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5. Statement of purpose

The last decade has witnessed a very fast and deep development in the field of evolution
partial differential equations (and particularly the dispersive equations). These major advances
allow some perspectives which appeared to be completely out of reach a few years ago and
open the very exciting perspective of studying deep dynamical properties of solutions of Partial
differential equations. On the other hand, specialists of dynamical systems successfully extended
methods and ideas, developed for the study of finite dimensional models, to infinite dimensional
ones. This led to spectacular results concerning long time behavior of solutions of some non-
linear partial differential equations, especially in one space dimension or for critical models.
The tools developed in the PDE context to handle non-linear PDEs could also lead to major
breakthroughs, when combined with some dynamical properties of the equations. Finally, the
study of partial differential equations in the presence of randomness, a topic originating in ideas
from statistical mechanics, has also recently seen spectacular results. The goal of my research
project is to blend together ideas from these three points of view, to gain some new insights on
the behaviour of solutions of partial differential equations in some asymptotic regimes :

– Long time behavior,
– Existence, scattering,
– Stabilities, instabilities,
– Rough geometries and control.

5.1. Context, position and objectives of my activities. — During the last decade, the
interface between some very active fields of research in mathematics, linear or non-linear partial
differential equations, infinite dimensional dynamical systems and probabilities has been growing
rapidly. Indeed, the numerous advances in non linear partial differential equations allow some



4

perspectives which appeared to be completely out of reach a few years ago and open very
exciting perspectives. My research project is at the core of these questions. I plan to study
some questions in control theory and large time PDE?s description via the use of randomness
to reveal new phenomena. The guidelines of my project are the study of partial differential
equations in some asymptotic regimes in connection with geometry. The aims are to obtain
on various topics descriptions of the dynamical behavior of solutions. The originality of the
project is that I intend to do so by blending together ideas coming from different fields such as
micro-local analysis, dynamical systems and probabilities, by studying some statistical quantities
rather than using the more precise (but less amenable) deterministic approach.

5.2. State of the art. — During the last fifteen years, a number of results have been obtained
at the confluent of control theory, infinite dimensional dynamical systems and non-linear partial
differential equations. I will describe here the state of the art in several sub-domains of these
matters which are at the heart of my project.

5.2.1. Random non-linear partial differential equations. — In most cases, when dealing with
random perturbations of non linear partial differential equations, randomness is seen as a prob-
lem to tackle. Indeed, for example, many advances have been performed to handle the typical
poor regularity of random forces in stochastic PDE?s. Here the point of view we adopt is the
opposite : instead of being a problem to tackle, randomness could in some cases help. Fol-
lowing the pioneering works by Bourgain on Gibbs measures for the non linear Schrödinger
equation, major progress have been done in recent years using stochastic methods to construct
local or global solutions of some Hamiltonian equations. The main point is that in many cases,
the behaviour of solutions to nonlinear PDE?s is better than expected (when one has in mind
the deterministic theory), when initial data are chosen randomly. More specifically, Burq and
Tzvetkov [13, 14, 15] started the study of the behaviour of solutions to wave or Schrödinger
equations with random initial data. The idea is to understand in which sense this behaviour is
better than in the deterministic case. For the local Cauchy theory, this is true in a very general
setting for wave as well as for Schrödinger equations (Burq-Tzvetkov-Thomann [45]). Indeed,
it is possible to show that these equations are well posed almost surely (for natural probability
measures on the space of initial data), for regularity thresholds which are noticeably smaller than
the ones which (after the works by Lebeau [28, 27] and Christ-Colliander-Tao [18]) are known to
be optimal from the deterministic point of view. Some global in time results were also obtained,
in some particular geometries (torus, harmonic oscillator). Colliander and Oh also obtained
recently very interesting results on the non linear Schrödinger equation on the one dimensional
torus with random initial data below L2 (see also the work by Nahmod-Pavlovic-Staffilani [41]).

5.2.2. Blow-up, Instabilities and large time behavior for non-linear PDEs. — Many Hamiltonian
non-linear PDEs exhibit finite time blow-up, starting from non singular initial data. This is the
case for the nonlinear Schrödinger equation (NLS), the Korteweg-de Vries equation (KdV) and its
modified and generalized forms, as well as the nonlinear wave equation (NLW). In the last decade,
several breakthroughs were achieved in the understanding of the blow-up behavior, in particular
by Raphaël and Merle for NLS [34, 33], Martel and Merle for KdV [31, 30] (see also [44, 35, 32]).
Blow-up dynamics for NLW in one space dimension have been fully elucidated by Merle and Zaag
[40, 39, 37, 36] and Côte and Zaag [20]. Among the many difficulties one has to face to prove
such results, a major one is the non self-adjoint character of linearized operators around limiting
profiles. Those difficulties were overcome thanks to the use of dynamical systems? formulations,
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together with non-linear PDEs techniques. The use of rigidity theorems (or Liouville-type
theorems) was essential in those results. Let me also mention the very nice works by Kenig-
Merle and Duyckaerts-Kenig-Merle on the description of large time behavior of solutions to
energy critical wave equations (soliton resolution conjecture). Another approach for detecting
instabilities for solutions to non linear PDE?s is to construct approximate solutions which exhibit
this instability phenomenon, and of course to prove that these approximate solutions are close
to an exact solution. The difficulty in this approach is precisely that the more drastic the
instability, the more difficult it is to prove this latter approximation property (in other words,
the more unstable the equation, the more difficult it is to prove that it is indeed unstable !).
This approach was successfully applied by Christ Colliander, Tao [18], Lebeau [28, 27] and Burq,
Gérard, Tzvetkov [10, 9].

