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Foreword

We gather here, in chapter 3, some notes about inverse spectral problems, cor-
responding to three lectures given during the week of October 5 to October 9,
2026 in « Doc-Course 2026 », a series of introductory and advanced doctoral
courses on « PDEs: Theoretical and Numerical Analysis and Control », orga-
nized by the IMUS (Instituto de Matematicas de la Universidad de Sevilla).

For the students’ convenience, in order to have a minimal self-contained lecture
notes, and allow them to get familiar with some of the tools used in the study of
partial differential equations, and in particular the study of inverse problems,
we added chapters 1 and 2 which have been essentially published in « Three
Courses on Partial Differential Equations », pp. 125-162, IRMA Lect. Math.
Theor. Phys., n° 4, de Gruyter, Berlin, 2003.

It is an immense pleasure for me to thank my friends, and nevertheless col-
legues, at the Universidad de Sevilla, in particular Enrique Fernandez Cara, Anna
Doubova and Diego Araujo de Souza, for having given me the opportunity to
give these lectures.
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INTRODUCTION AND MOTIVATIONS

sidered synonymous, although the latter is probably less absconse to

the non specialist. Both refer to situations in which a certain quantity,
represented by a parameter or a coefficient, is to be determined via an indirect
measurement, that is via the measurement or determination of a function,
parameter or coefficient, which depends on the desired parameter in a more or
less complicated way.

T HE terms Inverse Problems and Parameter Identification can be con-

1.1 EXAMPLES AND MOTIVATIONS

A simple, elementary, example of an inverse problem is when one determines
the height of an inaccessible tower via the measurement of various angles and
sides of appropriate triangulations (elementary Euclidian geometry establishes
relations between the length of the sides and angles of a triangle).

Another example, mathematically more involved, is when one knocks at different
heights on a closed container, which is supposed to contain a liquid, in order
to determine to what extent it is full or empty. In this case the frequencies
of the resulting sound depend on whether at the height where one has knocked
there is liquid or air, and in a way or another by hearing the main frequencies
of the resulting sound one is able to guess the height of the liquid. This is
related to inverse spectral problems, where one wishes to recover some infor-
mations about the coefficients of certain elliptic operators through informations
on the eigenvalues and some other measurements on the boundary of the
eigenfunctions.

We give below a few more examples in order to illustrate the kind of problems
we shall be dealing with in these lecture notes.

1.1.1 Example. Following the presentation of A. Kirsch [18], a good example of
an inverse problem which can be described, and solved, is the Abel’s problem
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(1823), in which one desires to determine the shape of the slope of a hill
by letting a ball roll from a certain height h downhill until a certain point
considered to be the origin, and then measure the time T (h) spent by the ball
on its trajectory.

In order to write a mathematical model of this problem, let

r={w»),y;0<y<H|

describe the shape of the slope, where we wish to determine the function g
for all heights between zero and H. If the ball of mass m rolls, with initial
velocity zero, from the point P; = (¢(h), h) at height h € (0, H) to the origin
Po = (0,0) in the measured time T (h), the principle of conservation of energy
yields that the sum of the kinetic energy and the potential energy at each point
P = (y(y),y), fory = y(t) € (0, h) is constant and equals the potential
energy at P; (here g is the acceleration of the gravity supposed to be constant) :

%mv2 +mgy = mgh.

Denoting by s the curvilinear abscissa on the curve I" defined by

=1+ (@' (¥))2dy

this yields that

v(t) = V2gh=3(0) = &,
and finally
h 1+ (¢ ())? )2
T(h)_Jr(Po,Pl)v J ath—)

Therefore the problem can be stated as follows : the function h — T (h) being
known, determine a function y defined on (0, h) such that

jh\/1+(w (1))?

(1.1.1) Vh € (0,H), dy =29 T(h).

This is a particular case of the so-called Abel’s integral equations : setting

@) =1+ (¥)?2 and f(h):=+2gT(h)

we have to find a positive function @ defined on (0, H) such that for all
h € (0,H) one has:
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hp(y)dy _
| T = f.

This is solved using Abel’s inversion scheme, namely

Jsf(h)dh JI _@(y)dydh
0

0o Vs—h Jhi—ys—h
= Jocp(y) (J; #) dy = Wj:(p(y)dy’

and finally one obtains

1 d (Y f(h)dh

TT d_’)/ Y — 178

In particular when f(h) = fo is constant, that is when the time T(h) is
independent of the height h at which the ball has been dropped on the hill,
one has @ (y) = fo/ (/) and the curve I' is a cycloid : this is the reason
for which cycloids are called tautochrone'.

p(y) =

1.1.2 Example. Another physical example in which determination of coef-
ficients of an elliptic operator is of importance, is the following. Consider
a domain Q representing an inhomogeneous conducting body, with electric
conductivity a(x) at x € Q (the electric conductivity is the inverse of the electric
resistance). If one assumes that this body undergoes a known electric potential
@ (o) at o € 00, the boundary of Q, then the electric potential u(x) in Q
satisfies the elliptic equation :

{—div(a(x) Vu(x))=0 in Q

(1.1.2)
u=¢@ on Q.

In this setting, the (local) intensity of the current is represented by

a(o) 3

ou(o)

n(o)’
and the total electric power necessary to maintain the potential @ on the
boundary 002 will be

Qal) = Jga(x) | Vu(x) |2dx.

! From the Greek tauto meaning same, and khronos meaning time.
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Now the question is the following : what can be deduced about the conductivity
a(x) of the body, if one knows the physical data @, aou/on and Q4(@) ?
This question arises for instance when one wishes to obtain some informations
about the material constituents of the body, without destructive testings.

Note that, as a matter of fact, in the above problem the electric power Q4() is
a redundant information, as it is entirely determined by the potential ¢ and the
current a ou/on on the boundary : indeed if one multiplies equation (1.1.2)
by u, after an integration by parts (i.e. using Green’s formula) one gets :

ou(o)
on(o)
Therefore we can restrict our attention to the problem in which a known
potential @ and the induced current density a 0u/on on the boundary are given,
and we wish to give some informations on the function a. By inspection of a
few physical examples, one is convinced that knowledge of a single set of data,
that is one given pair of potential and current, in general would not be enough
information to determine a(x) in Q. Therefore, we may give a new version of
the above question, which is mathematically more precise : can one determine
uniquely the conductivity a(x) if for all @ (in a certain functional space) one
knows the current density a 0u/on, where u satisfies (1.1.2) ? Indeed, if any
such space of potentials @ exists, one may also ask what is the minimal space
which permits this determination (note that since the mapping ¢ —~ a ou/on is
linear, we may restrict our attention to a “basis” (@j);ey of that space).

J a(x)qu(x)Izdxzj a(o) p(o)do.
Q Jo)

There exist numerous practical situations in which an identification problem
may be reduced to the determination of the coefficients of an elliptic operator.
For instance the case of a homogeneous body filling a domain Q in which some
small inhomogeneities located in «w C Q are included, can be modelled by
saying that the conductivity a satisfies a(x) := ag, a known positive constant,
when x is in the homogeneous part Q \ w of the medium, and a(x) = a,
an unknown positive constant, when x € w. In this case the mathematical
problem would be the determination of the function a, which amounts to the
determination of both the unknown positive constant a1 and the position and
shape of the subdomain w containing the inhomogeneities.

These questions, aside being interesting in their own right, both from a mathe-
matical point of view and in many physical applications, are of deep importance
in many other problems (inverse scattering problems, inverse spectral problems,
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thermography, tomography, etc.). Later on we shall give more details in this
respect.

In the following sections we address the problem of determining the coefficient a,
as well as some related questions regarding elliptic operators. O

1.1.3 Remark. When Q is a bounded interval of R, say Q = (0, £), the
above problem has a quite simple answer : it is not possible to determine the
conductivity a(x) by measuring potentials and currents at the endpoints of the
interval. From a physical point of view this is due to the fact that different
conductivities in a conducting rod of length £, represented by the interval (0, ),
may lead to the same observed potential and current at the endpoints. The
only information one may get is the average resistance, that is an equivalent
homogeneous resistance one may put between the endpoints of the interval in
order to obtain a given potential and current passing through the conductor.
Indeed for j = 0 and j = 1 consider u; solution of

—(a(x)uj(x)) =0, uj(0) =1—j, uj() =j.

Then it is clear that if we denote by M (a) the harmonic mean value of a, i.e.

2 gs \ 7
M(a)=:< Om> ,

then we have
p pd
uog(x) =1—M(a) JO a(s) lds, u1(x) = M(a) JO a(s) lds.

Now if one solves —(a(x)u'(x))" = 0 with u(0) = & and u(£) = B, one
has u(x) = ocup(x) + Bui(x), and the intensity of the current at the endpoints
will be given by

a(0)u'(0) =a@)u'(£) = (B—o)M(a).

From this it is clear that the only information we might obtain is the value of
M (a), provided one applies a potential at the endpoints such that § — « # 0.

From a heuristic point of view, one can explain why it is not possible to
determine the function a(x) on [0, £]: indeed, the space of data at the
extremities of the interval is a two dimensional linear space (one value at the
origin, another one at £), that is there are two degrees of freedom, while the set
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of functions a is an infinite dimensional manifold (any positive function a such
that M(a) = a(0)u’(0)/(B — ) solves the inverse problem). O

1.2 SOME BASIC FACTS ABOUT LINEAR ELLIPTIC EQUATIONS

In this section we gather a few results concerning solutions of elliptic equations
which should be well known before studying the related inverse problems.

In what follows we assume that Q C RY is a bounded Lipschitz domain, and
that N > 2 ; we shall denote the usual norm of L2(Q) by || - |l2. For more details
on any of the results sketched in this section the reader may refer to one of the
classics on elliptic partial differential equations or D. Gilbarg-N.S. Trudinger [13],
J.L. Lions [24], G. Stampacchia [29] or O.A. LadyZenskaja & N.N. Ural’ceva [21].

Thanks to the trace inequality (here we denote yo(u) = Uj,,) :
Je>0, Vuecl), L lyo(w) (o) 12do < (Il Vull3 + lull3),
Q

since C1(Q) is dense in H!(£2), the trace operator yo may be extended to H ()
and by definition HY2(3Q) = yo(Hl(Q) ). The Sobolev space H(Q) will be
equipped with the scalar product

(1.2.1) (ulv)g = L)Vu(x) -Vo(x)dx + Lgu(a)v(a)da,

and, the associated norm ||u||g1 = (ulu)Il{/l2 is equivalent to
u v~ (Il vulls + lluli3)/?
the usual norm of H1(Q).

In this setting H}(Q) is the kernel of yo and the norm on H§(2) will be
u +~ || Vullz. The orthogonal space of H&(Q) in Hl(Q), with respect to the
scalar product (1.2.1), is the space of harmonic functions on Q :

(1.2.2) Ho(A) = {v EHYQ); Av=0 in H—l(Q)}.

Since by definition H(2) = Ho(A) ® H§(Q2), any u € H'(Q) has the unique
decomposition u = ¢ + ug where ¢ € Hgo(A) and ug € H&(Q). This decom-
position is characterized by the fact that ¢ and ug satisfy respectively the
equations
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APy =0 in Q
{ ¢y—u=0 on oQ
and
—Aup=—-Au in Q
{ up=0 on 0Q.
In particular since ||y ||z < ||ullg1, we may state the following result :

1.2.1 Lemma. Forany @ € HY2(30Q) there exists a unique @ € HY(Q) such
that

Ay =0 inQ
Y =@ on 0Q.
Moreover for some positive constants cg, c1 depending on Q, we have

coll@llmeea) < l@lim < cill@llpzea)-

We shall denote by Aaq the set of admissible coefficients

(1.2.3)
Aad = 1{a € L®(Q); 3go > O such that a = & a.e.on Q}.

For g € L*(Q2) and a € Aq we denote by Lg, 4 the elliptic operator
(1.2.4) Laqu = —div(aVu) + qu,

which, with the domain

(1.25)  D(Layg) = {u € H}(Q); —div(avu) + qu € L3(Q)},

is a self-adjoint operator acting on L2(Q) (see for instance [1 71, chapitre 1,
§ 9). The operator (Lg, 4, D(Lga,q)) has a compact resolvent, more precisely
there exists Ax € R such that for all A > Ay the resolvent operator

(AT + Lag,q) t:12(Q) — L3(Q)
is compact and, as a matter of fact, the image R((AI + La,q )~1) is precisely
D(Lg,q) (for instance one may take Ax € R such that g + Ax > 1 a.e. in Q). As

a consequence, Lg 4 has a nondecreasing sequence of eigenvalues (Ag)g>1,
each being of finite multiplicity, and eigenfunctions (@g)g>1:

Laq®Pk =A@k @k € D(Lag), L)cpk(x)cpj(x)dx = 5,
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where 6{; stands for the Kronecker symbol. The first eigenvalue A1 is simple,
A1 < A2, and one may choose the corresponding eigenfunction g; to be positive
in Q, that is so that @1 > 0 in Q and @1 = 0 on 0. Also each eigenfunction @y
is Lipschitz continuous in , that is it belongs to wl®).

We shall denote by N(Lg,4) the kernel of the operator (Lg,gq, D(Lg,q)) and
Hi= P Rpx and Hz= P Rox,
Ax<O0 Ax>0

so that the space L2(£) has the orthogonal decomposition
L2(Q) = H1 ® N(Lg,q) ® Ha.

(Note that N(Lg,q) + {O} only if zero is an eigenvalue). Any u € L2(Q) has
a unique decomposition u = ug + u1 + uz with u; € Hj for j = 1,2 and
U € N(Lg,q), which are orthogonal projections of u on the corresponding
subspaces. In particular, since H; and N(Lg,4) are finite dimensional spaces
spanned by eigenfunctions of Lg, 4, one sees that Hy ® N(Lg,4) C D(Lg,4) and
so the projections ug and u; belong to D(Lg,4). Therefore when u € H&(Q)
the above decomposition yields that we have u» € H&(Q ).

