + DISCRETE SPECTRAL PROPERTIES FOR A,

(Allonsius-B.-Morancey, *18)

N> Ck®, Vk,Vh.
C
Nevr =M 2 p, Wh, k< St
1
* Uniform lower bounds for discrete eigenfunctions

* Uniform growth rate for eigenvalues

e Uniform spectral gap

|1Br ot = ||¢Z||L2<w> > C, VYh,Vk < % for distributed control,

I1Br |l = |0,p1| > C, Vh,Vk < % for boundary control.

AN EXPLICIT CASE : THE DISCRETE LAPLACE OPERATOR ON UNIFORM GRID

EXPLICIT FORMULAS FOR ANY 1 < k < N, h =

N+1
¢k,h = (Sin(kﬂ'x,')),', Vi e {1, ..,,N},

>
=
|
=
o—otwm
N —o
S
Z.
=]

(=]

(5
)\k,h = T27 Vk € {1, ,N}

~+ The above properties can be proved by hand. 80/106



Discrete spectral properties
Laplace spectrum vs Discrete Laplace spectrum

-10*
T
Ak
o l
Av — Ay = CN®
6 - .
41 .
20 MxM -
0 \ | | | |
0 20 40 60 80 100
TYPICAL ERROR ESTIMATE: [NE— M| = CR2AE =~ Ch%k* ~+ Useless for large k

However : Uniform discrete gap holds kigg \AZ_,_I — /\Z| ~C
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Discrete spectral properties
Example

DIFFUSION COEFFICIENT : (x) = 2 4 cos(mx)?

. | | .
00 0.2 0.4 0.6 0.8 1

TWO OBSERVATION DOMAINS : w! =1(0,0.3), w? = (0.7,1).
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Discrete spectral properties
Example

DIFFUSION COEFFICIENT : ¥(x) = 2 + cos(mx)?

Rescaled discrete spectrum

Ain?
25 | AYmin
2 1
~~. S A
!
1.5+ inf oy 2 7 |
Ymin l
T R b
| |
| |
0.5 | ; !
| |
| |
1 1 — k
100 200 300 400
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Discrete spectral properties
Example

DIFFUSION COEFEICIENT : ¥(x) = 2 + cos(mx)®

Normal derivatives of ¢{'

| — left
[ ——right
600 | |
400 | l
|
|
200 |
|
: — ; > k
100 200 300 400
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Discrete spectral properties
Example

DIFFUSION COEFFICIENT : ¥(x) = 2 + cos(7x)?

k= 116172 gy /1]
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Discrete spectral properties
Example

DIFFUSION COEFFICIENT : (x) = 2 4 cos(mx)?

0! k= [Ny — M
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Discrete spectral properties
Example

DIFFUSION COEFEICIENT : ¥(x) = 2 + cos(mx)®

The last discrete eigenfunction

6 T T T T

4 — o
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Discrete spectral properties

(Allonsius-B.-Morancey, *18)
THEOREM (UNIFORM LOWER BOUNDS FOR DISCRETE EIGENFUNCTIONS)

Assume some regularity of the mesh and of the diffusion coefficient. There exists C1,Ca > 0 such that

[EH ||¢Z||L2(W) > Co, Vh,Vk < % in the distributed control case,

1B il = |ydrbi| > Co, Vh,Vk < % in the boundary control case.

THEOREM (UNIFORM SPECTRAL GAP)
Assume some regularity of the mesh and of the diffusion coefficient. There exists C1, p > 0 such that

Mo =N 2 /M, i, Vi < L
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Discrete spectral properties

(Allonsius-B.-Morancey, *18)

THEOREM (UNIFORM LOWER BOUNDS FOR DISCRETE EIGENFUNCTIONS)
Assume some regularity of the mesh and of the diffusion coefficient. There exists C1,Ca > 0 such that

|1Br ot = ||¢Z||L2(w) > Co, Vh,Vk < % in the distributed control case,

1Br il = |0r b4 > Ca, Vh,Vk < % in the boundary control case.

LeEMMA (MAIN TOOL)

There exists C1, C2 > 0 such that, for any A > 0 and any solution u" of.Ahuh = \u", with ||uh||h =1, we
have

Ui — Ui—1

h

A

! 2
(|ui|2 + Jiz1/2 ) >Ci, Vie{l,..,N+1}, [as soon as \h> < C2.]

» BOUNDARY OBSERVATION : apply the Lemma to u" = ¢} and take i = N + 1.

* DISTRIBUTED OBSERVATION : apply the Lemma to 1" = ¢} and sum over i s.t. x; € w ...
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Discrete spectral properties

(Allonsius-B.-Morancey, *18)
THEOREM (UNIFORM LOWER BOUNDS FOR DISCRETE EIGENFUNCTIONS)
Assume some regularity of the mesh and of the diffusion coefficient. There exists C1,Ca > 0 such that

C,
1B il = ||¢f||L2(W) > Cq, Vh,Vk < f in the distributed control case,
C,
|Brdtl| = |v0rdr| > Ca, Vh, Vk < 71 in the boundary control case.