In some systems where global well posedness is achieved, one observes an arbitrary wide
growth of norms (for high Sobolev regularity) during the evolution of the solution to the Cauchy
problem with appropriate initial data, despite of the conservation of energy (usually in H1). That
is the case, for instance, in the weak turbulence result of Colliander, Keel, Staffilani, Takaoka
and Tao [19], who have shown a transfer of energy to high frequencies in the cubic defocusing
nonlinear Schrödinger equation. This beautiful result transposes nonlinear dynamical effects in
finite dimension to the infinite dimensional setting, showing genuine nonlinear phenomena. This
result was recently nicely extended on R× T2 by Hani-Pausader-Tzvetkov-Visciglia [24].

5.2.3. Control theory, dispersion and geometry. — For the control of wave equations and (suffi-
ciently) smooth geometries, the situation is, since the work by Bardos-Lebeau and Rauch quite
well understood : the geometric control condition (all geodesics have to encounter the control
region in finite time) is essentially necessary and sufficient [10,13]. It is also known [31] that it
is sufficient for Schrödinger equations. However, in some particular geometries (tori [24,7], some
hyperbolic surfaces [49]) this condition is not necessary. While one might think that the field
is by now quite well understood, many fascinating questions remain open : what happens or
very rough coefficients/geometries ? Can we obtain non trivial results on some other particular
geometries, etc...

5.3. Goals of the project. —

5.3.1. Random non-linear partial differential equations. — Until recently, the main ideas in
the proofs of the stochastic results described in the preceding section came from the works of
Lebowitz-Rose-Speer [29], Bourgain [6, 7] and Zhidkov [50]. The strategy is the following : First
construct a formally invariant measure (this uses the Hamiltonian structure of the equation).
Then, develop an almost sure well posedness theory. Finally, get the global existence of the
flow, using a Galerkin approximation and the invariance of the measure. This scheme was
already fruitful for Bourgain [6, 7] and Zhidkov [50] for NLS on the torus, Tzvetkov [46, 47]
for NLS on the disc, Burq-Tzvetkov [15] for the wave equation, Oh [42, 43] for Schrödinger-
Benjamin-Ono and KdV systems, and Burq-Thomann-Tzvetkov [12] for the one-dimensional
Schrödinger equation. However, this strategy has a major drawback : the use of Gibbs measures
induces an important algebraic rigidity. Two main objectives will be pursued : first break the
rigidity of the tools (namely Gibbs measures) used to prove global existence. Indeed, they
limit a lot the scope of applicability of such an approach, as they restrict both the type of
(Hamiltonian) PDEs and the level of regularity required. Some steps were already performed in
this direction by Colliander and Oh and by Burq-Thomann-Tzvetkovin [16, 11] and Nahmod,
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Pavlovic and Staffilani [41]. Here I plan to deepen this approach and try to construct only
almost invariant measures (measures such that their push-forward by the evolution flow is only
absolutely continuous with respect to the initial measure) and deduce some dynamical properties
of the flow. The second goal, more ambitious but very natural, once a global flow is shown to exist
on a full measure statistical set, is precisely to study the dynamical properties of this flow, and
take benefit of the statistical approach to exhibit non trivial properties, presently out of reach
of deterministic methods (transfer of energy in frequencies, bounds from below or above on the
growth of Sobolev norms even for example at levels of regularity where deterministic solutions
exist, quasi-invariant measures, scattering properties of solutions). Once again, a focus will be
put on large time studies. Finally, I intend to develop this point of view to the study of Euler
or Navier-Stokes equations. Indeed some very interesting results on the topic have already been
obtained by Nahmod, Pavlovic and Staffilani [41]. In fluids mechanics, problems may very often
be very difficult, with few advances made on some particular topics since the seminal works of
Leray (weak solutions) and Kato (strong solutions). An idea to bypass these strong difficulties
could be to adopt a statistical point of view. For example, if one considers the two-dimensional
Euler equation, it is known that there exists global solutions in C0(Ry ;Hs) as soon as s ¿ 2.
However, the bounds on the ”complexity” of the flow are double exponential in time :

A natural question in this context is whether one can avoid this double exponential and get
(for example) a single exponential. I plan to investigate this type of questions from a statistical
point of view (i.e. asking whether one can construct probability measures on the set of initial
data for which one could prove that the probability measure of the set of solutions for which it
is indeed possible is 1, or at least positive).