Under the assumption that N(Lg,q) = {O} for any given f € H~1(Q), one
can solve the problem

(1.2.6)

—div(aVu) +qu=f in Q
u=0 on o0Q

by a variational method. Namely, for v € H&(Q) setting
J(v) = lj a(x)|vVu(x)2dx +lj a(x)v(x)|?dx —J JS(x)v(x)dx,
2o 2o Q

there exists a unique u € H}(Q) such that u = uj + up, with u; € Hj and

(1.2.7) Ju) = min max J(v1 + v2),
Y EHNH(Q) M1EH:

in other words (u1,u2) € H1 X (H2 N Hé(_())) is the unique saddle point of the
concave-convex function (v, v2) = J(v1 + v2) (see for instance [17], chapitre 3,
§ 4). Moreover if we denote by B = Bg 4 : H™1(Q) — H}(Q) the mapping
f — u, we have

1 .
luleya) = 1B lmya) < 55 Iflm-1,  where ag = min{ |Agl ; k> 1].

—10 —
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In the particular case of an operator La,4 which is coercive, that is A1 > 0,
the functional J is strictly convex on H&(Q) and the above resolution of
equation (1.2.6) is equivalent to using Lax-Milgram theorem (see for instance
J.L. Lions [24], J.L. Lions & E. Magenes [25], K. Yosida [31]).

When zero is an eigenvalue of (Lg, g, D(La,q)), thatis N(Lg,q) * {O}, since Lg ¢
is self-adjoint and R(Lg,q) = N(L,,,,q)l = H; ® Hp, equation (1.2.6) has a
solution if and only if f is orthogonal to N(Lg,4) (this is a consequence of
the Fredholm alternative ; here R(Lg,4) denotes the range of the operator Lg,g).
In this case, provided f € H; ® Hz2 = R(Lg,q), 0ne may prove easily that (1.2.6)
has a unique solution u € H; @ (Ha2 N H&(Q) ), and u is characterized by the
equation (1.2.7). This means that u € N(Lg,4)* and that

1 .
Il mgya) S‘X—O I -1, where g = mln{l?\kl s k=1, A # 0}.

(However note that u + @g is a solution of (1.2.6) for any @o € N(Lg,q)).

In order to solve more general non homogeneous boundary value problems, for
instance equations such as (1.2.6) where the second condition is replaced with
ou + ou/on = @ on 0L, the following result concerning existence of a normal
trace is extremely useful.

1.2.2 J.L.Lions Lemma. Let Q2 C RN be a bounded Lipschitz domain. There
exists a constant c1 > 0 such that if F € (L2(Q))N satisfies div(F) € L3(Q),
then F - n can be defined as an element of H"1/2(3Q) and :

IF - nllg-1230) < c1(IFll2 + lldiv(F) l|2) .

Proof. Assume that F € W1® (). Then, using an integration by parts, for
any ¢ € H1(Q) we have

J Yy(o)F(o) -n(o)do :J F(x) - V(/J(x)dx—i—J div(F(x)) y(x)dx.
2 Q Q

Therefore, denoting the left hand side of the above identity as (F - n, yo(y)),

with the brackets (-, -) meaning the duality between H -1/2(3Q) and HY/2(30Q)

and yo : H1(Q) — HY2(3Q) being the trace operator, we have :
(F-n,yo())| < IFll2ll Vyll2 + lIdiv(F) ll2l@]l2.

For a given @ € H1/2(3Q2) we may choose ¢ € H1(Q) as in Lemma 1.2.1
such that ¢ = @ on 00, which satisfies [[@||g1 < c1ll@ |l g2, for a constant ¢
depending only on Q. Hence
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KF-n,@)| <c1(lIFll2 + Idiv(F) [[2) |@ I g2
This means that
(1.2.8) IF - nllg-12¢30) < c1(lIFll2 + lIdiv(F) [[2).

When F is no longer in W1® (), using a density argument (see the classical
books on Sobolev spaces, for instance R.A. Adams [1] or V.G. Maz'ya [27]) one
can find a sequence (Fg)g of W1®(Q) such that

Fx — F in (L2(Q2))N, div(Fx) — div(F) in L2(Q).

Inequality (1.2.8) shows that (Fg - n)g is a Cauchy sequence in H~1/2(3) whose
limit, which is independent of the particular choice of the sequence (Fg)g, will
be denoted by F - n. The lemma is proved. O

One of the consequences of this lemma is that whenever u € H'(Q) satisfies
—div(aVu) +qu =0 in Q,

since a Vu € (L2(Q))N and div(a Vu) € LZ(Q), we have

U _ 172
as, € H (002).
Hence, if we denote by ¢ = uj,, the trace of u on the boundary 00, we can
consider the mapping

L
» on

as a linear continuous operator from H'/2(3Q) into H~1/2(3Q). This operator,
denoted by Ag, 4, is the Poincaré-Steklov operator which we will study in the
next sections.

An important result in the study of inverse problems for partial differential
equations is the following unique continuation principle. Let Q be domain
of RN and u € C?(Q) a function satisfying Au = 0 in . Then knowing that
such a function is analytique in Q, if w # @ is an open set contained in Q and
u = 0 in w, then we conclude that u = 0. In the case of the Laplace operator,
we know even more : if u vanishes at order infinity at xg € Q, that is if for any
multi-index « € NN we have 0%uU(x,), then u = 0 in Q. This property, called
the unique continuation principle has a wide variety of flavors and it is very
important to know for what kind of differential operators it holds.
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In our study of inverse problems we shall use the following version of unique
continuation which can be found for instance in V. Adolfsson & L. Escauriaza [2],
L.V. Hérmander [15], Chapter 17, Theorem 17.2.6 (this latter book is a classical
reference for this kind of results).

1.2.3 Theorem. Let Q be a domain of class C2. The coefficients a € Aaq N
WL®(Q) and q € L®(Q) being given, consider a part Iy C 3Q2 which has
non empty relative interior with respect to 9Q. If u € H1(Q) satisfies

—div(aVu) +qu=0 in Q

u=0 onlip

ou
E—O on Iyp.

Thenu = 0 in Q.

We consider next, for a given ¢ € H L 2(6(2), the following equation
—div(aVu) +qu=0 in Q
(1.2.9)
u=q on 0N

which is closely related to equation (1.2.6). Choosing a ¢ € H(£) such that
@ = @ on 02, for instance y given by Lemma 1.2.1, the above equation is
reduced to (1.2.6), upon setting u = v + (¢ and seeking v € H&(Q) which solves

(1.2.10)
—div(aVv) + qu =div(aVy) —qy in H1(Q), v € H{(Q).

This equation has a unique solution when N(Lg 4) = {O} for any given
@ € HY(Q), and if we choose y given by Lemma 1.2.1, since we have lpllae) <
cll@ |l g1z, we deduce that

1 . c
lullgye) = % ldivi(a V) — qullg-1 < 0 @l g,

where we use the fact that [[q@llg-1 < cllq@ll2 < cll@llg@) < cll@ligz, and
that

Idiv(a V) llg-r = sup{— L)avw $Vwdx ; w € Hp(Q), Iwlgye) = 1}

< llalloll@lmya) < cll@lgrre.

— 13—
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When N(Lg,q) # {O}, according to our above analysis, equation (1.2.10) has
a solution if and only if the right hand side is orthogonal to the kernel N(Lg,4),
that is if for all o € N(Lg,q) one has:

J a(a)agjoﬁ L[l(O’)dO’=J aVL,U.V(podx+J qyeodx = 0.
20 n(o) Q Q

Since the kernel N(Lg,q4) is finite dimensional, this means that equation (1.2.9)

has a unique solution if and only if p € H1/2(30) is orthogonal to the finite
dimensional space

0
span{a% ; Qo € N(La,q)}.
Actually this space and N(Lg,4) have the same dimension, at least when the
coefficient a and the boundary 00 are smooth enough so that, by the unique
continuation theorem 1.2.3 one may assert that the conditions
—div(aVw) +qw =0, in Q, andw=a%—:‘;—=0 on 0N

imply w = 0.
To sum up the above remarks, we give the following :
1.2.4 Corollary. Let 2 C RN a bounded Lipschitz domain, a € Aaq and

q € L®(Q). Then there exist two positive constants c1 and cz such that for
any @ € H2(30) satisfying

(1.2.11)

Y ENUag), [ alo)$hE elo)do =0,

equation (1.2.9) has a unique solution u € HYQ) N N(L,Ji,q) which satisfies :

(1.2.12) cll@llgie < lullg < c2 [l@llgre.

1.2.5 Remark. Note that when N(Lg,4) = {O} the orthogonality condition
(1.2.11) is satisfied for all e HY2(30). |

We recall here the following local regularity result concerning solutions of elliptic
boundary value problems (see for instance D. Gilbarg & N.S. Trudinger [13],
G. Stampacchia [29]).

1.2.6 Proposition. Let Q be a Lipschitz domain, ox € 002 and Rx > 0 be such
that 9Q N B(ox, Rx ) is of class CYY, while a € Agg N WV (B(0%, Rx) N Q).
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Assume that @ has its support in B(o%, Rx) N 3Q and @ € H3/?(B(oy, Rx) N
Q). Ifu € HY(Q) satisfies
—div(aVu) +qu=f inQ
1 u=q on oQ,
where f € L2(Q), then

U € HAQ N B(0w,Re)),  aSh € HY2(B(ow, Rx) N002).
Also there exists a positive constant ci; depending only on Q and Ry and on
the coefficients a, q, such that

Il g2(2nB(owRe)) = C1UIfll2 + 1@l E32(2nB (0w, Ry)) ) -

This regularity result may be used to prove existence of solutions to equations
such as (1.2.9) when @ is not anymore in H}/2(30), for instance when @ €
H™Y2(30). Indeed in this case one has to interpret the equation not in H~1(Q),
but rather in the distributions sense, because the solution u would not be
anymore in H1(Q) and so the term div(a Vu) would make sense only in D’ ().

For simplicity and clarity of exposition we shall consider only the case of two

coefficients a, g such that N(Lg,4) = {0}, and we shall assume global regularity

assumptions on 2 and a. However one may prove analoguous local results
when zero is an eigenvalue of (Lg,4, D(Lg,q)) or when 2 and a have only local
regularity properties. In the particular case a = 1 and g = 0, a different proof of

the following lemma may be found in J.L. Lions [24], chapitre VII, § 5.

1.2.7 Lemma. Let Q C RN be a bounded CY'1 domain, a € AgzgNnWL*(Q) and
g € L™(Q) be such that N(Lg,q) = {0} Then for a given ¢ € H™1/2(3Q),
there exists a unique u € L%(Q) such that div(a Vu) € L2(Q) and

—div(aVu) +qu =0 in L3(Q)
u=¢@ in HV230Q)
Moreover there exist two positive constants ci, cz depending only on Q and the
coefficients a, q such that
(1.2.13) ldiv(a Vu) llz + llullz < c1ll@llg-1230),

and adu/on € H73/2(3Q) satisfies

—15 —
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(1.2.14) < c2ll@llg-12(30)-

a—
on H-3/2(3Q)

Proof. Assume first that ¢ € H1/2(302). Then there exists a unique u € H(Q)
such that u = @ on the boundary 0Q and

(1.2.15) —div(aVu) +qu = 0.
Now let v € H3(Q) solve
(1.2.16) —div(aVv) +qu =u in Q, v = 0on 00.

According to Proposition 1.2.6 we know that v € H2(Q) and that
2

on
Upon multiplying equation (1.2.16) by u and integrating by parts we see that
since :

(1.2.17) H

=< cllvligz)y < cllull2.
H1/2(30Q) @)

L)(aVv -Vu + quu)dx = 0,

(because v € H&(Q) and u satisfies the homogeneous equation (1.2.15) in Q),
we have :

2 gn — _ ov(o) ]
L)u(x) dx = Jmaan(a)u(cr)d(rJrL)(aVv Vu+quv)dx

_ ov(o)
= Lg“an(m‘p(‘”d”

19 l-vaqae) |2 3
(0Q) n

IA

H1/2(3_Q)
< cll@llg-12¢a0) lull2,

where in the last step we have used the estimate (1.2.17) . Therefore for any
@ € HY2(30), if u € HY(Q) solves (1.2.15) and u = ¢ on 92, we have
lull2 < cll@llg-1/2, and since div(a Vu) = qu, the following estimate holds :

(1.2.18) ldiv(a Vu) ll2 + llull2 < cll@llg-12(30)-

Also, in order to see that the normal derivative a ou/on has a meaning in
H™3/2(30Q2) we proceed as follows. Let ¢ € H3/2(30Q) be given and consider
w € H2(Q) solution to

{—div(a Vw)+qw=0 in Q

(1.2.19)
w= on oQ

— 16 —



§1.2. Some basic facts about linear elliptic equations

Note that such a w exists in H}(Q) since N(La,q) = {0} By the regularity
result of Proposition 1.2.6 we have w € H2(Q) and

ow
- < <
Ha n HHUZ(M) < cllwllgze) = cllyllgsrea)-

Multiplying equation (1.2.19) by u and integrating by parts twice (or alternatively
multiplying also equation (1.2.15) by w and then subtracting the resulted
identities), one sees that

w(o) B .
Ja_o on(o) @(o)do = L)(a Vw: Vu + qwu)dx
_ u(o)
- Jagaan(o-)W(O-)dO'

Therefore
ou ow
’ma_’ W>‘ < l@lla-120) H“ anHHuZ(am

< cllellg-12eao) lwlm2(Q)

< cll@llg-1zeo) l@lmsreo)-

Finally from this we conclude that for any ¢ € H!/?2(3Q) the solution u
of (1.2.15) satisfies

(1.2.20) < cll@llg-1230)-

a-—
on H-3/2(3Q)

Now if we assume only @ € H1/2(302), since HY/2(3Q) is dense in H™1/2(30),
a standard regularization procedure allows us to see that the estimates (1.2.18)
and (1.2.20) go through and the Lemma is proved. O

1.2.8 Remark. One can also show that the reverse inequality

l@llg-12(30) < c(lldiv(a Vu) [l2 + llull2),

holds. It is important to observe that the estimate (1.2.14) cannot be replaced
with an estimate of a du/dn in the norm of H~1/2(30), as it would be the case
if we knew that Vu € (L?(2))N, upon using Lemma 1.2.2 : indeed here we have
only u € L?(2) and div(a Vu) € L2(Q) but nothing is known about Vu being
possibly in a Lebesgue space. O

An important property of elliptic operators such as Lg, 4 with Dirichlet boundary
conditions is that their first eigenfunctions are positive functions.
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1.2.9 Proposition. Let Q be a bounded domain of class C?, the coefficients
a,p € Aaaand q € L*(Q) be given. Then there exist A\1 € R and 1 € H&(Q)
such that

—div(aVe1) +qe1 =A1pp1 in Q
(1.2.21) ®1=0 on o0
J |p1(x)[?dx = 1.
Q

In particular 1 = 0, and ifa € WH*(Q) we have 1 > 0 in Q.
Proof. Indeed consider the functional J : H&(Q) — R defined by
Jw) = | ata)19ven) 2dx + | ate v Rdx
for v € H}(Q). Define also the set
S = {v € H{(Q); L)Iv(x)lzp(x)dx = 1}.