LEMMA (MAIN TOOL)

There exists C1,Ca > 0 such that, for any A > 0 and any solution u' of.Ahuh = \u", with HuhHh =1, we
have

: e B
('Mi|2 I %;\1/2 'ulh&’ ) >Ci, Vie{l,..,N+1}, [as soon as M\h® < CQ.]

LEMMA (MAIN TOOL - CONTINUOUS CASE)
There exists C > 0 such that for any \ > 0 and any u solution of the ODE — 0y (y(x)0Oxu) = Au with
lull 2 = 1, we have

(\u@)\z T @w'(y)ﬁ) >C, Ve (01).
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A sketch of proof of the Lemma

{ — Ok (v (x)Oxu) = Au,

H“||L2(o,1) =1
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A sketch of proof of the Lemma

{ — Ok (v (x)Oxu) = Au,

H“||L2(o,1) =1

u(x)
U(x) = 5 ,
N

U'(x) = MA(X)U(x) + 0(x)U(x),

0 \/K
UNOEN V:)‘” , Qind. of \.

¥ (x)
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A sketch of proof of the Lemma

1

{ — Ok (v (x)Oxu) = Au,

H“||L2(o,1)

u(x)
Ulx) = B, ;
o= ()

U'(x) = MA(X)U(x) + 0(x)U(x),

0 \/X
UNOEN V:)‘” , Qind. of \.

~(x)

e My (x) is anti-symmetric
* My (x) and M (y) commute.

* The resolvant associated to My, is

S (v,x) = exp (/‘ Ma (1) dt) ,

and satisfies ||Sx (x,y)|| = 1.
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A sketch of proof of the Lemma

1

{ — Ok (v (x)Oxu) = Au,

H“||L2(o,1)

u(x)
Ux) = ( yul(x» ;

U'(x) = MA(X)U(x) + 0(x)U(x),

0 \/X
UNOEN V:)‘” , Qind. of \.

~(x)

e My (x) is anti-symmetric
* My (x) and M (y) commute.

* The resolvant associated to My, is

S (v,x) = exp (/‘ Ma (1) dt) ,

and satisfies ||Sx (x,y)|| = 1.
= for some C > 0 independent of A
u(@)|* < NU@II* < CIUG)I®, Va,y € (0,1)

By integration with respect to x we get

1<c (|u(y>\2 + @m’@)ﬁ) vy
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A sketch of proof of the Lemma

1

{ — Ok (v (x)Oxu) = Au,

H“||L2(o,1)

u(x)
vw = )
o=( )

U'(x) = MA(X)U(x) + 0(x)U(x),

0 \/K
UNOEN V:)‘” , Qind. of \.

~(x)

e My (x) is anti-symmetric
* My (x) and M (y) commute.

* The resolvant associated to My, is

S (v,x) = exp (/‘ Ma (1) dt) ,

and satisfies ||Sx (x,y)|| = 1.
= for some C > 0 independent of A
u(@)|* < NU@II* < CIUG)I®, Va,y € (0,1)

By integration with respect to x we get

1<c (|u(y>\2 + @m’@)ﬁ) vy
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A sketch of proof of the Lemma

1 Uiyl — u; wp — i1
— Ok (v (x)Oxu) = Au, % (’YH»I/QT - ’Y,'71/2T> = Ay
H“||L2(o,1) =1 ( i
Ui = \/m“i*“l‘f1> s
(X) A h
v = ( 29y (x) ) Uipr = (I + hM}, ) U; + hQ[ U,
/ _p—2A VX
U'(x) = Mx(x)U(x) + Q(x)U(x), M = %’;}/2 VYit1/2 0 bdd
i B ~ 0 , O bdd.
V3i+1/2

0 \/K
UNOEN V:)‘” , Qind. of \.

¥ (x)

e My (x) is anti-symmetric
* My (x) and M (y) commute.

* The resolvant associated to My, is

S (v,x) = exp (/‘ Ma (1) dt) ,

and satisfies ||Sx (x,y)|| = 1.
= for some C > 0 independent of A
u(@)|* < NU@II* < CIUG)I®, Va,y € (0,1)

By integration with respect to x we get

1sc(wwﬁ+¥?www),w
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A sketch of proof of the Lemma

1

{ — Ok (v (x)Oxu) = Au,

H“||L2(o,1)

u(x)
Ulx) = B, ;
o= ()

U'(x) = MA(X)U(x) + 0(x)U(x),

0 \/X
UNOES B v?]m ., Qind. of A.
v (x)

e My (x) is anti-symmetric
* My (x) and M (y) commute.