5.3.2. Blow-up, Instabilities and large time behavior for non-linear PDEs. — With Raugel and
Schlag we are presently investigating the large time behavior of solutions of energy subcritical
focusing damped wave equations. In particular, our purpose is to blend into this topic new
ideas coming from dynamical system theory. This leads in this context to the analog of the
soliton resolution conjecture for radial data. Namely we proved that all global in time solutions
are bounded and converge to an equilibrium (notice that since very few is known about the
equilibria, even when boundedness is assumed, the convergence to equilibria is non trivial).
We managed recently to extend the result to a class of damping vanishing asymptotically for
large time. We plan to develop further this line of research and study non radial solutions, non
global dampings. The strategy we intend to follow is to mix these new ideas from dynamical
systems with the machinery developped by Kenig-Merle (and many other authors). Another
quite exciting question would be to adopt a dynamical point of view in order to investigate the
question of exact controllability of the defocusing wave equations with a geometric time (that
is, a time independent of the size of the initial data). Recall that presently all controllability
results for semi-linear equations rely on the following strategy : first prove stabilisation results,
then prove local controllability near the 0 solution, finally combine these results to get global
controllability results. As a consequence, for large data, exact controllability requires large times
(the time necessary to implement the stabilisation scheme). The techniques developed above
are not specific to the Klein-Gordon equation and some of them should be applicable as well
to the Schrödinger equation with weak dissipation and to other dispersive systems with weak
dissipation.

5.3.3. Control theory, dispersion and geometry. — The first question I plan to study is the ques-
tion of controlability of semi-linear wave equations mentionned above. I also plan to continue
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a project iniciated with P. Gérard where we investigate the stabilization of wave equations on
tori where the damping function is only L∞. In this framework, the geometric control condition
does not make sense any more. However there is a natural substitute. In the particular case
where the damping function is a sum of caracteristic functions of polygons, we can prove via a
second microlocalization approach, that this condition is necessary and sufficient for stabiliza-
tion. I am presently completing an extension of the result to general manifolds. In this new
work, I understand better the control questions (in particular the time necessary to achieve exact
control) The underlying question is to understand stabilisation and control problems with very
rough regions (measurable sets?). These questions are linked to the understanding of dispersion
properties for solutions to PDE?s in some particular geometries. Another open question that I
have in mind is the obtention of non trivial dispersion results on hyperbolic manifolds leading to
improvements for dispersion/Strichartz estimates for the solutions, and eventually to improve-
ments for the Cauchy theory (recall that even on hyperbolic surfaces, the best known result for
dispersive estimates for solutions to Schrödinger equations is the semi-classical estimate [16],
which is true for any geometry ! In some sense, the recent results by Dyatlov and Lin [57] (after
Dyatlov-Bourgain)are a first step in this direction.
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de L?Académie des Sciences, pages 749?752, 1997. t.325, Série I.

11. N. Burq, P. Gérard, and N. Tzvetkov. An instability property of the nonlinear Schrödinger
equation on Sd. Math. Res. Lett., 9(2-3) : 323?335, 2002.



8

12. N. Burq, P. Gérard, and N. Tzvetkov. Two singular dynamics of the nonlinear Schrödinger
equation on a plane domain. Geom. Funct. Anal., 13(1) : 1?19, 2003.

13. N. Burq, P. Gérard, and N. Tzvetkov. Strichartz inequalities and the non linear Schrödinger
equation on compact manifolds. American Jour. of Mathematics, 126 : 569?605, 2004.

14. N. Burq, L. Thomann, and N. Tzvetkov. Global infinite energy solutions for the cubic
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36. F. Merle, P. Raphaël, and I. Rodnianski. Blowup dynamics for smooth data equivariant
solutions to the critical Schrödinger map problem. Invent. Math., 193(2) : 249?365, 2013.

37. F. Merle and H. Zaag. Existence and universality of the blow-up profile for the semilinear
wave equation in one space dimension. J. Funct. Anal., 253(1) :43?121, 2007.

38. F. Merle and H. Zaag. Openness of the set of non characteristic points and regularity of
the blow-up curve for the 1 d semilinear wave equation. Comm. Math. Phys., 282 : 55?86,
2008.

39. ] F. Merle and H. Zaag. Existence and classification of characteristic points at blow-up
for a semilinear wave equation in one space dimension. Amer. J. Math., 2011. to appear,
arXiv :0811.4068.

40. F. Merle and H. Zaag. Isolatedness of characteristic points for a semilinear wave equation
in one space dimension. 2011. arXiv :1010.0618, submitted.

41. A. Nahmod, N. Pavlovi?, and G. Staffilani. Almost sure existence of global weak solutions
for super-critical navier-stokes equations. preprint, http ://arxiv.org/abs/1204.5444.

42. T. Oh. Invariance of the white noise for KdV. Comm. Math. Phys., 292(1) : 217?236,
2009.

43. T. Oh. Invariance of the Gibbs measure for the Schrödinger-Benjamin-Ono system. SIAM
J. Math. Anal., 41(6) : 2207?2225, 2009/10.
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