Since the imbedding H&(Q) C L%(Q) is compact, one checks easily that S is
weakly sequentially compact, that is if (vy )4 is a sequence of elements in S that
converges weakly to v in H&(_Q) then v € S. Note also that if v € S we have
also |v| € S.

Now consider the minimization problem
AL = inf{](v) UV E S}.
If &g > 0 is such that min(a, p) = &g a.e.on Q, thenforv € §
2 1 j 2 _1
vix)|cdx < — v(x x)dx = —,
[veorax <L | weoreeodx =
and thus, writing g = g+ — g~ where g* = max(*gq, 0),

[ a1 ax = [ o veo 2ax <14 N "l

We conclude that
s 1 1
JW) z el VUl = g a7 oo = = - l1a7 llo,

which shows that A; € R is finite and that any minimizing sequence (vp)n>1in S
is bounded in H&(Q ). Since J(|v|) = J(v) we may assume that v, > 0 and that
vp —~ @1 weakly in H&(Q). Since vy, = 0 and vy, — @7 strongly in L2(Q), we have

— 18 —
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that 1 > 0in Q and 1 € S. Also since [oq(x)vn(x)?dx — [oq(x) P1(x)?dx,
we have

J a(x)|Vei(x) |2dx < liminfj a(x)|Vup(x)|2dx
Q n-o Jo
= liminf J(vy) + q(x)(pl(x)zdx
n—oo fo)

=A1+ L)q(x)q%(x)zdx.

This shows that J(@1) < A1 and since @1 € S we conclude that J(@p1) = Aj.
Therefore by quadratic homogeneity of the functional J, and that of the mapping
v [olv(x)|2p(x)dx, we conclude that for all v € H3(Q) we have

Alj |v<x>|2p(x>dxsj a(x>|Vv(x)|2dx+J a(x) lv(x)|?dx.
0 0 0

Making the change v = @1 + tu for u € Hé(Q) and t € R, after expanding the
squared terms and using the facts that A; = J(@1) and [ |@1(x) |2p(x)dx =1,
we end up with

2tA1 L)%(X)u(x)p(x)dx + 201 L)Iu(X) 12p(x)dx <
2t L)(a V1-Vu+qeiu)dx
+ tZJ (aIVuI + q\u\z)dx.
Q
Dividing the above inequality by 2t > 0 and then making t - 0% we get
A1 L)qal(x)u(x)p(x)dx < L)(a V- Vu+qeiu)dx,
while dividing by 2t < 0 and then making ¢ — 0~ we obtain

A1 L)qol(x)u(x)p(x)dx > L)(a Vo1 Vu + qeiu)dx.
This means that we have
@1 € H§(Q), Vu € H§(Q),
A1 L)cm(x)u(x)p(x)dx = L}(a V1 Vu+qeiu)dx,

which is the variational formulation of (1.2.21).

When a € W (Q), using the strong maximum principle (see for instance
D. Gilbarg & N.S. Trudinger [13], Chapter 3) we have that 1 > 0 in Q. O

—19 —
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When Q and a are smooth enough, one can compare @1 (x) with dist(x, 00Q),
the distance of x € Q to the boundary 00Q.

1.2.10 Proposition. Assume that Q is of class C?> and that a € W>*®(Q). Then
there exist two constants cg, c1 > 0 such that

(1.2.22) codist(x,00Q) < p1(x) < c1dist(x,00Q).

Proof. Considering the operator
uw Lu:= —aAu—Va-Vu+(qg+Au

for A € R large enough to ensure that g + A>1 for instance, we know that
Lpi=(A+A1)p@1 > 0in 2, and also g1 € C1(Q). Then by using Lemma 3.4
in Chapter 3 of D. Gilbarg & N.S. Trudinger [13], we infer that for all o € 0Q we
have

lim pi1(o —tn(o)) —@i(o) _ _ pi(0o)

t>0+ t on > 0.

For € > 0 small enough consider
Qe = {x € Q; dist(x,00Q) < s},

which is a neighbourhood of 60. One can see that, since Q sufficiently smooth,
if € is small enough then for x € Q¢ we have, for some tx(x) > 0

dist(x,00Q) = |x — tx0x| = tx(x)
for some oy € 0Q. Then setting
J(t) = p1(ox — tn(ox))

we have f'(0) = —V@i(ox) - n(ox) = —0@i1(ox)/0n(ox) > 0. Since
prLeC L), we may fix € > 0, even smaller if necessary, such that for some
o,f>0andforall x € Qsand 0 <t < tx(x) we have

O<ax<f'(t)<§B.
Now since
Lk
P1(x) = f(tx) — £(0) = JO oy
we conclude that

adist(x,00Q) = atg(x) < p1(x) < Btx(x) = Bdist(x,00Q)

— 20—
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IDENTIFICATION OF CONDUCTIVITIES

of a body, through boundary measurements. This problem has a great

HIS chapter is dedicated to the determination of the electric conductivity
I many applications and is very interesting from a mathematical point of

view.

2.1 A.P. CALDERON’S APPROACH

In this chapter we present the results of A.P. Calder6n [10] which, despite being
partial as far as the identification problem is concerned, contain some very
interesting ideas, in particular the use of harmonic test functions of the type
u(x) = exp(if - x + n - x) where & n € RN are such that £- n = 0 and |&| = |n|
(see below section § 2.4).

We recall that by classical results on the resolution of elliptic boundary value
problems (see section § 1.2) if a € A,q, defined in (1.2.3), is given, then for
each @ € H1/2(3Q) there exists a unique u € H1(Q) satisfying
—div(a(x) Vu(x)) =0 in Q
(2.1.1)
u=q¢ on o0Q.

More precisely u may be characterized by the fact that it is the unique point in
the convex set

(2.1.2) Ky = {veHl(Q); V=@ on BQ}
at which the strictly convex functional

2.1.3) J0) = Jaw) = | _atx) 1 Vu(x) 12dx
achieves its minimum on Kg. We will write

u = ArgMin J4(v)
vEKy

— 23—



Chapter 2. Identification of conductivities

to mean that u € K¢ and for all v € K we have J(u) < J(v). As the mapping
@ ~ u is linear continuous from H/2(3Q) into H1(Q), it is a matter of simple
algebra to check that @ — Jz(u) defines a continuous quadratic form on
HY/2(30Q) with values in R+. We will denote this quadratic form by

(2.1.4)
Qal@) = L)a(x) | Vu(x)|2dx, where u satisfies (1.1.2).

The direct problem would be : knowing the coefficient a € Aaq study the
mapping a — Qa(@). It is clear that the inverse problem, namely trying to
determine a assuming that the mapping a — Qg4() is known, would be better
understood if one knows a good deal about the direct problem. In this regard
our first observation is that, as one might expect, the mapping (a, ) —» u
is continuous, in fact analytic, on Aaq X H/2(302).

2.1.1 Lemma. For (a,p) € Auq X HY2(3Q) define T(a, @) = u where u
satisfies (1.1.2). Then T is analytic on Aaq X H/2(3Q).

Proof. Let (ag, o) € Aaq X H/2(30Q) and assume that for some g9 > 0 we
have ag > ¢p a.e. We shall denote by B := B,, the continuous operator defined
for f € H 1) by Bf := w where w € Hé(Q) satisfies —div(ag Vw) = f. Let
a=ag+b € Ayggwhere b € L®(Q) is such that |b]le < 0. If for w € HL(Q)
we set

Apw =div(b Vw),
then we have [|[Apwllg-1 < 1P|l |l VWw]2. Indeed
lApwlig—1 = sup{{Apw, @) ; @ € HY(Q), IWlgycoy = 1}
= sup{ | b0x) Vwtx) - T dx; w € HY@Q), vl =1]

< [blleoll Vwll2.

In particular, when w € H}(Q), using the norm w ~ || Vwllz on H}(Q),
we infer that BAp is a bounded operator from H&(Q) into itself and that
IBAp|l < |IB|l |Pllo. Now denote ug = T(ao, Qo) and u = T(a, o). It is clear
that v :== u — ug belongs to H(l)(Q) and satisfies (recall that div(ag Vug) = 0)

—div(ag Vv) —div(b Vv) = div(b Vug) = Apuy,
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which, after applying B to both sides, can be written (I — BAp) v = BApuyp.
If we assume that ||la — agllee = [bllee < min(||Bll7L, g9) = &0 (as we shall
see below), then ||BAp|| < 1 and (I — BAp) is invertible so we can write

oo
v = (I — BAp) "' BApuo = D (BAp)"uo,

n=1

and therefore

T(a, o) = T(ao, o) + . (BAa—a,)" T(aq, @o)-

n=1
Remarking that @ — T(a, @) is linear, from this we conclude that T is analytic
at (ag, o) € Aaa X H2(002). g

2.1.2 Remark. We point out the following estimates concerning the dependance
of u on the coefficient a. First observe that if we denote by &g the essential
infimum of ag € A,q, that is &g = sup{s > 0; measfag < €] = 0}, then
1Bgoll < 561. Indeed for f € H™1(Q) and Baof = w € H&(Q) satisfying
—div(ag Vw) = f, we have

€ollBf 1) < L)ao(m | Vw(x) 12dx = (f,w) < |- [Bf llmyco-

In particular ||B]| < &5 and so min([|BlI™L, g0) = 0. Also if [la — aplle < &0,
then a € A,q and, since ||BAa—a0||£(H5(g)) < |la — agll e, the above analysis
shows that

(2.1.5)

a—a

20— lla—aolle 1 (40 P0) (-
This inequality may be interpreted as the expression of the fact that if we set

_IT(a, @o) — T(ao, Po) lgy(0) €00
IT (a0, ®o) lai(a) 1+6°

then la — agllee =

In order to obtain a stability result concerning the inverse problem, one should
have a reverse inequality of the type [la — apllo < CF(6) for some continuous
function F such that F(0) = 0. We shall see that although such results may
be proved in some cases, in general their proof is much more involved : actually
this difficulty is typical of inverse and parameter identification problems (see for
instance G. Alessandrini [3], [4]). O
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2.1.3 Lemma. Let (ag, @) € Aaq X HY2(3Q) and ug := T(ao, ). Then for
any bg € L*(Q) we have

lim an+th0((19) - an((p

t>0+ t

) =j bo(x) | Vug(x) 2dx.
0

Proof. Setting b := tbg and a = ag + tbo, for t small enough the assumptions
in the proof of Lemma 2.1.1 are satisfied and using the notations used there, we
have

Qa(@) = Qao(®) +t | _bo(x)] Tuo(x) Padx
+2J aop(x) Vuo(x) - Vv(x)dx
Q
+2J b(x)Vug(x) - Vv(x)dx
Q

+J (ap(x) + b(x)) | Vv(x)|2dx.
Q

Now, due to the fact that div(ag Vug) = 0, multiplying this equation by v €
H(l)(_Q) and integrating by parts, we remark that [ ao(x) Vug(x) - Vv(x)dx = 0.
On the other hand thanks to the estimate (2.1.5) we point out that [[vlgy <
clibllw = O(t) and therefore

2j b(x) Vio(x) - Vulx)dx +J (ao(x) + b(x)) | Vu(x) 2dx = O(t2).
Q 0
Therefore

Qugsthy(P) = Qug(@) + tL)bo(X) | Vuo(x) [2dx + O (12),

and the proof of the Lemma is complete. O

2.1.4 Proposition. For a € Aaq denote by ®(a) = Qg4 the quadratic form
on HY2(3Q) associated to a via (2.1.4). Then & is analytic on Azq. In
particular for ag € Aaq and by € L*(Q) the derivative of & at ag is given by
@' (ao) bg = q where the quadratic form q is given by

a(@) = L)bo(x) | Vuo(x) [2dx,

where ug € HY(Q) satisfies div(ao Vug) = 0 in Q and ug = @ on Q. If
ag € Agq is constant, then &' is injective at ag, that is if bo € L®(Q) is such
that &' (ag) bg = 0 then bg = 0.

26—
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(Here the space of quadratic forms on H/2(30) is endowed with its natural
underlying norm topology : if g is a continuous quadratic form on H/2(30Q)
then for some unique continuous self-adjoint operator A defined on H/2(3Q)
one has q(@) = (A@|@) gz, and the norm of g is given by ||All £(m2(30)))-

Proof. The fact that ¢ is differentiable is a consequence of the fact that by
Lemma 2.1.3 the mapping ag = Qgq, is Gateaux differentiable and its Gateaux
differential, namely b — g, is continuous. The fact that ¢ is analytic follows
from Lemma 2.1.1 and the expression of ¢'(ag).