* The resolvant associated to My, is

S (v,x) = exp (/‘ Ma (1) dt) ,

and satisfies ||Sx (x,y)|| = 1.
= for some C > 0 independent of A
u(@)|* < NU@II* < CIUG)I®, Va,y € (0,1)

By integration with respect to x we get

1<c (|u(y>\2 + @m’@)ﬁ) vy

Ui
U = \/muﬁui,l ,
A h

Uipr = (I + M5 )U; + hQlU;,
_ b VN

h VA
who= (g VIR gl
V3i+1/2

M’; i is not anti-symmetric
M’;\J and M", ; do not commute.
The discrete resolvant associated to M’ s
SNC) = L+ RMR ) (M ).
We proved that : for some C, C1 > 0, if X< Cy
IS\ @D < €, Vi

84/106



A sketch of proof of the Lemma

{ — Ok (v (x)Oxu) = Au,

H“||L2(o,1) 1

u(x)
Ulx) = B, ;
o= ()

U'(x) = MA(X)U(x) + 0(x)U(x),
2N

0
UNOES B v?]m ., Qind. of A.
v (x)

e My (x) is anti-symmetric
* My (x) and M (y) commute.

* The resolvant associated to My, is

S (v,x) = exp (/‘ Ma (1) dt) ,

and satisfies ||Sx (x,y)|| = 1.
= for some C > 0 independent of A
u(@)|* < NU@II* < CIUG)I®, Va,y € (0,1)

By integration with respect to x we get

1<c (|u(y>\2 + @m’@)ﬁ) vy

u;
Ui = /’Y,‘,l/g ul-ful‘71> 3
( A h
U1 = (I + hM})l\,i)Ui +nQ!U;,

A VX
My, = ”1’;;/2 VT2 ) o bad.
V3i+1/2

. M’;, ; is not anti-symmetric
. M’;\J and M’;\J do not commute.
e The discrete resolvant associated to M';\V is
hoeos y h
SA(f) = (T +hMy ) - (1 + My o).
¢ We proved that : for some C, C1 > 0, if X< Cy
B P
ISXGNI < €, Vi)
= for some C > 0 independent of A and / (with X< a)
2 2 2 s
™ < NUIZ < CNGHIT, Vi
By summation, we get
2
).

Vj—1/2
A

U — U1

< (i + .
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Outline

6. DISCRETE SPECTRAL ANALYSIS AND APPLICATIONS

6.3 Boundary control for 1D semi-discrete cascade system
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A very basic introduction to tensor products

To deal with Cartesian structures (multi-D, systems) the tensor product formalism is quite useful.

MATRICES AS TENSOR PRODUCTS : M, »(R) ~ R" @ R™.
e Forany x € R", y € R” we denote x ® y to be the rank one matrix x.'y € M, .(R).
 Properties :
M1 +x2) @y =Ax1 ®y) + (x2 ®Y),
x®@ (Av1+y2) = Ax @ y1) + (x @ y2).
M, (R) is generated by the elementary tensor products.
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A very basic introduction to tensor products

To deal with Cartesian structures (multi-D, systems) the tensor product formalism is quite useful.

MATRICES AS TENSOR PRODUCTS : M, »(R) ~ R" @ R™.
VARIOUS WAYS TO EXPRESS A MATRIX

M= Z Z miie;  ej, using all the entries,
i=1 j=1
n
M = Z e i, using the lines=rows r; € R",
i=1
m
M= Z ¢ ® e, using the columns ¢; € R",
j=1
m
M= Z m; @ ¢j, using a special basis (¢;); of R",

j=1
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A very basic introduction to tensor products

To deal with Cartesian structures (multi-D, systems) the tensor product formalism is quite useful.

MATRICES AS TENSOR PRODUCTS : M, »(R) ~ R" @ R™.
VARIOUS WAYS TO EXPRESS A MATRIX
OPERATORS ON MATRICES AS TENSOR PRODUCTS

e LetA; € L(R",R) and A2 € L(R™,R) be two linear forms. We define A1 ® A2 € L(R" ® R",R) by
(A1 ®A2)(x ®y) = (A1x)(A2y), Vx € R",y € R", extended by linearity.

* More generally, if A1 € L(R",R”) and A> € L(R",R?) we set A1 ® A2 € L(R" @ R", R’ @ RY)
(A1 ®A2)(x ®y) = (A1x) ® (A2y), Vx € R",y € R", extended by linearity.
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A very basic introduction to tensor products

To deal with Cartesian structures (multi-D, systems) the tensor product formalism is quite useful.

MATRICES AS TENSOR PRODUCTS : M, »(R) ~ R" @ R™.
VARIOUS WAYS TO EXPRESS A MATRIX
OPERATORS ON MATRICES AS TENSOR PRODUCTS

TypicaL ExampLE | : R%-valued discrete unknowns on a 1D grid

Let .Aj, be the (scalar) discrete Laplace operator on Ej,.

A ® Ida is the discrete Laplace operator applied component wise to a 1D unknown.

