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Problems

Problem 1.1

Let 𝑎 ∈ 𝐿∞(0, 1) be a function such that for a certain 𝜀0 > 0 one has 𝑎 ≥ 𝜀0 a.e. in (0, 1). We
wish to obtain some informations about the function 𝑎 by solving the differential equation

(1.1) {
−(𝑎𝑢′)′ = 0 in (0, 1)

𝑢(0) = 𝛼0

𝑢(1) = 𝛼1

1) Write explicitely the solution 𝑢 in terms of 𝑎 and 𝛼0, 𝛼1.

Hint : Do you really need a hint ?…

2) For 𝛼0 ≔ 1 and 𝛼1 ≔ 0, one measures also 𝛽0 ≔ (𝑎𝑢′)(0). What can be determined about
the conductivity 𝑎, in terms of 𝛽0 ?

Hint : Use the previous question.

3) Would it be useful to consider other values of 𝛼0,𝛼1 in the hope of obtaining more infor­
mations about 𝑎 ?

Problem 1.2

Let 𝛺 ⊂ ℝ𝑁 be a bounded smooth domain. We shall denote ‖ ⋅ ‖ the norm of 𝐿2(𝛺) and ⟨⋅, ⋅⟩
the duality between 𝐻1/2(∂𝛺) and its dual 𝐻−1/2(∂𝛺).
With the notations of section 2 of Chapter 2 of the lecture notes, if 𝜎0 ∈ ∂𝛺 we consider
a sequence of functions (𝜓𝑚)𝑚≥1 in 𝐻1/2(∂𝛺) whose supports concentrate around 𝜎0 and
such that ‖𝜓𝑚‖𝐻1/2 = 1, and for 0 ≤ 𝑠 < 1

𝑐1𝑚−(1+2𝑠)/2 ≤ ‖𝜓𝑚‖𝐻−𝑠(∂𝛺) ≤ 𝑐2𝑚−(1+2𝑠)/2.

We assume that for 𝑗 = 0, 1 we have two sets of coefficients 𝑎𝑗, 𝑞𝑗 ∈ 𝐿∞(𝛺) satisfying 𝑎𝑗 ≥ 𝜀0
and 𝑞𝑗 ≥ 0. We denote

𝛬𝑗(𝜑) ≔ 𝑎𝑗
∂𝑢𝑗⁄
∂𝐧

when 𝜑 ∈ 𝐻1/2(∂𝛺) and 𝑢𝑗 ∈ 𝐻1(𝛺) is solution to −div(𝑎𝑗 ∇𝑢𝑗)+𝑞𝑗𝑢𝑗 = 0 and 𝑢𝑗 = 𝜑 on
∂𝛺.
We denote by (𝐿𝑗, 𝐷(𝐿𝑗)) the self-adjoint operator with compact resolvent defined by

𝐿𝑗𝑢 ≔ −div(𝑎𝑗 ∇𝑢𝑗) + 𝑞𝑗𝑢, 𝐷(𝐿𝑗) ≔ {𝑢 ∈ 𝐻1
0(𝛺) ; div(𝑎𝑗 ∇𝑢𝑗) ∈ 𝐿2(𝛺)}.

1) Let 𝑎, 𝑞 ∈ 𝐿∞(𝛺) two functions such that 𝑞 ≥ 0 and 𝑎 ≥ 𝜀0 for some given 𝜀0 > 0. Verify
that for 𝑚 ≥ 1 the equation
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(1.2) {−div(𝑎∇𝑢𝑚)+ 𝑞𝑢𝑚 = 0 in 𝛺

𝑢𝑚 = 𝜓𝑚 on ∂𝛺,

has a unique solution 𝑢𝑚 ∈ 𝐻1(𝛺), obtained by minimizing a quadratic functional, and
that there exists 𝑐 > 0 such that for all 𝑚 ≥ 1 one has ‖𝑢𝑚‖ ≤ 𝑐𝑚−1.

Hint : Consider the functional 𝐽 : 𝐻1(𝛺) ⟶ ℝ defined by

𝐽(𝑣) ≔ ∫
𝛺
𝑎(𝑥) |∇𝑣(𝑥)|2𝑑𝑥+∫

𝛺
𝑞(𝑥) |𝑣(𝑥)|2𝑑𝑥,

on the convex set 𝐾 ≔ {𝑣 ∈ 𝐻1(𝛺) ; 𝑣 = 𝜓𝑚 on ∂𝛺}. Show that the functional 𝐽 is still
strictly convex and 𝐽(𝑣𝑗) → +∞ if 𝑣𝑗 ∈ 𝐾 and ‖𝑣𝑗‖𝐻1 → +∞, so that 𝑢𝑚 is obtained as
the minimum of 𝐽 on 𝐾, and then use Lemma 1.2.6.