Now assume that ag is constant, so that div(ag Vu) = 0 means Au = 0. Recall
that we have denoted (see section § 1.2 and (1.2.2)) Ho(A) the space of harmonic
functions :

Ho(4) = {v e HY(Q); av=o0l,
which is actually the orthogonal space to Hé([)) in H'(£2). Note also that
since ag is constant, by Lemma 2.1.3 we have :

(@' (ag) bo) (@) = Lzbo(x) | Vuo(x) [2dx,

for ug € Ho(A) such that ug = @ on 9. Therefore if by € L*(Q) is such
that for all up € Ho(A) one has Jobo(x) | Vup(x) |2dx = 0, then from this
we conclude that

(2.1.6)

for all w1, uz € Ho(A), L)bo(x) Vur(x) - Vua(x)dx = 0.
(This is the polarization of the quadratic form g). Now consider the special
functions u1, uz defined to be
(2.1.7)

ui(x) =exp((i-&+n)-x), uz(x) =exp((i& —n) - x),

where n, € are such that
(2.1.8) &EneRN, g-n=0, IEl = Inl * 0.

(Recall that since N > 2, for any £ # 0 there exists some n € R satisfying the
above conditions). One checks easily that thanks to (2.1.8) the functions u;
are harmonic in Q and thus belong to Ho(A). However, since

Vur(x) - Vua(x) = —2|€|2 exp(2i& - x),
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identity (2.1.6) implies that
vEERY, L)bo(x)ezg'xdx =0= JRN(IQ(X)bo(x))eZig'xdx.

This means that the Fourier transform of 1qbg, namely F(1qbg), is zero, which
in turn, using the injectivity of the Fourier transform, yields bg = 0. O

2.1.5 Remark. If we could prove that ’'(ag) is a homeomorphism, then the
implicit functions theorem would yield that in a neighbourhood B(ao, £1) of ag
the inverse problem can be solved : for a € B(ag, €1) knowledge of Q4 would
allow us to recover a. Unfortuantely at this point we are not able to prove such
a result concerning ¢’ (aop)... O

2.1.6 Remark. The above analysis contains the ingredients of an approximation
process to recover a conductivity a, which is a small perturbation of a constant,
when the quadratic form Qg4 is known. Indeed let agp = 1 (for instance) and
assume thata =1+ b € Aaqis closeto ap. For j =1,2 and given p; € HY2(30)
let uj, uo; € HX(Q) satisfy

div(a Vuj) = div(ag Vugj) = Augj = 0 in Q,
Uj = Ugj = @5 on 0.
Since Qg is known on H/2(30), so is the bilinear form
1
M(@1, @2) = g[Qa(Cpl + @2) — Qa(@P1) — QalP2)].

If we denote v; := uj — ugj, as we did previously, we have [oVugj* Vvgdx =0
since v € H&(Q ), and therefore

M(@1, @2) = L)“(X) Vauor(x) - Vioz(x) dx

(2.1.9) + JQ[(a —ag) (Vupr - Vo + Vuge - Vur) +a Vo - Ve ldx.

Now choose ugj as in (2.1.7) with &, n satisfying (2.1.8) (this means that @
is the trace of ugj on 002). Then, assuming that 2 C B(0, R) for some R > 0, we
obtain from (2.1.9)

(2.1.10) 2|1E124(28) = —(2m) N2 M (@1, p2) + h(28),

with

28 —
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n(2E) = (2m) N2 | [ (@ = a0) (Vuor - Vvz + Yoz - Vur)

+aVug - sz] dx.

Here we take as the difinition of the Fourier transform
FE) = @myTNR [ FOx) exp(—ix - £)dx.

Note also that as a matter of fact we should have written F(1ga) (2&) instead
of a(2&), but this is not misleading in our analysis. The error term h(2E) may
be estimated by

|h(2E)| < c1/E12 IIb||%, e2RIE]

since || Vvjll2 < cllblleoll Vg, jll2 = cllblleo |E1eRIE!, provided |||l is small
enough (actually if ||b|le < 1) to ensure that a = ag + b € Aaqg (see the proof of
Lemma 2.1.1).

If F is such that
—(2m)™N2 M (1, p2)

F(28) =

21812 ’
then we have a(28) = F(28) + (2|€12)"1 h(2&) and finally
(2.1.11) Q(E) = F(E) + 2|h§(|§)_

—-N/2

Now consider p(x) = (277) exp(—|x1?/2) and po(x) = oNp(ox), so
that convolution with pg yields an approximation of the identity when o is
large. Since pg(x) = p(€/0), and

a()p(s/0) = F(E)p(E/0) + HEE p(E/0),

we have
a* pg=F*psg+r7,

where the remainder v is defined via 7(€) = 2h(E) p(E/0)/|E|2. Since [|¥]leo <
(211) ~N/2||# |1, it follows that

1710 < CszII%oJRNIﬁ(E/U) lexp(RIE|)dE = c3lIbll% oNexp(o2R?/2).
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Finally we see that for a given large o > 0, when || ||« is small enough, then
F % pg is a reasonable approximation of a * pg, which in turn, since o is large,
is a good approximation of a. O

2.2 IDENTIFICATION ON THE BOUNDARY

This section is devoted to the recovery of the coefficient on the boundary. To be
more specific let us introduce the following notations. For a € A,q (which
is defined in (1.2.3)) and @ € HY2(30Q) we denote by

= q
(2.2.1) Aa(@) =ag,

where u € H1(Q) satisfies (1.1.2). The operator Ag4, called the Dirichlet to
Neumann map by some authors, and the Poincareé-Steklov operator by oth-
ers, is a self-adjoint operator mapping H/2(30Q) — H~Y2(30). Indeed if
—div(a Vuj) = 0in Q and uj = @ on the boundary for j = 1, 2, then multiplying
by u2 the equation satisfied by 11, and vice versa, after integrating by parts we
get

(Aa(@1), @2) = L)a(x) Vui(x) - Vua(x)dx

(Aa(@2), 1) = L)a(x) Vua(x) - Vui(x)dx,

thatis (Ag(@1), P2) = (Aa(@2), 1) for all 1, p2 € H/2(3Q). This implies
that A4 is a continuous self-adjoint operator mapping H1/2(30) into H~1/2(302).
Note also that Qg4 being defined in (2.1.4), we have for all p € H/2(302)

(2.2.2) Qa(p) = {(Ag(@), ).

In this section we will show that when a;j € Aaq is of class C 1 near the boundary
00 for j =0, 1, and if one has

(223) Aao - Aal 5

then ag = a; and Vag = Vaj on the boundary. This result is due to R.V. Kohn &
M. Vogelius [19] who prove actually much more : assuming that ag and a; are of
class C¥ near the boundary for some k > 1, then 3®ag = 9%a; on the boundary
for |x| < k, provided Q has enough regularity. In particular, assuming that
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the boundary and the coefficients ag, a; are real analytic, their result implies
that ag = a1 on Q.

The idea of the proof is the following : assuming that (2.2.3) holds, but for
instance ag(09) > a1(og) for some og € 002, one considers appropriately
chosen electric potentials ., having an H/2(3Q) norm equal to 1 and small
support around o, and such that || s, ||g-12 = O (m~1). Then if

—div(aj Vijm) =0 in Q
Ujm = Ym oON 00,
after a minute analysis of the behaviour of uj», as m — +00, one shows that for
large enough m’s one has Qgy(Wm) > Qa,(Ym).
We begin by the construction of the appropriate test functions (¢m)mz=>1.
2.2.1 Lemma. LetQ be a bounded domain and oo € 002 be given ; assume
also that Q is CY'1 in a neighbourhood of 0. Then there exists a sequence
of functions (Ym )m=1 such that Y, € H32(3Q) N Ccl(aQ) and for some
positive constants cy,c2 !
(2.2.4)
(1)  supp(Ym+1) C supp(Ym) and Nm=1 SUPP(Ym) = {00}
(i) Nymllgrz =1

1 C2
T A+2972 = lYmllE-saq) < A+29]2 for —1<s<1.

(iii)
Proof. Via a local diffeomorphism we may assume that 3Q c RN~1 x {O}
and that oy is the origin. Consider a function fx € CZ°(R) such that fx is not
identically zero and

+1
(2.2.5) supp(fx) C [—1, +11], J'_lf*(t)dtZO.
Now for x” = (x1, ..., XxN—1) € R¥N~1 and integers m > 1 define
N-1
Sm(x") = 1—[ fx(mxy).
i=1

Here for a function f defined on RN~! we denote by

F(E) = (2m)~N=D/2 jRN_lf(x')e_ix"gldx’

—31—



Chapter 2. Identification of conductivities

its Fourier transform on RN ~1. We see that supp( fn ) is contained in [-1/m,1/m N~

and since fi(x’) = fi(mx’), we have f () = m~N=Df (£/m) and
therefore for any s > 0

(2.2.6)
Hfm”]Z’.I—S(RN—l) = J[RN_I(I + |E"2)s |.]6m(§’) 12dE’

= —mﬁ_l JRN_IH +m2[E(12)75 | f1(E) |12dE’.

Note that since (1 +m202)~1 > m~2(1 + 62)~1 for 0 > 0, we have

257 12\=S | £ ()2 c3
(2.2.7) JRN_1(1+m [E"19) 51 f1(E) ] dGZmZS.
On the other hand the mean value of fx being zero, we have f 1(0) = 0. Whence
using the fact that f; is analytic we have | - |71 f; € S(RN~1) (remember that f3
has a compact support), and recalling the inequality (1 + m?26%)™1 < 072m =2

for 0 > 0, we obtain the upper bound for 0 < s <1
(2.2.8)
21l 12\—S | £ N\ 12 7 1 |fl(E,) |2d§, _ C4
J[RN_£1+m E U E PAE < | = e

This, together with (2.2.7), plugged into (2.2.6) yield that for 0 < s < 1 we have

—(N-D_ —(N-1) _
(2.2.9) cs(s)ym™ 2 S < || fmllg-s(rv-1) < ce(s) m~ 2 5,

The same line of arguments shows that for any s > 0 we have

(2.2.10) ci(s)ym™ s | fmlls(ry-1) < c2(s)m™ s,

Finally from (2.2.10) and (2.2.9) we obtain for s > —1:

—(N—-1) —(N—1)
cz(s)ym=z S < | fmllpsrv-1) < cg(s) m™ 2z 5,

and upon setting

Iy . fm(x,)
Wm(X ) = Hfm”Hl/Z(RN—l),

we conclude that for —1 < s < 1 we have
cg(s) m~A=2912 < ||y || gsmu-1) < c10(5) m™1729)/2,

and that the sequence (s )m>1 satisfies the conditions of the Lemma, at
least when the boundary 912 is a portion of RN =1 x {0} The general case is

32
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treated via a local diffeomorphism & and the resulting sequence (Y )m>1
will inherit the regularity of @ that is, with our assumptions, each , will be in
Cc1(3Q) N H32(30). O

In what follows, 0o € 002 and (Y )m>1 being asin Lemma 2.2.1 and a € L*(Q)

so that a > g for some &g > 0, we shall denote by um € HL(Q) the solution of
—div(aVum) =0 in Q

(2.2.11)

Our purpose in the following lemma is to show that, in some sense,

concentrates around op, more precisely that, far from oq, the H Lnorm of uyy is

small.

2.2.2 Lemma. Assume that 2 is a bounded C1'! domain and that the coefficient a
in (2.2.11) is in W1'°°(B((ro, R)N Q). Then if w = Q \ B(0o, R), there exist
mo = 1 and a constant ¢ > 0 such that for all m = mg one has

C
2.2.12) ||um||H1(w) < E .

Proof. First we notice that according to Lemma 1.2.7, the solution us, of (2.2.11)
satisfies

C
(2.2.13) lumll < cllwmlla-120) < 57 -

Next, we may take mg > 1 large enough so that the support of (4, is contained
in B(og, R/8) N aQ for all m = mg. Then we set wq := 2 \ B(op, R/4) and
choose a cut-off function £ € C(RN) such that 0 < ¢ < 1, and

C=1 in w, C =0 in B(og,R/2).

Now consider vy, = Cum and observe that vy = 0 on 0woe and, since div(a Vugy, ) =
01

—div(aVuy) = —a VT - Vuy —diviaum VTC).

Multiplying this equation by vy, = Cuq,, and integrating by parts over wyo,
we get
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j a(x)| Vom(x)12dx = — | a(VC - Vum)umCdx
Wo

Wo

+ aAum VC - V(Cupm)dx

wWo
=j a(x) um(x)2| VT (x) [2dx,
wo
and finally, observing that u;, = v, on w C wy,
j | Vitm(x) [2dx < ¢ L)mm(m 121 VE () 2dx < cllumll?,
w

which, together with the L2 estimate (2.2.13), yields the claim of the Lemma. [

Our next step will be to show that in the ball B(og, R) the solution 4, is not too
small :

2.2.3 Lemma. With the notations and assumptions of Lemma 2.2.2 there exist
mj = mg and a constant co > 0 depending on R such that for all m > m;

J | Vi (x) 12dx = co.
B(0o,R)NQ

Proof. Recall that if we denote by yo: H1(2) — H/2(3Q) the trace operator
u ~ up,, there exists a positive constant ¢ such that for all u € H(Q2) we
have (see section 1.2 and Lemma 1.2.1)

yo(w) 12z < (I Vull3 + lyo(w) 12230 ) -
Applying this to u,, for m = mg, one sees that since yo(um) = Ym and
lWmlirzen) < cm™2 (cf. Lemma 2.2.1):

1= llyo(um) I3 < c(|| Viml3 + %)

C C
SCI | Vit () 12dx + S+ <
B(oo,R)NQ T m2 m

Clearly, upon taking m > mg large enough and m > mj, this yields the claimed
result of the Lemma. |

We can now state and prove the first identification result we had in mind :
namely that if Ag, = Ag, then ag = a1 on the boundary.

2.2.4 Theorem. Let Q be a bounded domain and ox € 0Q such that Q
is C'! in a neighbourhood B( s, Rx) of ox. Assume thataj € L®(Q) N
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WL®(Q NB(o, Rx)) withaj = g9 > 0 in Q. Let Aq, be as in (2.2.1) and
assume that Ag, = Ag,. Then one has ag = a1 on B(ox, Rx) N 0Q.

In particular if Q is C¥*1 and aj € W (Q), the equality Ag, = Ag, implies
that ag = a1 on 01Q2.