1
A ® (O g) is a discrete diffusion operator with different diffusions.

A @1de +1d, ® <(1) 0) is a discrete Laplace operator + coupling between components.

0
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A very basic introduction to tensor products

To deal with Cartesian structures (multi-D, systems) the tensor product formalism is quite useful.

MATRICES AS TENSOR PRODUCTS : M, »(R) ~ R" @ R™.
VARIOUS WAYS TO EXPRESS A MATRIX
OPERATORS ON MATRICES AS TENSOR PRODUCTS

TypicaL ExampLE | : R%-valued discrete unknowns on a 1D grid

Let A, be the (scalar) discrete Laplace operator on Ej,.

A ® Ida is the discrete Laplace operator applied component wise to a 1D unknown.

1
A ® (O g) is a discrete diffusion operator with different diffusions.

A @1de +1d, ® <(1) 8) is a discrete Laplace operator + coupling between components.

TypicaL EXAMPLE 2 : Operators on a 2D Cartesian grid

Let Aj, be the discrete Laplace operator on Ej,, Ay be the discrete Laplace operator on Ej

A ® 1dy is the discrete —9? operator applied to a 2D unknown.
Id;, ® Ay is the discrete —83 operator applied to a 2D unknown.
(Ap ® Idi) + (Id;, ® Ay) is the 2D discrete Laplace operator.
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1D cascade system with boundary control

QUESTION

Can we prove the uniform boundary ¢(%)-null controllability of the following 1D semi-discrete coupled
system ?

—0i—1 + 200 — Qg1

Ay + = =0, VI<i<N,
—pi— 26; — Bi .
B + b1 +h2,3 Brrr |, =0, V1<i<N,

BO = QN4+1 = ﬂN+1 :07

ao =v(t).
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1D cascade system with boundary control

QUESTION
Can we prove the uniform boundary ¢(4)-null controllability of the following 1D semi-discrete coupled
system ?

— i 200 — o
YR — 1+h2a’ — =0, V1 <i<N,

opi+ P A B 4 o vi<i<w,

Bo = any1 = Byv+1 =0,
[e7) :V(Z).
MORE COMPACT FORM o = (oz,-)i,,b’h = (Bi)i € En

o A 0 o 0 0\ /o Byv
o ()= (0 2) () + o 0) ()= (3):
10

Ah -

2
170
2

0

7

0
0 h?
1

0-12
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1D cascade system with boundary control

QUESTION

Can we prove the uniform boundary ¢(%)-null controllability of the following 1D semi-discrete coupled

system ?

—ai—1 + 20; — Qi1

o + 2 =0, VI<i<N,
OB + —Bi +h225" —Bn |, =0, V1 <i<N,
,60 = ON+1 = 5N+1 =0,
ao =v(t).
EVEN MORE COMPACT FORM USING TENSOR PRODUCTS yh = o/' ® (0) + ﬂh X <(1)> cE® R2
h A 0 0 1
oy + Ay @ 1d2y" +1dg, ® <1 0> Y =B® (0 v(r)
2:10——0 1
1|0 \ | ]
A = w2 ‘ \ ({ By = w2
0——0-12 0
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1D cascade system with boundary control

THE GENERAL FRAMEWORK
* State space Ej, ® R", coupling matrix C € M, (R).

* Underlying elliptic operators
Ly = A, ®1d, +1dg, ® C, andits adjoint L} = A, ® Id, + Idg, ® C*.

¢ Control space U, = R ® R™ ~ R™, algebraic localization of the controls B € M, ,(R).

* Control operator
B,®B:RR" — E, @ R".

EXAMPLE OF THE CASCADE SYSTEM m = 1
1 0O—0
0 1

0

€R", C= \ € M,(R).

0 0——010

B =
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1D cascade system with boundary control

‘CZ = Ah & Idn + IdE,Z ® C*

1 0—0
0 1
0
B = R C = \ 7 B*:(IO
0 0——010

SPECTRAL DECOMPOSITION OF L}

Each eigenvalue A is of geometric (resp. algebraic)
multiplicity 1 (resp. n).

ADJOINT SEMIGROUP EXPRESSION

i i
e (@ e) = e Me D (g @ 0) = oM ) (—1)

010——0

N

0
1
0 0

Li(dr @e1) = M(¢h @ er),
Li (1 @ e2) = M(I @ e2) + (S @ e1),

‘CZI((¢£’ ® e”) = )\Q(QS]/Z ®eﬂ) + (d);: ® e}l*l),

- e

J=1 $8/106




1D cascade system with boundary control

LZ = Ah & Idn + IdE,Z ® C*

1 0——0 010——0
0 1
j — \
B = , C= , B =(1 , C'=
\ ( ) !
1
0 0——010 0 0

We test the control problem against each eigenelement ¢! ® e;

T
T e = [ (B o). T o @, .
0
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1D cascade system with boundary control

