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Problems

—— Problem 2.1

Let po > 0 be a constant, and Q2 C R3 a domain filled with a material having density pg. It is
known that the Newtonian potential u created by this object is given as the unique solution of
the Poisson equation
—Au = 41mpolag and Iim wu(x)=0.
|x| — + 00
1) We assume that Q C R3 is bounded and Lipschitz, and that a certain function f € L2(R3)
with compact support is given. Show thatif u € Hlloc( R3) satisfies the equation —Au = f
in R3, then for all harmonic functions v defined on RN we have

_ ov(o) _ou(o)
L)f(x)v(x)dx—Lg( n u(o) n v(a))da.

2) LetQj, for j = 1,2, two bounded domains of R3 and consider u j solutions of the Poisson
equations —Auj = 41polg, verifying moreover limjy|- 00 uj(x) = 0. Assume that a
certain smooth domain (2 is given such that Q7 U Q> C Q and u1 = u» on 9.

Denoting u = 11 — up, prove that u = 0 in Q€. (Use the maximum principle for the
function u which is harmonic in the domain Qg := B(0, R) \ Q, for R large enough,
remembering that u tends to zero at infinity and u = 0 on 00).

Infer that for any function v harmonic on RY one has

I vix)dx = J vix)dx.

foll Q

3) The domain Q2 being as above, show that if #; = up on 002, then Q7 and Q» have the same
volume and the same center of gravity. What can be said if one knows that ; are balls ?

4) Instead of assuming 11 = up on 00, we assume here Vu; = Vu2 on 0Q. Show that the
above conclusions still hold. (Note that if u := u1 — up, then Vu is harmonic, equal to
zero 00, and show that Vu tends to zero at infinity, then apply the maximum principle
and finally show that u = 0 in Q°).

—— Problem 2.2

Let N > 2 be an integer and 2 C RN a smooth bounded domain. One considers a function
b e (Wb®(Q))N, and for , y € H/2(3Q) one wihes to solve the following elliptic equations

—-Au+b-Vu=0 in Q —Av —div(vb) =0 in Q
(2.1) and
u=q¢ on oN v= on oQ.

1) In a first step we assume that div(b) = 0. Prove that each of the above equations has a
unique solution, and that the mappings @ ~ u and ¢ ~ v are continuous from H/2(302)
into H1(Q).

2) When div(b) = 0, one defines the Poincaré-Steklov operators Ap and Ap by setting



3)

4)

5)

6)

7)

8)

Ap(@) =% and Ap(g) =224 (bm) .

Show that these operators are well defined and bounded from H/2(3Q) into H~1/2(302),
and that A} = Ap.

For j = 0, 1 one considers two functions bj € (Wl ()N such that div(bj) = 0, and
for p; € H/2(3Q) one solves the problems

(2.2)

—Auj+bj-Vu;j=0 in Q —Avj—div(vjbj) =0 in Q
and
uj=@; on 0Q vj = @j on 0Q.

Show that

<<Ab0 - Abl) Po, q91> = L)((ho(x) —b1(x)) - Vuo(x)) vi(x) dx.

Assuming div(bj) = 0 for j = 0, 1, one denotes E the vector subspace of (Ll(Q))N
generated by the products v; Vug where ug and vy satisfy forj=0and j=1

respectively. Show that if Ap, = Ap, and if E is dense in (Ll(Q ) )N, then one has by = by
in Q.

Letb € <W1'°°(Q ) )N such that for a certain € > 0 one has
div(b) < 2A; —¢ where Ap = meRN| Vol2dx; @ € HAQ), L)I(p\zdx - 1}.

Prove that both equations (2.1) have unique solutions, and that the Poincaré-Steklov op-
erators Ap and Ap, are well defined.

We assume that for j = 0 or j = 1, the functions b; satisfy the assumptions of
Show that the result of is still valid.

In this question we assume that bg, b1 € RN are constants. Let ¢ e RN \ {0} be fixed
and set Cj := i€ + nj. Prove that one may choose nj € RN in such a way that the functions

up(x) =exp(go- x), v1(x) =exp(C1 - x)
satisfy the equations
—Aug+ bo-Vug =0, —Av; —div(v1by) = 0.
If Ap, = Ap,, can one deduce that bg = b1 ?

Let 0 € W2*®(Q2) and b := V0. Verify that there exists g € L*(£) such that if a function
u € H(Q) satisfies the equation

—Au+b-Vu =0,
then the function w défined by u = exp(0/2) w is solution to

—Aw +qw = 0.



9) For j =0, 1, assume that bj = V0;j where 0; € W2*®(Q) is a function satisfying 8; = 0
on the boundary 0Q. In a first step, assume that Af; < 2A; — &, for some € > 0. Using
the previous question show that if Ap, = Ap, then one has

Aexp(—09/2) _Aexp(—61/2)
exp(—00/2) ~ exp(—01/2) °

Deduce that 6g = 61, and thus bg = b;.

10) Assume again that b; = V0; where 0; € W?®(Q) is a function satisfying 6; = 0 on the
boundary 0. Noting that the equation —Au + b - Vu = 0is equivalenttodiv(a(x) Vu) =
0 for a well chosen function a, show that if Ap, = Ap, then by = by.

11) Let V € L®(Q). When bj = V0; where 0; € W2*®(() is a function satisfying 0; = 0 on
the boundary 0Q. We are interested in the inverse problem of determining b, using the
Poincaré-Steklov opertaor Ap; which is defined by Ap,(®) := duj/on where u; € HY(Q)
is solution to

—Auj+bj-Vuj+Vu; =0, uj = @ on 0Q.

If Ap, = Ap,, can one deduce that bg = b1 in Q ?