Proof. If there exists og € B(0x, Rx) N 00 such that (for instance) ag(og) >
a1(op), then the a;’s being continuous in a neighbourhood of oy, there exist
B > 0 and R > 0 such that B(og, R) C B(0x, Rx) and

Vx € B(og,R) N Q, ag(x) = ay(x) + B.
Now denote by ujm € H'(Q) the solution of
—div(aj ViLjm) =0 in Q
{ Ujm = Ym on 0Q.

Denoting B := B(0g, R) N Q we have

Qo Wm) = jﬂaom | Vttom|2dx > Lao(x) | Vitom|2dx
> L;al(x) | Viom|2dx + B IB\ Viom|2dx
> Lm(x) | Viom|2dx + Bco

2 C
> Igﬂl(x) | Vuom|“dx ozt Bco,

provided m > mj, where m; is given by Lemma 2.2.3. Observe that in the last
estimate we have used Lemma 2.2.2, that is

J a1(x) | Vugm(x) 12dx < cm™2.
Q\B
If we denote by Ky, the convex set

Ky, = {v eHY Q) v= Ym on BQ},
by definition of 11, we have

J al(x)IVuOmlzdxz min J a1 (x) | vv|2dx
Q VEKy,, /2

= Igal(x) | vMlm|zdx = Qa,(Ym).

Therefore when m» > m; is large enough so that for m > mp we have cm™2 <
Bco/2, we infer that
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(2.2.14)
QaoWm) = | _a1(x)| Vuiom[2dx +§ o = Qay(wm) + 5 co.

However, since Ag, = Ag,, we have Qao(WYm) = Qa,(Ym ), which is in contradic-
tion with the above inequality. Therefore we have ag = a1 on B(0%, Rx) N 0Q
and the Proposition is proved. O

In order to prove that the assumption Ag, = Ag, implies that ag = a; at order
one on the boundary, that is ag = a1 and Vag = Va; on 02, we need to show a
little bit more than the estimate of Lemma 2.2.3. Indeed, since we know that
aop = a1 on the boundary, the tangential derivatives of ag and a; coincide and
so it remains to show that dag/on = daji/on. If this were not so, we would
find S > 0 such that in a neighbourhood B := B(0g, R) N Q of some gg € 002 :

Vx € B, aog(x) = ar(x) + Bdist(x,00Q).

(Here dist(x, 00 ) denotes the distance of x to the boundary). After a detailed
inspection of the above proof of Proposition 2.2.4, one is convinced that if
we knew that [pdist(x, 00) | Vuom|2dx has a greater magnitude than

I ay(x) | Vuom|?dx
QN\B

(which is O (m™2)), then the whole line of the above argument might be car-
ried out, and we would obtain a contradiction to the fact that Ag, = Ag,, Or
equivalently Qg, = Qa,.

In order to obtain the estimate we are lacking, we shall use a special function
equivalent to dist(x, 00). Indeed let us denote by @7 € H&(_Q) the first eigen-
function of the operator u — —div(a Vu) with Dirichlet boundary condition,
that is

—div(aVp1) = A1p1 > 0 in Q,
(2.2.15)
pre i), | pix?dx =1

It is a classical consequence of the Hopf maximum principle (see for instance
D. Gilbarg & N.S. Trudinger [13]) that on a piece B(op, R) N 0Q of the boundary
which is C1+1 one has 31/0n < —cx(R, Q) < 0 and

Vx € B(og,R) N Q, codist(x,00Q) < 1(x) < cy dist(x,00).
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2.2.5 Lemma. With the notations and assumptions of Lemma 2.2.2 there exist
an integer my = mg and a constant co > 0 depending on R such that for
allm = mq

J dist(x, 92) | Vit (x) [2dx = 0 |
B(0oo,R)NQ m

Proof. Let @ be as in (2.2.15). Then we know that for some positive constants
Cx, C1x, C2x we have (here again B := B(0g,R) N Q)

(2.2.16)
{ Vo € B(og, R) N 3L, —%2c*>0
Vx € B, c1x dist(x,00Q) < @1(x) < cox dist(x, 00Q).

Assuming that m > mg is large enough so that supp(y¢m) C B(0g, R) N 00, and
multiplying (2.2.11) by um @1, which belongs to H}(Q) since 1 € Wh°(Q)
and vanishes on the boundary 0Q, we obtain

(2.2.17)

L)“(X) | Vit 21 (x) dx + L)a(x)um(x) Vit (x) - V1(x)dx = 0.

But noting that y, Vi, = V (ufn ) /2, we may integrate by parts the second
term of the above equality to see that (we use also the equation satisfied by g1) :

o]
L)a(x)um(x) Vit (x) - V1 (x) dx = Hmwm(mzct(a)% d

+ 3 um(0? @13 dx.
Q

Inserting this into (2.2.17) yields :

(2.2.18>Jga(x) | Vitm 2@y (x) dx = — %jﬂummzwxm:«

1 2 _0p1
5 ngm(a) a(o)an(a)da.

Now we may use the Hopf maximum principle expressed in the first inequality
of (2.2.16) to see that for some positive constant ¢, due to property (iii) of
Lemma 2.2.1 with s = 0, we have

(2.2.19)

—J Ym(o)2a(o) 0P
20

on(o)

do > C*J a(a)tpm(a)zdo- >
22 m

— 37—
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As far as the first term in the right hand side of (2.2.18) is concerned, observe
that according to Lemma 1.2.7 we have

2 2 2 ¢
| um(x)2@10x)dx = cluml? = clwmlE-een) < o3
It is clear that plugging this estimate together with (2.2.19) into (2.2.18), yields

the result of the Lemma. |
At this point we can prove the following identification result.

2.2.6 Theorem. Let Q be a bounded domain and ox € 9Q such that Q
is C1'1 in a neighbourhood B( s, R« ) of ox. Assume thataj € L®(Q) N
clan B(ox,Rx)) withaj > g > 0 in Q. Let Ag; be as in (2.2.1) and assume
that Agy = Aa,- Then one has ap = a1 and Vaog = Va1 on B(ox, Rx) N 0Q.
In particular if Q is C1'1 and aj € CcL(Q), the equality Agy = Ag, Implies that
ag=ay andVag = Vay onoQ.

Proof. By Proposition 2.2.6 we know that ag = a1 on B(0x, Rx) N 00, therefore
in order to prove that Vag = Vaj on this portion of the boundary, it is enough
to show that dag/on = daj/on. If there exists g € B(ox, Rx) N 002 such
that dag(og)/on(og) + 9ai(op)/on(op), then the a;’s being C! and aog=ai on
B(0%, Rx) N 0Q, there exist § > 0 and R > 0 such that B(og, R) C B(0%, Rx)
and (for instance)

(2.2.20)
Vx € B(og,R) N Q, ap(x) = a1(x) + Bdist(x,00Q).

We denote again by u jy, the solution of div(a;j Vujm) = 0 and Ujm = Ynm ON
00, and by @1 € H&(Q) the eigenfunction considered in (2.2.15) with a := ag. If
B := B(09p, R) N Q we have (here we use Lemma 2.2.5)

L)ao(x) | Viom ?dx > JBao(x) | Vigm 2dx

> JBal(x) | Vitom|2dx + B JBdist(x, 30) | Vg |2dax

> J a1(x)| Vuom|2dx + Bco
B m

> 24, €, Bco
_L)al(x)IVuoml dx -5+ B,

provided m > m;, given by Lemma 2.2.5 (in the last estimate we have used
Lemma 2.2.2). It follows that since by definition of ©14,
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L)m(x) | Vttom 2dX = Qay(Wm),

for mp = my large enough so that for m > ma» we have cm™! < Bcg/2,

QaoWm) = | a1(x)| Vitom|2dx + 50> Qay(@m) + 552,

This is a contradiction with the fact that Qg,(Wm) = Qa,(Ym). Therefore
we have 0ag/0n = 0ai/on on B(ox, Rx) N 0Q and the Theorem is proved. [

2.2.7 Remark. It is interesting to note that the arguments used to prove
Theorem 2.2.4 may be used to give a stability estimate of the type

(2.2.21)
llap — a1llr=@q) < c (M) |Agy — A, | c(r172(30), H-1/2(30))»

for all a; € W () such that ||ajlly.=() < M, where c(M) is a constant
depending only on 2 and M. Indeed assume that ag, a1 € W*(Q) are such
that ap — a1 /= 0 on the boundary and that if 2 = |lag — a1llz=(aq), for some
0p € 02 and R > 0 we have

V x € B(oo,R) N Q, apg(x) = ai(x) + B.

Then according to (2.2.14) for some constant cg > 0 we have that
1
gﬁCO < an(ll/m) - Qal(Wm) = ((Aao - Aul)(l/m, (,Um>

< [1Aae = Aaill ceH1200), H-112(302))
since ||¢m g2 = 1. It follows that (2.2.21) holds with ¢ (M) := 4/co. O

2.3 IDENTIFICATION OF POTENTIALS IN SCHRODINGER OPERATORS

In this section will treat a few more general identification problems for elliptic
operators, through appropriate boundary measurements. For a € A,yq and
q € L*(Q) denote by L := Lg, 4 the (formal) elliptic operator

(2.3.1) Lu = Lg qu = —div(a Vu) + qu.
It is known that (see section § 2) the subspace N(L) or N(Lg,4) defined to be

(2.3.2) N(Laq) = {@ € HY(Q) ; Laq® = 0 in HH(Q)],
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is finite dimensional. Then we introduce the following way of saying :

2.3.1 Definition. We shall say that zero is not an eigenvalue of Lq g if

N(La,q) = {0}.

If zero is not an eigenvalue of L, 4 then for any given ¢ € H 1/2(302) there
exists a unique u € H1(Q) such that
<|—div(a Vu)+qu=0 1in Q

(2.3.3)
u=¢@ in 0Q,

and we may define the corresponding Poincaré-Steklov operator Ag, 4

(2.3.4)
ou

Aag(®) =ag,, Aa,q: H2(3Q2) — H™1/2(30).

Now, the question we may ask is the following : if for two sets of coefficients
aj, qj (where j = 0, 1) we have Agq, g, = Aay,q, Can we conclude that ag = a1 and
a0 =4ad17?

Before trying to answer this question, let us show that Ag, 4 is a continuous
self-adjoint operator on H/2(302).

2.3.2 Lemma. For givena € Aaq and q € L*(Q) assume that zero is not an
eigenvalue of Aa,q defined by (2.3.4). Then Ag,q is a self-adjoint operator
mapping HY2(3Q) into H1/2(30).

Proof. . The fact that Ag, 4 is continuous from HY2(30Q) into HY/2(3Q) is a

consequence of Lemma 1.2.2. In order to see that Ag 4 is self-adjoint, let u

solve (2.3.3) and for ¢ € HY2(30Q) let v € H1(Q) solve
—div(aVv) +quv =0 in Q, v = on o0Q.

Upon multiplying this equation by u, equation (2.3.3) by v and integrating by
parts, one sees that :

. _ ov(o)

L}a(x) Vu(x)-Vu(x)dx + Jﬂq(x)v(x)u(x)dx = Lga(o)an(—a)qa(o)do
. _ u(o)

L}a(x) Vu(x) - -Vv(x)dx + L)q(x)u(x)v(x)dx = Jaﬂa(a) no) Yy(o)do,

which yields that (Ag,q@, @) = (Ag,q®, ¥), and hence AT ; = Ag,q. O

This gives the following important identity :

— 40 —
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2.3.3 Corollary. Ifaj € Aaqandqj € L*(Q) (for j =0, 1) are such that zero
is not an eigenvalue of Aa,,q;, then for all @j € H/2(3Q) ifuj € H'(Q)
solves (2.3.3) with a = aj and q = qj and @ = @4, we have :

((Aag.qo — Aavgs) 90, P1) = L}(ao(x) — a1(x)) Vao(x) » Vuy (x) dx

(2.3.5) + JQ(QO(X) — q1(x) uo(x) ur(x) dx.

Proof. Multiplying by u; the equation satisfied by 1, and vice versa, integrating
by parts gives :

(Agg,q0P0, P1) = L)ao(x) Vug(x) - Vui(x)dx + JQQO(X)MO(X)ul(X)dX

(Aay,q, P1, Po) = L)al(x) Vui(x) - Vug(x)dx + JQQI(X)MI(X)UO(X)dX-

Subtracting the second equality from the first, and using the fact that according
to Lemma 2.3.2 one has

(/\al,ql(Pla (p0> = (Aal,qquO: @1 ),
we see that identity (2.3.5) is proved. O

This corollary, although quite simple to prove, is of the utmost importance in the
study of inverse or identification problems. Indeed it shows that identification
of the coefficients aj, q;j boils down to the proof of an abstract density result.
Indeed denote by Eg = Eg(ao, 90, a1, q1) the space

(2.3.6)
Ep := span{(Vuo - Vug, uoui) ; uj € HY(Q), Lajquj = O},

in L1(Q) X L1(Q). If one could prove that Eg is dense in L1(Q) X L1(Q),
one could conclude that when Agy g, = Aa,,q, then necessarily ap = a; and
do = q1: indeed by identity (2.3.5) we would infer that (ag — a1, 90 — q1)
is orthogonal to Eg, and the density of this space in L1(Q) x L1(Q) would imlpy
that (ag — a1,q0 — q1) = (0,0) in L*®(Q) X L®(Q). More precisely, rather
than the density of Eg in LY(Q) x L1(Q), since Eg depends on ao, qo, a1, q1, we
need to know that if

(ap — a1, q0 — a1) € Eo(ao, a1, 90, 1),
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then (ag, qo) = (a1, q1). At this point we are not able to show such a general
result for any two pairs of coefficients (aj, q;). However we may state the
following :

2.3.4 Theorem. Foraj € Aaq andqj € L*(Q) so that zero is not an eigenvalue
0f La,,q;, define the spaces

Vo(do, 1) = span{uoul ; uj € HY(Q), Lajquj = O}
Vilao,a1) = span{Vuo “Vur; uj € Hl(Q), Lajquj= 0}.