LZ = Ah & Idn + IdE,Z ® C*

1 0—0 010——0
0 1
0 N |
B = , C= , B =1 , C"= .
\ ( ) !
1
0 0——010 0 0

We test the control problem against each eigenelement ¢! ® e;

i

B T Y Ty
—(eTEnNG, o @ e, = / <<5’h®3)vh<s),e “ ‘)*kZH¢Z®ej> "
’ /=1 . Ep
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1D cascade system with boundary control

LZ = Ah & Idn + IdE,Z ® C*

1 0—0 010——0
0 1
0 N |
B = , C= , B =1 , C"= .
\ ( ) !
1
0 0——010 0 0

We test the control problem against each eigenelement ¢! ® e;

B T (T—s h i s — T = * h *
(e TEn 8 @ e, :/ <w.(S),e DY ﬁ(lgh ¢ ®© (B'é‘/)> ds.
0 j=1 ’ Uy
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1D cascade system with boundary control

LZ = Ah & Idn + IdE,Z ® C*

1 0——0 010——0
0 1
j — \
B = , C= , B =(1 , C'=
\ ( ) !
1
0 0——010 0 0

We test the control problem against each eigenelement ¢! ® e;

i—1

— i * ! ! - - ¢ S_T
— (e TEnyh 1 @ eV, = (Bit) / w(s)e” T ‘Wﬁd&
i !

=

kyi
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1D cascade system with boundary control

LZ = Ah & Idn + IdE,Z ® C*

1 0——0 010——0
0 1
| _— +
B= , C= , BF=(10— , C*=
\ ( ) |
1
0 0——010 0 0

We test the control problem against each eigenelement ¢! ® e;

~TCuh ik e [T et (s = T) !
— (e "0, @ en)m, = (Bidi) [ wals)e o
. I

=y

kyi

We consider now a biorthogonal family (g’ ;)1 a biorthogonal family in L?*(0, T) of the family of functions

(T _ it
(SHE*(T*SN( (T —9)) ) .
ki

(i—1)!
Biol g
We obtain a suitable relaxed control vj,(s) = Z TBr ol Z Vi ;41 (s) with appropriate bound.
2 BT 25
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Outline

6. DISCRETE SPECTRAL ANALYSIS AND APPLICATIONS

6.4 Numerical illustrations
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A 3 equation system with mixed boundary/distributed controls

-2 -6 =2 0 Vo
dy—8y+ -4 o0 2 |y= 0 >, yr,0)=1| 0
—2 3/2 -2 1, (x) 0

yo(x) = (sin(7rx3), —sin(m(1 —x)%),0.5 sin(wx))t, w =]0.3,0.7],

Coupling domain

00 01

(Olive, ’14)
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A 3 equation system with mixed boundary/distributed controls

-2 -6 -2 0 Vo
Oy—0y+|-4 0 2 |y=| 0 , ¥(6,0)=1| 0
-2 3/2 -2 1., (x) 0

yo(x) = (sin(mx®), — sin(m(1 — x)®),0.5sin(7x))", w =]0.3,0.7],

109 T L] T T 1 17
7 i Cost of the control ——
10 Size of the target —m—
10° 1 Optimal energy —a—
slope —4
10° .
10' | N |
App. Cont. %
107 . Null Cont. %
L L L L] L -}
1073 1072 1071

(Olive, ’14)
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A 3 equation system with mixed boundary/distributed controls

-2 -6 =2 0
, - (X
oy—0iy+|—4 0 2 |y= 0 vi, y#0)=1| 0
-2 3/2 -2 L, (x) 0

yo(x) = (sin(mx®), — sin(m(1 — x)®),0.5sin(7x))", w =]0.3,0.7],

T 1
09 10

0‘2 u‘z O‘A n‘: 0‘6 n‘r O‘H
(b=

(Olive, ’14)
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A 3 equation system with mixed boundary/distributed controls

, -2 -6 -2 0 e
oy—90;y+|—-4 0 2 |y= 0 vi, y#0)=1| 0
-2 3/2 -2 1., (x) 0

yo(x) = (sin(wx3), —sin(m(1 —x)%),0.5 sin(wx))' , w=]0.3,0.7],

10° —r
107 | Cost of the control ——
Size of the target —m—
Optimal energy —A—
105 [ P gy
slope —4
10% |- .
——0—O—0—0
10 |- .
App. Cont. %
107t . Null Cont. %
1073 1072 10~ 1

(Olive, ’14)
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A 3 equation system with mixed boundary/distributed controls

-2 -6 =2 0 Vo
dy—8y+ -4 0 2 |y= 0 vi, y#0)=1[ 0
—2 3/2 -2 1, (x) 0

yo(x) = (sin(7rx3), —sin(m(1 —x)%),0.5 sin(wx))t, w =]0.3,0.7],

11l

Coupling domain

00 01

0‘2 u‘: 0‘4 0‘5 O‘E 0‘7 O‘E
()6

(Olive, ’14)
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A 3 equation system with mixed boundary/distributed controls