2) We consider again the equation (1.2) where we do not assume anymore 𝑞 ≥ 0, but we
assume that there exists 𝜆1 > 0 such that (𝐿𝑣|𝑣) ≥ 𝜆1‖𝑣‖2 for all 𝑣 ∈ 𝐷(𝐿). Show that
the results of Question 1) are still valid.

Hint : Same procedure as the one described for Question 1) : begin by proving that if
(𝑣0𝑗)𝑗≥1 is a sequence in 𝐻1

0(𝛺) such that ‖∇𝑣0𝑗‖→∞ as 𝑗→∞, then (𝐿𝑣0𝑗|𝑣0𝑗) →+∞.

3) We assume here 𝑞𝑗 ≥ 0 and 𝑎𝑗 ∈ 𝐶(𝛺). Assume that for all 𝜑 ∈ 𝐻1/2(∂𝛺) one has

(1.3) ⟨𝛬0(𝜑), 𝜑⟩ ≥ ⟨𝛬1(𝜑), 𝜑⟩.

Taking your inspiration from what we have done in the lecture notes, prove that one has
necessarily 𝑎0 ≥ 𝑎1 on ∂𝛺. Can one find a neighbourhood of ∂𝛺 on which 𝑎0 ≥ 𝑎1 ?

Hint : Assuming that at some point 𝜎0 ∈ ∂𝛺 one has 𝑎0(𝜎0) < 𝑎1(𝜎0), following the
proof of Theorem 2.2.4 show that for 𝑚 ≥ 1 large enough one has ⟨𝛬0(𝜓𝑚), 𝜓𝑚⟩ <
⟨𝛬1(𝜓𝑚), 𝜓𝑚⟩. To this end, repeat the proof of Lemma 2.2.2 and Lemma 2.2.3.

4) Prove that if 𝛬0 = 𝛬1 then 𝑎0 = 𝑎1 on ∂𝛺.

Hint : Do you really need one ?…

5) Let 𝑞𝑗 ∈ 𝐿∞(𝛺), for 𝑗 = 0,1, be such that there exists 𝜆1𝑗 > 0 such that (𝐿𝑣|𝑣) ≥ 𝜆1𝑗‖𝑣‖2

for all 𝑣 ∈ 𝐷(𝐿𝑗). We assume here 𝑎𝑗 ∈ 𝐶1(𝛺) and that 𝛬0 = 𝛬1. Prove that ∇𝑎0 = ∇𝑎1
on ∂𝛺.

Hint : Follow the proof of Lemma 2.2.5 to show that for some constants 𝑐3, 𝑐4 > 0

∫
𝛺
𝑎(𝑥)|∇𝑢𝑚|2𝜑1(𝑥)𝑑𝑥 ≥ 𝑐3⁄

𝑚− 𝑐4⁄
𝑚2 .

and then proceed as in the proof of Theorem 2.2.6.

6) With the assumptions of Question 5), assume 𝑁 ≥ 3 and moreover that 𝑎 ≔ 𝑎0 = 𝑎1 ∈
𝑊2,∞(𝛺). Show that if 𝛬0 = 𝛬1 then 𝑞0 = 𝑞1 in 𝛺.

Hint : Use the Liouville transform as in the proof of Proposition 2.3.5.
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7) Let 𝑉,𝑞 ∈ 𝐿∞(𝛺) and assume that for 𝑗 = 0,1, we have two function 𝑧𝑗 ∈𝐻1(𝛺)∩𝐿∞(𝛺)
such that for some 𝜀0 > 0 we have 𝑧𝑗 ≥ 𝜀0 a.e. in 𝛺. Show that if

−𝛥𝑧𝑗 +𝑉𝑧𝑗 = 𝑞⁄
𝑧𝑗

in 𝛺, 𝑧0 = 𝑧1 on ∂𝛺, ∂𝑧0⁄
∂𝒏 = ∂𝑧1⁄

∂𝒏 on ∂𝛺,

then one has 𝑧0 = 𝑧1 on 𝛺.

Hint : Set 𝑧 ≔ 𝑧0 − 𝑧1 and write the equation satisfied by 𝑧. Then think of the unique
continuation theorem.

8) With the assumptions of Question 5), assume 𝑁 ≥ 3 and moreover that 𝑞 ≔ 𝑞0 = 𝑞1 and
𝑎𝑗 ∈ 𝑊2,∞(𝛺) for 𝑗 = 0, 1. Show that if 𝛬0 = 𝛬1 then 𝑎0 = 𝑎1 in 𝛺.

Hint : Use the fact that 𝑎0 = 𝑎1 and ∇𝑎0 = ∇𝑎1 on ∂𝛺, and then use the Liouville trans­
form as in the proof of Proposition 2.3.5.