Then if ap = a1 and if Vo(qo, q1) is dense in LY(Q), the equality Aay,qo = Aag, a1
implies that qo = q1 in Q.

Analogously if ao = q1 and if V1(ao, a1) is dense in L1(Q), the equality
Aao,q0 = Aay,qo Implies that ag = a1 in Q.

Proof. Indeed if for instance agp = a1 and Agy,q, = Aay,q; then thanks to
identity (2.3.5) for any @ ; € H/2(3Q2) we have

L)(QO(X) —q1(x))uo(x)ui(x)dx = 0.

This means that go — g1 is orthogonal to Vo(qo, q1), and since the latter is dense
in L1(Q) we conclude that go = 1. The other claim of the Theorem is seen to
be true in an analogous manner. O

We observe now that a practical way to prove that some coefficients may be
identified in inverse problems, would be to prove that the spaces Vg or Vi are
dense in L1(0). In these lecture notes, due to lack of space we shall not consider
this general problem (see [<KavianODet>] for a detailed treatment), but rather
consider the simpler case ag = a1 = 1. The following results are essentially
due to J. Sylvester & G. Uhlmann [30], although in part we shall use a simpler
proof of one of their arguments, a simplification due to P. Hahner [14].

We begin with a result which says that there is a direct connection between the
study of the general case and the special case ag = a1 = 1 and qg, g1 € L®(Q).

2.3.5 Proposition. Letaj € Aaq N W2®(Q) and qj € L®(2) (for j =0,1) be
such that zero is not an eigenvalue of La,,q,- Define

1/2
4= 2
157 a; a}/z

and assume that ag = a1 and Vag = Vay on the boundary 0Q. Then
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Aag,q0 = Nar,qn < Alﬁo = Al,ﬁl :

Proof. For a given @ € H/2(3Q), if uj € H'(Q) satisfies

—div(aj Vuj) +qjuj = 0 in Q, uj = @ on 002,

then using the Liouville’s transform, that is setting v;j = a}/ 2y j» or equivalently

uj= a;l/zv, one checks that

Va;
div(aj Vuj) = div(al./2 Vuj— 2—1/12 vj) = div(a}/2 Vuj— v Vai/?)
al

J J
J
Aal/?
_ 172 J
= aj/ (Avj—wvj).
j
Hence vj satisfies
—Avj+ ﬂ+—Aa}/2 vi=0in Q vi=al’?p on 30
I\ aj a}/z J ’ Jj i P :
Observe also that since v; satisfies the above equation, it follows that
oV ou; 1 0a;
~ (gll2 24 _ . 1y227J L —-1/227J
Av,g,(a;" @) on i on T2% " on
_ —1/2 1 _q/29a;
(2.3.7) =a; Aayq (@) + >a; n P

Since ag = a1 and Vag = Vaj on 0Q, and due to the fact that ¢ — a}/z(p

is a homeomorphism on H/2(302), we conclude that saying Agy,q, = Aay,q; 1
equivalent to say that Ay g = Ay,3,. O

2.3.6 Corollary. LetQ be a bounded C'! domain. Assume that for qj € L®(Q)
(with j = 0,1) such that zero is not an eigenvalue of L1,q; we have the following
property :
(2.3.8) Al,q0 = A1,y = do = q1 n Q.
Thenifaj € Aaa N W2%(Q) are such that Agy,0 = Aay,0, We have ag = a1
in Q.

Proof. First according to Theorem 2.2.4 and Theorem 2.2.6, we know that

whenever Ag,,0 = Ag,,0, then ag = a1 and Vag = Vaj on the boundary 00Q. Next
setting
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Aal/?
aj = aTJ/Z )
J
then clearly zero is not an eigenvalue of L ap because saying that v € H(l)(Q)
satisfies —Av + ﬁjv = 0 is equivalent to say that div(a; Vu) = 0 with u ==
a~12y € H}(Q), and the latter equality implies u = 0 = v. Now Proposition 2.3.5
shows that if Agg,0 = Aa,,0, since ap and ai, as well as Vag and Vaj, are equal
on the boundary, we have Ay z = Aj, g, Property (2.3.8) implies that do =41
1/2

in Q, but it is clear that if we set q := 4 7 the functions a i (which are also in

H(Q)) satisfy the elliptic equation
—Aa;/z + qa}/z =0 inQ
aj=ap on 0.

Since zero is not an eigenvalue of Lj 4 it follows that the above equation has a
unique solution, that is ag = a1 in Q, and the Corollary is proved. O

Now our goal will be to prove property (2.3.8), which is true when the dimension
N = 3, and its proof is due to J. Sylvester & G. Uhlmann [30]. We state the
following density theorem which will be proved in the next section.

2.3.7 Theorem. Assume that Q C RN is a bounded Lipschitz domain with
N > 3. If qj € L*(Q) are such that zero is not an eigenvalue of L1,q;, then
the space

(2.3.9) Vo(qo, q1) =
span{uoul ; uj € HY(Q) and — Auj+qjuj=0 in Q}

is dense in L1(Q). As a consequence if the Poincaré-Steklov operators A1,q0
and Ay,q, are equal, then qo = q1 in Q.

2.3.8 Remark. The case of dimension N = 2 is particular in two respects. First,
by a result of A.I. Nachman [28], which uses a completely different approach,
one knows that if ag and a; are smooth enough then the equality of the
Poincaré-Steklov operators Agy 0 = Ag,,0 implies that ag = a1 in Q. Using
this result one may show that if go, g1 are such that the first eigenvalue of
the operator (L1,q;, D(L1,q;)) is positive, then the fact that Ay, 4, = A1,4, implies
do = q1-
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» To complete... O

2.4 DENSITY OF PRODUCTS OF SOLUTIONS

In this last section we prove the density result invoked at the end of the previous
section. In order to establish the density Theorem 2.3.7 the main idea, as pointed
out in the original paper of J. Sylvester & G. Uhlmann [30], is the following. Since
the exponential functions exp ((i§ £ n) - x) used by A.P. Caldero6n (see section
§ 3, in particular (2.1.7) and (2.1.8)) are such that the space spanned by their
product is dense, each of them being a harmonic function, one may consider
the operators u = —Au + gju as perturbations of the Laplacian and prove
that the space E(qo, q1) defined in (2.3.9) is dense. The point is that this clever
idea works, at least when N > 3. However here we will follow the point of view
presented in a later work by P. Hahner [14].

In what follows we consider a potential g € L*(£) such that zero is not an
eigenvalue of the operator L1,4. We wish to construct solutions of
(2.4.1) u € HY(Q), —Au+qu=20
such that
u(x) = el *(1+ yw(x)), with € =i&+n,
and

(2.4.2) EneERN, [El=Inl, &-n=0.

Since Ly,qu = e X[—Ayp —2C - Vy + q(1 + y)], in order for u to be a solution
of (2.4.1), the new unknown function ¢ should be a solution of

(2.4.3) W EHYQ), —Ap—2C-Vy+qy = —q.

Moreover it is desirable to have ¢ small in some appropriate norm, at least
when |C| — + o0, so that u is close to eE+m-x e are going to solve (2.4.3)
when Q C (—R, R)N for some R > 0 and in the special case £ = sej + i
for some s € R,s # 0,and & € RN such that e; - & = 0. Note that this is not
any restriction since the operators are essentially invariant under translations
and rotations of R¥ : also we should say that we denote e; == (1,0, ...,0), and
analogously ex will be the k-th vector of the standard basis of RN. We denote
by Q the cube (=R, R)N and we introduce
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@44  Zow={acwrV; MR _1
Observe that when & € Zg then 7 # 0, more precisely |x1| = /2R and, as we
shall see below, this is the reason for the choice of a shifted grid. Also note that
we may write

o4R
ez, J—EZforsz}.
T

(2.4.5) Zo="Lel+ %ZN.

We recall here the classical definition of Q-periodic functions :

2.4.1 Definition. A function u € HL .(RN) is said to be Q-periodic if for all
1 < k < N it satisfies u(- + 2Rex) = u(-). Such a function is completely
determined by its values on Q and the subspace of Q -periodic functions of
HE(RN) is denoted by Hper(Q).

Equivalently one can give a local definition of Hjer(Q). A function u € HY(Q)

is said to belong to Hll,er(Q), or to be Q-periodic, if for all 1 < k < N we have

u(o + 2Reg) = u(o) for o € 9Q (since the trace uy,, is defined, the condition

makes sense). In this case, a Q-periodic function in the latter sense can be

extended by periodicity to all RY, and one may check that the two definitions of

Hper(Q) coincide.

The space H%er(Q) is a closed subspace of H1(Q) and it is endowed with the
natural topology of H1(Q). Analogously the space ngr(Q) is defined to be:

H2er(Q) = {u € Hjer(Q) ; 9t € Hier(Q) for 1 <k < NJ.
Next we define the notion of Zgp-quasiperiodic functions.

2.4.2 Definition. A function u € HL (RN) is said to be Zo-quasiperiodic if the
function x — exp (—imrx1/2R)u(x) is Q-periodic. The space of Zg-quasi-
periodic functions which are in Hig (RN ) will be denoted by Hy (Q).

One may check that this is a closed subspace of H'(Q). Analogously the
space H%O(Q) is the space of Zp-quasiperiodic functions which are in leoc( RN).
Equivalently, the space H%O(Q) (resp. H%O(Q)) can be defined as the space
generated by exp (itrx1/2R) @ for @ € Hrl,er(Q) (resp. @ € Hf,er(Q)).

For ¢ € Zp we denote by @4 the function
(2.4.6) Palx) = (2R)_N/2ei‘x'x,

One checks easily that each @« is Zp-quasiperiodic, that (p«)xe z, is a Hilbert
basis of L2(Q) and that for any « € ZN
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Voa = 10Qq, APa = —|0(|2(Po<-

A useful observation about Q-periodic functions is that when u, v € C1(Q) N
Hrl,er(Q) then we have faQu(U)v(a)nk(U)dU = 0 (because o — ng(0o) is
anti-periodic on 9Q) and therefore [ Vu(x) v(x)dx = — [ou(x) Vv(x)dx.
Also for u,v € CZ(Q) N Hf,er(Q), since o0 ~» Vu(o) - n(o) is anti-periodic, we
have

u(o)———~,  _
2 an(o_)v(a)da =0,
and
ul(o) ov(o) _
LQ(an(U) v(o) — u(a)an(g)) do =0,
and hence

J Au(x) vix)dx = I u(x)Av(x)dx.
Q Q

For our study of equation (2.4.3) it is useful to point out that if u, v € C3(Q)
are Zp-quasiperiodic, then setting

@(x) =exp(—imx1/2R)u(x), Y(x) =exp(—imx1/2R)v(x),

we have two Q-periodic functions and

irr
+_

5R exp(iTx1/2R) p(x)e1

Vu = exp(ittx1/2R) Vp(x)

Vv =exp(itrx1/2R) VY (x) +12—7;exp(inx1/2R)w(x)e1.

Hence one can easily verify that, since faQ(p(U) Yy(o)ey-n(o)do =0,

ou(o) —— ov(o) _ op(o)—— oy(o)
LQ<an(a) v(o) ~ulo) Em(cr)) do = LQ(an(a) plo) —elo) an(a))d"

i —
+7LQ€0(U)W(0)e1 -n(o)do

= 0.

Therefore the following rules for integration by parts hold for all u, v €
ct@)n H}O(Q) :

(2.4.7) JQVu(x) v(ix)dx = — JQu(x) Vv(x)dx,
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and for all u, v € C3(Q) N Hz,(Q) we have
(2.4.8) J Au(x) vix)dx = J u(x)Av(x)dx.
Q Q

Invoking a density argument, one is convinced that the above relations are
still valid when the dervivatives exist in the weak sense : the first equality (2.4.7)
holds for u, v € H%O(Q), while (2.4.8) is valid for u, v € H%O(Q).

We are now in a position to solve an elliptic equation which corresponds to
the differential part of equation (2.4.3).

2.4.3 Proposition. . Lets €R,s +# 0 and £ € RN such that € - ey = 0 and set C =
i€ + seq. Then for any f € L2(Q) there exists a unique @ € H%O(Q) NH2(Q)
such that
(2.4.9) —AYy —2C-Vy = f.

Moreover we have

R
lwllzzq) < TS| Il fllz2(q) -

Proof. Using the Hilbert basis (px)aez, defined in (2.4.6), one sees that
equation (2.4.9) is equivalent to :

Y& € Zo, (—AY —2C - Vylps) = (floa),

where (-| -) denotes the scalar product of L?(Q). Using the above remarks
summarized in (2.4.7)-(2.4.8) and the fact that Vo 4 = i, we have

(=AY =20 - VY lpg) = (- @ —2iC.x) (Y|@a).
It follows that, provided o - « — 2iC - o« # 0, we can express (|@) in terms of
(f1p«). However this is the case, since i - ¢« = isx; — & - « and therefore,
as |[Roy /1| = 1/2 for & € Z,

|s|TT

Ia-a—ZiC-(XIZISm(a-tx—ZiC-cx)l=|25a1|ZT.

Therefore we have (¢ |@pa) = (fl@a)/(x- x — 2iC - &) and
W= Z (flpa)

a-a—ZiC-a(p""

QEZy

This, since (Q«)« is a Hilbert basis of L2(Q) , yields the estimate
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, |(f 1 pa) 12 R oo
||(I/||L2(Q) = Z |- o — 2iC - |2 = |s|27r2 Hf”LZ(Q)’
xEZy

and, using the regularity results for elliptic equations, we have also ¢ € H2(Q).
O

2.4.4 Corollary. LetT =i + n where &, n € RN are such that € - n = 0 and
n+0. ThenifQ C RN with N > 2 is a bounded domain, there exists a linear
continuous operator By : L?(Q) — H2(Q) such that for any f € L?(Q),
the function ¢ = By (f) satisfies

(2.4.10) Y € H3(Q), —AY —2C-Vy = f.