2 6 -2 0 v
Oy—0y+|-4 0 2 |y=| 0 | v, y,0=|0
2 3/2 -2 1, (x) 0

yo(x) = (sin(mx®), — sin(m(1 — x)®),0.5sin(7x))", w =]0.3,0.7],

103 T T T L] T T T 117
Ab—p—a— Cost of the control ——
Size of the target —B—
o e |
Optimal energy —A—
107! a

App. Cont. ¢
Null Cont. ¢

(Olive, ’14)
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Outline

6. DISCRETE SPECTRAL ANALYSIS AND APPLICATIONS

6.5 Multidimensional boundary control systems
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Multi-D cascade system with boundary control

(S5) Oy —Ay+ Cy =0, in Q =]0,7[xQ2
g ¥ = 140} xwyoBv, on 052

THEOREM ((Benabdallah-B.-Gonzalez-Burgos-Olive, *14))
System (Sg) is null-controllable at time T > 0 if and only if the

(55") {8”‘ Ay+Cy=0, inS =0,

(o :}O,Tr[ y= 1{0}BV, on 01,

is null-controllable.

OK FOR THE USUAL CASCADE EXAMPLE

0

0 0——010

0
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Multi-D cascade system with boundary control

(S5) Oy —Ay+ Cy =0, in Q =]0,7[xQ2
g ¥ = 140} xwyoBv, on 052

THEOREM ((Benabdallah-B.-Gonzalez-Burgos-Olive, *14))
System (Sg) is null-controllable at time T > 0 if and only if the

(Sm){azy—Aer y =0, inQ =0, 7[
B

Ql :}077{'[ y= 1{0}BV, on an,

is null-controllable.

SKETCH OF PROOF :
* Use the time slicing procedure a la Lebeau-Robbiano in ()5 on a sequence of infinite dimensional
subspaces.
» Each step of the procedure needs to solve a 1D control problem in 1 that looks like (S3°) with a suitable
estimate of the control cost in e/7.
MAIN INGREDIENT OF THIS STRATEGY
Take advantage of the Cartesian product structure of the domain €2 and of the underlying operator !
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Multi-D cascade system with boundary control

(5) Oy+ (A1) MR Idy+1d® (—Ax) @ Idy+1d@lde Cy
? = (A1x1) @ ((1uy ® B)Y), in ©

THEOREM ((Benabdallah-B.—-Gonzalez-Burgos-Olive, *14))
_ System (Sg) is null-controllable at time T > 0 if and only if the
J s Oy + (A1) ®Idy+1d @ Cy
- (Sz")

1 =10, 7| = (A1x1) ® (Bv), in,

is null-controllable.
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Main objective

QUESTION

Can we prove the uniform boundary ¢(%)-null controllability of the following 2D semi-discrete coupled

system ?

O +

OBy +

~Qim1y 20 = Qi | =1 2005 = Qi

e e =0,
—Bim1y + 2By — Birry | —Bij—1 + 2B — Bij+1
= + = + o, =0,

ai0 = Bio = aint1 = Bin+1 =0,

an+1,; = Boy = By+1,; =0,

Vi, j,
Vi, j,
Vi,
vJ,

o, =Vilw, (1), V.

96/106



Main objective

QUESTION

Can we prove the uniform boundary ¢(%)-null controllability of the following 2D semi-discrete coupled

system ?

Oaij +

—ai-1y+ 200 = Qipry | — 01+ 2005 = Qigi

0:Bij +

h? h2 :O7
—Bi—1j + 2Bij — Bit1j . —Bij—1 + 2B — Bij+1
h2 + 2 + =0,

aio = Bio = ain+1 = Bint1 =0,

ant1y = Boy = By+1y =0,

Qq,j :V[lw.z (jh), \4

MORE COMPACT FORM ' = (Oéi,i)i,/‘aﬂh = (/31‘,/);,,' CE,= MN,N(R)

X

Oéh

Bh

)<(

Al + A7
0

0 o

Vi, j,

Vi, J,

vi,
v,

Olh _ B/IV
')\ o

).

96/106



Main objective
QUESTION
Can we prove the uniform boundary ¢(%)-null controllability of the following 2D semi-discrete coupled

system ?

~Qim1y 20 = Qi | =1 2005 = Qi

6talj + h2 h2 :07 Vivja
—Bi—1, + 281 — Bit1y |, —Bij—1+2Bi; — Biy .
I R A A

ai0 = Bio = ainy1 = Bin+1 =0, Vi,
an+1y = Poy = Bn+1y =0, Vj,

o, =Vilw, (1), V.

EVEN MORE COMPACT FORM yh =d® (é) + Bh ® <(1)> € E,QR?

h 1
&yh + (Ai + Ai) ® Id2 y’ + Idg, ® yh =B ® (0) v(1).
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Main objective

QUESTION
Can we prove the uniform boundary ¢(%)-null controllability of the following 2D semi-discrete coupled
system ?
—Qi—1,; + 204 — Qi1 —Q— 201, — Qi ..
8[OtiJ + Qi1 + I’l? J Qitly + Qig—1 + hg J Qi1 :O, VZa]v
—Bi—1, + 281 — Bit1y |, —Bij— 2Bij — Biy .
ap, + D1t hf s~ Pty ZPhioit hf S P 0, iy,

ai0 = Bio = ainy1 = Bin+1 =0, Vi,
an+1y = Poy = Bn+1y =0, Vj,
a0 =Vilw, (jh), V.

EVEN EVEN MORE COMPACT FORM Ej, = My x(R) ~ RY @ RN = E} ® Ef = ' € E} @ E} @ R>.

' 1
o' + Ay @ 1dy @ Idoy" + 1d;, @ Aj @ 1da ' + 1dg, ® Y'=B,® (0> v(t).
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multi-D cascade system with boundary control
... in the discrete world

THE MULTI-D SEMI-DISCRETE SYSTEM
(s {a,erAm ®@1dy ® Idy + Id; ® Az @ Idy + y
=B1® ((1w, @ B)v),
THE ASSOCIATED 1D SEMI-DISCRETE SYSTEM
(Sé,D’h) {anyrAm ®Idy + y
= By ® (Bv),

THEOREM
Assume that

1. System (S, ;D’h) is null-controllable at any time T > 0, with a cost of the control that behaves like e/
uniformly in /

2. The operator Asy satisfies a discrete Lebeau-Robbiano spectral inequality with respect to 1,,, uniformly
in 4.

3. The control operator By, satisfies some admissibility property, uniformly in .
Then, the multi-D system (Sg) is null-controllable, uniformly in h.

This is almost surely an empty theorem ...
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multi-D cascade system with boundary control
... in the discrete world

THE MULTI-D SEMI-DISCRETE SYSTEM

(sh) {a,y+A1h ®@1dy @ Idy + Id, © Az @ Idy + y
=B1® ((1w, @ B)v),

THE ASSOCIATED 1D SEMI-DISCRETE SYSTEM

(520 Oy+ Au®@Idy + y
B = B, @ (Bv),

THEOREM ((Allonsius-B., '18))
Assume that (+ uniform admissibility conditions for By, relative to A1)
1. There exists C1 > 0, 11 > 0 such that for any T > 0 and any yq j, there exists a control vy, for (S;D’h) such that

1 - 1 o
Dilizoriny < O oall,s and ()l < e FH) emm g,

2. There exists Co > 0, pa, such that for any ;1 < 1o we have

o1l < eV |10, 6lly , Vo € span(e] 5, X2 < ).
Then, for p* = min(p1, p2) there exists C > 0, depending only on C1, Ca such that, for any T > 0 and any yo j, there
exists a control vy, for system (Sg) satisfying
c(1+7+1 c(1+7+L) _ *1
(1+7+4) )l < e CH TR e 173 g

[["hﬂﬂ(o,r;yh) Se HyOJt”h7
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multi-D cascade system with boundary control
... in the discrete world

THE MULTI-D SEMI-DISCRETE SYSTEM

(sh) {a,y+A1h ®@1dy @ Idy + Id, © Az @ Idy + y
=B1® ((1w, @ B)v),

THE ASSOCIATED 1D SEMI-DISCRETE SYSTEM

(520 Oy+ Au®@Idy + y
B = B, @ (Bv),

SKETCH OF PROOF : Lebeau-Robbiano construction with some adaptation

* Finite number of steps (depending on p*)

* At each step we do not completely kill low frequencies. They are however sufficiently damped out.
* Uniformity w.r.t & of all the constants in the estimates.

* At the end of the process we only obtain a target of size

AT ey

~- another additional control step on a large time interval (7'/2, T') to recover
1 -
AT Tty
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Multi-D cascade system with boundary control
An example

‘WITHOUT CONTROL

Oy1 — vAy =0,
Ory2 — yAys +y1 = 0.

“mwwm
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o
i
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Multi-D cascade system with boundary control
An example

‘WITH A BOUNDARY CONTROL

Oy1 — vAy =0,
Ory2 — yAys +y1 = 0.

%\‘

iy H N
“wmmwm\“ i )

R
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Outline

7. TIME DISCRETE BOUNDARY CONTROL PROBLEMS
7.1 Boundary control for 1D time-discrete scalar problems
7.2 Boundary control for 1D time-discrete cascade systems
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Outline

7. TIME DISCRETE BOUNDARY CONTROL PROBLEMS
7.1 Boundary control for 1D time-discrete scalar problems
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Boundary time-discrete control problems

Let T > 0 and yo € L*(]0, 1]) be given. Let M > 1 and set 6 = T /M.
n+1 n

)% + Ayt =0, Vnelo,M[,
) o) =0, ¥y )y =v*, vee [o,mM],
¥ = yo.