Moreover for some constant co > 0, independent of €, n and f, we have

IBe(£) Il s‘%‘" Ifll2.
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! Proof. Without loss of generality we may assume that 0 € 2, and we may fixR > 0
1 such that for any rotation S of RN around the origin we have S(2) C (—R, R)N.
i For a given n € RN \ {O} we may set s = 5| and find a rotation S in RN such
; that Sey = n/s. If £ : Q — Cis a function in L?(£), first we may extend it to Q
! by setting f(x) :=0whenx € Q \ Q and f(x) = f(x) for x € Q. Note also
! that if necessary, f can be extended to all RN by periodicity. Next one checks
1 that if u : RN — R is a function in HIIOC(RN), upon setting v(x) = u(Sx) one
has Vv(x) = $*(Vu) (Sx) and
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|
|
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|
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|
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|
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|
|
|
|
|
|
|
|
|

Co- Vv(x) = (SCp) - (Vu) (Sx), Av(x) = Au(Sx).

It follows that if we set Cp = iS*E + $*n (recall that $* = S~ and $*n = sey),

then in order to solve (2.4.10) in Q it is enough to set g(x) = f(Sx) and solve
vEH*(Q)NHL(Q), —Av—2Co-Vv=g.

Since this has been done in Proposition 2.4.3 with |[v|z2(q) < cllgllzz(q)/Inl,
one sees that if we set Bg(f) = v, all the requirements of the Corollary are
satisfied. O

Now we can solve equation (2.4.3) provided |C] is large enough.

2.4.5 Proposition. Let T =i + n where £, n € RN are such that € - n =0 and
n+0. Then if @ C RN (with N = 2) is a bounded domain and q € L®(Q),
the constant cg > 0 being as in Corollary 2.4.4, for Inl > cgllqlle there
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exists a linear continuous operator My : L3(Q) — H3(Q) such that for any
f € L2(Q), the function @ = M¢(f) satisfies

(2.4.11) Y € H2(0), —AY —2C-Vy +qy = f.

Moreover for |n| = 2collqllc We have

lwllz = IMg(f) ll2 < % £z

Proof. The operator By being as in Corollary 2.4.4, we note that solving (2.4.11)
is equivalent to solve —Ay — 2C - Vy = f — qy and hence

(2.4.12) @ = Be(f) — Bglqy).

If we show that for |n| large enough ¢ — Br(q) is a contraction from L2(Q)
into itself, then the mapping ¢ — Br(f) — Bg(qy) has a unique fixed point and
equation (2.4.12), and thus (2.4.11), has a unique solution.

But setting A¢(y) = Be(qy ), we have clearly
IAz(@) ll2 < colnl~Hlawliz < colnl ™Ml Wiz,

and therefore when cgllqlle < || the operator ¢ = Bg(f) — Ag(y) is a (strict)
contraction and equation (2.4.12) has a unique solution. Also if [n| = 2¢cgllq|l o,
we have [|Ag|l < 1/2 and the solution  of (2.4.12) is given by

@ =+ Agr)  Be(f).
Whence if we set M = (I + Az) ™! Bz, we have
lwlz = IIMg(f)ll2 < 1T+ Ag) "I Bz () ll2 < % £z,

since || (I + A;)_1 || < 2. Finally using classical regularity results in equa-
tion (2.4.11) one sees that ¢ € H2((2), and the Proposition is proved. O

We are now in a position to prove the result announced in Theorem 2.3.7.

2.4.6 Theorem. . Assume that Q C RN is a bounded domain and that N > 3.
For q; € L*(Q) (with j = 0, 1) let Vo(qo, q1) be the space

Vo(qo,q1) = {uoul ; Uj € HY(Q), and — Auj+ qjuj = 0}.
Then Vo(qo, q1) is dense in L10).

Proof. Let £ € RN with £ # 0 be given. It is interesting to emphasize that the
assumption N > 3 comes in at this point : when the dimension N > 3, there
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exist at least two other directions n, o orthogonal to £ and such that n and o
are mutually orthogonal. That is we may fix n and o € RN such that for a given
t > 0 we have:

n-€=%-0=0, lol=1, In?=I[5+tocl|®>=I[E?+t?
Then consider
Co=n+i(§+to), C1=—n+i(§—to),

so that x = exp(C; - x) is harmonic in RYN, and let @ ; be the solution given by
Proposition 2.4.5 solving (2.4.3). More precisely let ; satisfy :

Wi € HA(Q),  —Aw;— 2T Vyj+a;p;=—aj
in such a way that u;j == (1 + yj) exp(Tj - x) solves
quHZ(Q), —Auj+qjuj =0,

and uou1 € Vo(qo, q1). In order to show that Vp(qo, q1) is dense in L1(Q), we
have to prove that if for some h € L®(Q) and for all w € Vy(qg, q1) we have
Joh(x)w(x)dx = 0, then necessarily h = 0. Now choosing w = ugu, we have

| reoueto u(x dx =
|G (14 90(0)) (1 4+ 91(0)) exp(Go+ 1) - x)dx = 0,
and since Co + €1 = 2i&, we conclude that
L}h(x)ezg'xdx = — Jﬂh(X)eZig'x(wO(x) + Y1(x) + Wolx) Y1(x))dx.
Therefore
|| h00) 2 xax| < Il Clwoll2 + iz + lwollz Iy ),

and using the estimates |[jll2 < cIn|™! and the fact that || > t we conclude,
ast — +oo, that [ h(x)e?&*dx =0, and hence h = 0. O
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INVERSE SPECTRAL PROBLEMS

operators. Let H be an infinite dimensional Hilbert space, with the

scalar product denoted (-| -) and norm || - ||. Consider a selfadjoint
operator (L, D(L)) acting on H, that is a linear operator with a dense domain
D(L) CHand L :D(L) — H such that L* = L. Assume also that L has a
compact resolvent and that for some Ag € R we have (Lu|u) = Agllul/2. Then
there is a sequence of eigenvalues and eigenfunctions (Ag, k) such that for
k,j e N*

W E address here inverse spectral problems for a certain family of elliptic

Lok = Ak @k, (Prl@j) = Okj-

Given the operator L, determining the sequence (Ag, Qk)k>1 is the direct spectral
problem for L.

The inverse spectral problem would be : given the sequence of eigenvalues
(Ax)k>1 what kind of information can we obtain about the operator L ? Clearly,
in general, the only knowledge of the eigenvalues is far from being sufficient
to determine entirely the operator. For instance, for any unitary operator
U:H — H (thatis U¥U = UU* =) such that U : D(L) — D(L) is bounded for
the domain norm || u|lp(z) = llull + || Lull, then U*LU and L have exactly the
same eigenvalues. Therefore, in order to obtain more informations about L, it is
natural to add some other insights, such as partial knowledge of eigenfunctions,
or some informations about the nature of the operator L.

For instance when H = L2(Q) and L is a differential operator such as
Lu:= —div(aVu) + qu

with a domain D (L) which ensures (D, D(L)) to be self-adjoint with a compact
resolvent, the inverse spectral problem consists in determining the coefficients
a, q through the knowledge (or partial knowledge) of the eigenvalues Ag and the
eigenfunctions on the boundary 00Q.
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In case the knowledge of the eigenvalues is not sufficient to determine the
coefficients of the differential operator, we shall be interested to find what kind
of (minimal) information on the eigenfunctions would allow us to determine
them. For practical resaons arising from applications to physics or engineering,
as far as differential operators are concerned, one adds some informations
about the behaviour of the eigenfunctions on the boundary.

In order to illustrate the motivations behind the study of inverse spectral
problems, consider the following wave equation,

0t —Au+q(x)u=20 in (0,T)XQ

u(0,x) = f(x) in Q

(3.13) oru(0,x) =0 in Q

ou _

on
Here Q C RY is a bounded smooth domain, and N > 1 is an integer. One
might imagine that u describes the oscillations or an object when it is slightly
disturbed from its rest position and left oscillating for a certain time T. We wish
to identify the potential g € L®(), which describes some physical property of
the material in Q, by observing the oscillations on the boundary 0.

0 on (0,T) X 0Q.

Denote by (Ag, @k)k>1 the eigenvalues and eigenfunctions of the operator
—A + g with Neumann boundary conditions, that is

—AQr + q@Pr = Ak in Q, % =0 on 0Q.

We may assume that the eigenfunctions (@) form a Hilbert basis of L2((2).
Then setting

wes VR and (Flee) = |60 e dx,
the solution of the wave equation (3.13) can be written as

u(t,x) = > cos(wit) (fl@k) Pr(x)
k=1

which, « observed » on the boundary, can be formally written as being

Yo(w) (t,0) = > cos(wkt) (fl@k) yo(@k) (o).
k=1
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It is reasonable to expect that through the observation of yo(u) for various
values of the initial data f and on a sufficiently long interval of time (0, T'), one
can determine wg and yo(@g), and then ask whether these boundary spectral
data can lead to the determination of the potential g.

In the remainder of this chapter we give an overview of such problems, beginning
with a one dimensional case which however will not be addressed here.

3.1 STURM-LIOUVILLE PROBLEMS

Let us consider the case of a Sturm-Liouville differential operator: if H :=
L2(0, 1), consider a potential g € L1(0, 1) and set

Lu:=—u"+ qu,
for
u € D(L) = {v € HY(0,1m); —v" +qu € L2(0,m) ],
corresponding to Dirichlet boundary conditions, or with the domain
u € D(L) = {v e HY(0,m); —v" +qu € L2(0,), v(0) = v'(1r) = 0},
corresponding to Neumann boundary conditions.

Then, with either of the domains D (L), itis known that (L, D(L)) is a selfadjoint
operator and has a sequence of eigenvalues and eigenfunctions (Ag, @k )k.

The inverse spectral problem for this operator L would be : knowing the eigen-
values (Ag)x what can be said about the function g ?

Upon considering the function g(x) = g(1m — x) and the operator
Tu:=—u"+gqu, with D(L):=D(L),

one checks easily that L and I have the same eigenvalues, and thus if § # g one
sees that the only knowledge of the eigenvalues is not sufficient in order to
determine g.

As a matter of fact, if one considers the eigenvalue problem

{ —@t+4(x) Pr =A@k in (0, 1)
(3.1.1)

Pr(0) = (M) =0
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then one has the following expansion of the eigenvalues and eigenfunctions :

a1 (™ 1 (™ 1
Ak =k +=| q(x)dx —= q(x)cos(ka)dx+O(—>
T Jo T Jo

k
_ V2 1
Pr(x) _\/FSIH(kX)+O(k>
, k2
<Pk(X)——\/E cos(kx) +0O(1),

provided g € LZ(O, 7). (See for instance A. Kirsch [18] chapter 4, page 135).

However the above expansion of Ag is not sufficient to solve the spectral inverse

problem. Nevertheless, one shows that if for j = 0,1 and q; € L2(0, 17) one has
—@ik+a4jPik = APjk  Pjk(0) = @jr(T) =0,

and moreover

P0,k(0) _ @1,k(0)
@o,k(m)  @1,k(mT)’

then one can prove that qg = q1.

In particular if (1 — x) = qj(x), then the eigenfunctions are either symmetric
or anti-symmetric, that is they satisfy either

k(T —x) = @jr(x) or @jk(m—x)=—@jr(x)
and thus

Po,k(0) _ @1,k(0)
@o.k(m)  @1,k(TT)

for all k = 1, and so one may conclude that go = q1.

= =1

In a paper dating back to 1929, V. Ambarzumian [5] shows that if we consider
the eigenvalues corresponding to the Neumann boundary conditions

—@k+q(x) Pk = Ak@r in (0, 1T)
(3.1.2)

Pr(0) = () =0,
and if

Vk=1, Ax=(k—1)3

then one must have g = 0.
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However, in general, the only knowledge of the spectrum is not enough to
determine the potential. G. Borg [8], N. Levinson [22], LM. Gel'fand & B.M. Levitan
[12] consider

1—(a(x)mk)’ +q(x) @k = Ax@x in (0, 1)
(3.1.3)

Pr(0) = () =0
They show that knowledge of the set

Ak @k(0)) 5 k= 1]

implies that of the coefficients a, g, provided certain regularity conditions are
satisfied.

Another approach to inverse spectral problems for Sturm-Liouville operators
consists in assuming that two sets of eigenvalues for the operator L : u —
Lu = —(au’)" + qu , for instance Ag,p for the Dirichlet boundary conditions
and Ag,n for the Neumann boundary conditions, are known and then one wants
to determine the coefficients a and g. The interested reader may refer to the
vast literature available on the subject, for instance the books by B.M. Levitan
[23], V.A. Marchenko [26], V.V. Kravchenko [20], C. Bennewitz, M. Brown & R.
Weikard [6].

3.2 HIGHER DIMENSIONS AND BOUNDARY SPECTRAL DATA

Let Q C RN be a sufficiently smooth domain, and g € L*(Q), and consider
the eigenvalue problem

—AQr+ q(x) P = Ak@Pg in Q
(3.2.1)

M: 0 on 0Q.
on

As we did in section § 1.2, let us denote, for a function € HL(Q), the trace
operator yo : H1(Q2) — HY2(30), thatis yo(p) = @|ae- The boundary spectral
data, associated to g, is defined by

Dbsd(q) = {(Ak, yo(@k)) ; k= 1},

Roman G. Novikov (1987-1988) and A.L. Nachman, J. Sylvester & G. Uhlmann
(1988) show that
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Dbsd(gqo) = Dbsd(q1) = 4o = q1.

Actually instead of (Ag, yo(@%)) one should consider the set

Dbsd(q) == {(?\k, span{yo(qok,j) l=j= mk}) ; k= 1}
where my is the multiplicity of Ag, as we shall see later.
The same question can be studied for the Dirichlet eigenvalues, that is
(3.22) { —AQg+q(x) Pk = Ak@r in Q

Pr=0 on 04,

in which case one should consider the Neumann boundary spectral data

Nbsd(q) = {(?\k, span{yl(cpk,j) yl=j= mk}) ; k= 1}
where

=9
YI(CP) - an .