PROBLEM FORMULATION

Does there exist a family (v*'),c[o, C R such that the solution (y"),eo.mp C H'(]0, 1[) of (S) satisfies

the null-controllability condition ?
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Boundary time-discrete control problems

Let T > 0 and yo € L*(]0, 1[) be given. Let M > 1 and set 6t = T /M.
n+1 n

)% + Ayt =0, Vnelo,M[,
) o) =0, ¥y )y =v*, vee [o,mM],
¥ = yo.

PROBLEM FORMULATION

Does there exist a family (v*'),c[o, C R such that the solution (y"),eo.mp C H'(]0, 1[) of (S) satisfies

the null-controllability condition ?

BAsic ANSWER
This problem cannot be solved in general since

(o € RY and  dim(H'(]0, 1[)) = +oo.
Here also, we will need to relax the null-controllability condition.

REMARK : for this particular problem we can use time-discrete Carleman stuff but this does not work anymore
when dealing with cascade coupled systems.

(B.- Hernandez—Santamaria, ’20)
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Boundary time-discrete control problems

Let T > 0 and yo € L*(]0, 1[) be given. Let M > 1 and set 6t = T /M.
n+1 n

)% + Ayt =0, Vnelo,M[,
) o) =0, ¥y )y =v*, vee [o,mM],
¥ = yo.

PROBLEM FORMULATION

Does there exist a family (v*'),c[o, C R such that the solution (y"),eo.mp C H'(]0, 1[) of (S) satisfies

the null-controllability condition ?

DUAL FORMULATION

The final time solution y* of the problem above satisfies

<y iy = P[] (o, de) — B*¢x) Z5tv+ PET N, Wk > 1.

Here we have
B* = -0,

, and py[N=1+dN7, V>0
1

=

The discrete functions p3 [A] play the role of the exponentials : sup | p; [\] — e V9| < Cyot.
jelo.m] 102/106



Boundary time-discrete control problems

Let T > 0 and yo € L*(]0, 1[) be given. Let M > 1 and set 6t = T /M.
n+1 n

)% + Ayt =0, Vnelo,M[,
) o) =0, ¥y )y =v*, vee [o,mM],
¥ = yo.

PROBLEM FORMULATION

Does there exist a family (v*'),c[o, C R such that the solution (y"),eo.mp C H'(]0, 1[) of (S) satisfies

the null-controllability condition ?

A TENTATIVE TIME-DISCRETE MOMENT PROBLEM

The final time solution satisfies y* = 0 if and only if

A ~ ,
pg'f¢k] (o, i) = 37 6 PN, VK > 1,
n=0

RELAXATION

Solve only finitely many such equations, namely for k € [0, K5,] for some K3, such that

5t—0
Ks; —— +o00. 102/106



Time discrete biorthogonal to “exponentials”

(B.-Hernandez—-Santamaria, ’25)
Let 3 = (0% )« be an increasing sequence of distinct positive numbers satisfying

k2
o1Z2p, Or1—0k2p, Vk2>1, o < —,Vk>1. (Hp)
P)

THEOREM

There exists w > 0 and 6to > 0 depending only on p and T such that, for any 6t < dto there exists a family

of time discrete functions (qs:[u]) pea such that
pot<w

M
<qsr[u],P5t[A]> = 5t qh [l PN = 6x
L3,(0,T)

n=1

and satisfying the following estimate

M
2 def n 2 A)A
llas:Alllzz,0,r) = > 6t|gn[A]” < e,

n=1

APPLICATION TO OUR TIME-DISCRETE CONTROL PROBLEM

There exists C, C, 5o > 0 such that, for any 67 < 6o we can find a time-discrete control vs; satisfying

e
Ivaillz 0,1y < Cliyollz2(ey, and I ll2(0) < Ce™ % [[yolli2(ay- 103/106



Outline

7. TIME DISCRETE BOUNDARY CONTROL PROBLEMS

7.2 Boundary control for 1D time-discrete cascade systems

104/106



Boundary time-discrete control problems for systems

n+l _ n
L Aeyt +TeCyT =0, vne[oM]
)y -1le (B"*Y), Vne[o0,M],
¥ =o.
with
1 0 0
0 1
0
B = GR”, C = ‘ \ EM,,(R).
0 0——010

THEOREM ((J1)-NULL CONTROLLABILITY)
Given any ¢ such that ¢(6t) 2 e % there exists C, 6to > 0 such that, for any initial data yo € LZ(Q),
there exists a time discrete control vg; such that

sillzz (0,r) < Clivollz2 (e

and the solution of (S) satisfies

HyM||L2(Q) < Cv (1) [Iyollz2(a)-

A similar fully discrete result can be obtained for free ! 105/106
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