In order to study more general problems, let us introduce some notations :
for a,q,p € L®(Q) with min(a, p) = g > 0 a.e. on Q, consider the eigenvalue
problem :

—div(a Vi) + qpk = Akppi in Q

(3.2.3)

=0 on 00.
If we endow L2(Q) with the scalar product
(3.2.4) (ulv)p = Jgu(x)v(x)p(x)dx,
then the operator

Lu == —ldiv(a vu) + gu,
p p

with the domain

D(L) = {u € H}(Q) ; Lu € I3(Q)},

is a self-adjoint operator on (L2(0Q), (-] *) p), has a compact resolvent, and thus
admits a sequence of eigenvalues Ag, each having finite multiplicity mg, and
eigenfunctions @k, ; for 1 < i < mg, which can be chosen to form a Hilbert basis
of L2(Q) endowed with the scalar product (] +)p.
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As usual, when @ € HL(Q) and div(a V) € L?(Q), we set

_ o — 0P
yi(p):=(aVep) n=az"

and we know that y1(@) € H™12(3Q) (see section § 1.2). The Neumann
boundary spectral data associated to a, q, p is defined by

(3.2.5)
Nbsd(a, q, p) = {(Ak, span{yl((pk,i} 1<i< mk)) ; k= 1}.

We can also consider the spectral problem associated to the Neumann boundary
value problem, that is

—div(a Vyg,i) + qUk,i = AkpPk,i in Q

(3.2.6) Wi

a =0 on 0102,
on

to which we associate the Dirichlet boundary spectral data defined by
(3.2.7)
Dbsd(a, g, p) = {(?\k, Span{YO(Wk,i} l=<i< mk)) ; k> 1},
where myg is the multiplicity of Ag and g, ; for 1 < i < my are its corresponding
eigenfunctions.

In the coming sections our aim is to show that under appropriate conditions on
the coefficients a, g, p, the knowledge of the boundary spectral data implies
that the associated Poincaré-Steklov operator (see (2.3.4) and Lemma 2.3.2).
More precisely we will show that we can fix A so that for instance g + Axp = 1,
and then for all A > Ax we have
Dbsd(ao, g0, po) = Dbsd(az1, q1, P1) = Aag,q0+Ape = Aay,a1+4p;-

We should add that the same result holds with Nbsd, that is the Neumann
boundary spectral data.

In the following Sections § 3.3 and § 3.4 we follow the approach presented
in the paper B. Canuto & O. Kavian [11].

3.3 THE CASE OF DIRICHLET BOUNDARY SPECTRAL DATA

In this section we assume that the eigenvalues Ag of the Neumann boundary
value problem (3.2.6) are known, each eigenvalue Ax having multiplicity mg > 1,
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and that the family g, ; for k > 1 and 1 < i < my form a Hilbert basis of L2(Q),
endowed with the scalar product (-| -), defined in (3.2.4). We assume also that
the Dirichlet boundary spectral data (3.2.7) is known.

We fix A so that
(3.3.1) q+Axp =1 ae. in Q.

Then for any A > Ax and ¢ € H~1/2(3Q), there exists a unique uy € H}(Q)
solution to the Neumann problem

<|—div(aqu;\) +(g+Ap)ua =0 in Q

(3.3.2) duia

CLWZ Y on 0Q.

Then we define the operator /Tu,q+7\p : H71/2(30Q) — HY2(3Q) by setting
(3.3.3) Aa,q+ao® = yo(ua).

This operator is in fact the inverse of the Poincaré-Steklov Ag, 4+ 2, introduced
in (2.3.4) (though associated to the coefficients a and g + Ap). Recall that
/Ta,qﬂ\p is bounded and self-adjoint.

3.3.1 Lemma. LetA = Ax and ¢ € H-VY2(3Q). Then ua € HY(Q) being
solution to (3.3.2), we have

lim [uallz2g) = 0.
A—> 00

Proof. Multiplying equation (3.3.2) by an eigenfunction yg,; and integrating by
parts twice one finds that

(W, yo(Wrs)) = Jg(aw Vi + (a4 Ap) uwrg) dx

— | (~diva Ve + @+ Ap) wr) uadx
= A+ A) (ual Wk )

where we use the scalar product (| -), defined in (3.2.4) on L2(Q). Thus we
have

(3.3.4) (ual Wi p = Wﬁﬂif’:m

and
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mi
(W, yo(Wi,i))
Uur= D > S Pk
S1icp MetA

Now for A > Ax we have

(W, yo(Wk,i)) 2< (W, yo(Wk,i))
A+ A - A+ Ax

2

and since each term of the left hand side of the above inequality converges
to zero, and since

mg 2
(@, yolwk,i))
2. 2 Akt Ax =

k=1li=1

using Lebesgue dominated convergence theorem we conclude that

mg

lim ual? = lim > >

A—co A= p>1i=1

3.3.2 Lemma. LetA = Ax and ¢ € HY/2(3Q). Thenuy € HY(Q) being solution

to (3.3.2), for a fixed constant ¢ > 0 and for all A = Ax and ¢ € H~1/2(3Q)
we have

(W, yolwr,)) > 0
A+ A o

luallaie) < clwllg-12¢0)

andup — 0 as A - +oo.

Proof. Multiplying (3.3.2) by ua and integrating by parts we have
(3.3.5)J9a| Vua2dx + L)(q +2p) lul2dx = (@, yo(ua))

< ||@llg-12| yo(ua) ||H1/2(a_Q)
< coll@ lg-12 lluallmra),

for some constant co > 0 depending on Q. Assuming that a > &g a.e. in Q,
we have (since g + Ap = q # Axp = 1)

|_alvuaax + | (a+rp)luiZdx = minceo, 1 lualngg,
and from (3.3.5) we conclude that

co
luallgg) < min(eo, 1) Wl z-1200) -
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Now, since the family (ua)a=a, is bounded and 1, — O strongly in L2(Q) as
A — +o0 along any subsequence, the unique weak limit point of the family
is zero, thatis up — 0 as A - +o00. O

Next we compare the functions u and ua,.

3.3.3 Lemma. Setzj :=ux— uA* for A = Ax. Then we have

(A=A
k=11

Proof. One easily verifies that z, satisfies the equation

—div(aVza) + (g +Ap)za = —(A —Ax)ua, in Q
(3.3.7)

9za

n - 0 on 00.

a

Multiplying this equation by yg,; we see that
(A +A) (zZaAlPg,i)p = — (A — Ax) (Ua, Wk, i) ps
and hence, using (3.3.4) for A = A*,

(3:3.:8) = (A+Ak)<A*+Ak) Wkt

k=11
Now consider the operator (L, D( )) defined on LZ(Q), endowed with the scalar
product (| -)p, defined by

Lu = —%div(a vu) +%(q + Agp)u,
with the domain
D(L) = {u €EHYQ); Lu € L>(Q) and agn o}

As mentioned previously, (L, D(L)) is self-adjoint on L?(Q) endowed with the
scalar product (-| -)p and its associated norml|| - ||, and in particular is a closed
operator, making the domain D(L), endowed with the graph norm
1/2
w e llulpey = (luld + ILul?)
a Banach space (in fact, a Hilbert space) and moreover, since (Lulu), =
||u||;_11(g), for some constant ¢ > 0, for all w € D(L) we have

(3.3.9) lullgie) < cllullp) -
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As a matter of fact, one can verify that (since L is a diagonal operator in the
Hilbert basis {yg,i; k=1, 1 <i < mg})

mg
Ity = 3 3 (| lwros |+ A3 ulwrop ).
k=1i=1

From these observations, one can easily see that the series obtained in (3.3.8)
converges in D(L) endowed with its graph norm ||-|p(). We infer from
(3.3.9) that the series converges also in Hl(Q ), and since the trace operator
yo: HL(Q) — HY2(30) is a continuous linear operator we have (3.3.6). O

Recall that the set of admissible coefficients is defined in (1.2.3) as being
Aad = {a € L®(Q); g9 > O such that a = g a.e.on Q}.

3.3.4 Lemma. For j = 0,1 assume thataj, pj € Aaq and qj € L*(Q). Fix
Ax € R such that qj + Axpj = 1. Assuming moreover that aj € W1’°°(Q), if

Dbsd(ao, g0, po) = Dbsd(azi, q1, p1),
then for all A = Ax we have

(3.3.10)
Aag,qo+Axpo — Aar,q1+axpr = Nao,qo+Apo — Aar,qi+2p1-

Proof. First, we know that since a; € wh®(Q), the unique continuation
principle applies and thus the spaces

Span{YO(Wj,k,i) y1<i< mk}
have precisely dimension mg (see Lemma 1.2.3). Also since for each k we have
Span{YO(WO,k,i) ;l=<is< mk} = Span{)’o(%,k,i) ;l<i< mk}

we may assume that a common basis for these spaces have been chosen so that
forallk =1

(3.3.11) Yo(Wo,k,i) = yo(Wi,ki)  for 1 <i=<my.
Next, fix a ¢ € H™1/2(3Q) and let u;,a solve

—div(aj Vuja) + (gj+Apjluja=0 in Q
(3.3.12) duja
4 on

=y on 00,

for j = 0 and j = 1. Upon setting
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Zj,A = UG A T Uf A

thanks to Lemma 3.3.3 we know that

(3.3.13)
mk}\—)\*<(jl,yO(wjki)>
Yo(zja) =— > > o)) )
! Shion (At A) (Ag + Ax) Jokii

Now using (3.3.11) we see that, as a matter of fact, the right hand side of the
above expression is the same for j = 0 and j = 1. Thus for all A > A4 we have

Y0(Z0,a) = yo(z1,2)
which means that
(Aao,qo+?\po - Aao,qo+?\*po) (p) = (Aul,q1+2\pl - Aul,ql+?\*p1) (@)
for all ¢y € H~1/2(3Q), from which (3.3.10) follows. O
We can now state the main result of this section.

3.3.5 Theorem. For j = 0,1 assume thataj, pj € Aaq and q; € L*(Q). Fix
Ax € R such that qj + Axpj = 1. Assuming also that aj € W (Q), and

Dbsd(ao, 0, po) = Dbsd(ai, q1, p1) -
Then for all A = Ay we have

(3.3.14) Kﬂ0,¢10+7\00 = Kﬂ1.41+7\p1'

Proof. With the above notations we know that for a fixed ¢ € H~1/2(3Q) and
all A = A, thanks to (3.3.10) we have
(/Tao,qo+2\*po - /Tal,q1+2\*p1) () = YO(MO,A) - YO(ul,A)-

Thanks to Lemma 3.3.2 we know that uj — 0 in HY(Q) as A - o, and
since yo: H1(Q) — HY2(3Q) is a continuous linear operator, we infer that
Yo(uja) — 01in HY/2(3(2). Therefore

(Aao,110+7\*Po - Aal,q1+2\*p1> () =0,

for all @, that is Agg,ge+Aspo = Aay,q1+2py, [rom which thanks to (3.3.10), we
deduce (3.3.14). O

We can now state the result concerning the inverse spectral problem for the
Neumann boundary value problem, by proving that the knowledge of the
Dirichlet boundary spectral data implies that of two coefficients out of three :
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3.3.6 Theorem. Forj=0,1letaj,pj€ Aag andqj € L*(Q) be given and
moreover assume that aj € W2:*(Q) and that ag = ay and Vag = Va,
on the boundary 0Q. Then if

Dbsd(ag, g0, po) = Dbsd(ai, q1, p1),
we have :

1) ifao = aa, then qo = q1 and po = p1.
2) Ifqo = q1, then ap = a1 and po = p1.
3) If po = p1, then ap = ay and qo = qa.

Proof. By Theorem 3.3.5 we know that
Aao,q0+ap0 = Aan,q1+2p:-
Let us introduce the potentials

1/2
G, WA A%

J a; aliz”

for j = 0, 1. Then using the Liouville transform (see proof of Proposition 2.3.5),
and the fact that agp = a1 and Vag = Vai on the boundary 6Q, we have that

/Tao,q0+?\p0 = Kal,q1+Ap1 = Kl,ﬁo = /Tl,ﬁl-
When N > 3, by Theorem 2.3.7 we know that the space
Eo = span{uoul ; Uj € HY(Q), —Auj + Hjuj =0,j=0, 1}
is dense in L1() and therefore
(3.3.15) Avg, = Avg, = do = da-

When N = 2, there are several results (see for instance A.L. Bukhgeim [9], O.Y.
Imanuvilov & M. Yamamoto [16], E. Blasten, O.Y. Imanuvilov & M. Yamamoto [7])
which prove that Eg is dense in L1(Q) and thus (3.3.15) holds.

Therefore, what we know is that for all A > Ak

172 1/2
(3.3.16) 4o +Apo Aag™™ g1+ Ap1 N Aay/
" ao all? —  a all?z”

Proof of claim 1). If ag = a1, then go + Apg = q1 + Ap1 for all A = A, from
which we deduce claim 1) of the Theorem.

Proof of claim 2). If g9 = g1, then for all A = A4 we have
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Aall? Aatl?
d0+Apo 2% _ dotAp1 A4

1/2 1/2 -
ap a; ai aj
Therefore
1/2 1/2
Po_ p1 0, A% g0 A%
(3.3.17) = and = .
ao a1 ao  al? a1 all?

Now consider the potential

40 a0 1
q(x): a0+ 77 = g a%/z
Upon setting vy = a}/z, we have that
— _490 _
Avg + qug o 0 in Q

_ _4q0 _ .
Av + qun1 " 0 in Q.
If we set v := v1 — Vg one sees that

_Av+(q+£)v:0 in Q, v:a—vzo on 0Q.
VoV1 on

At this point, since the potential g + (qo/vov1) € L®(Q), using the unique
continuation Theorem 1.2.3, we conclude that v = 0 in , that is ag = a1. Using
this in (3.3.17) implies pg = p1, and the proof of claim 2) is complete.

Proof of claim 3). If pg = p1, then the identity (3.3.16) for all A = A implies
that ap = ay, which in turn implies that go = q1. O

3.3.7 Remark. As a matter of fact, proceeding exactly as in Section § 2.2 and
the proofs of Theorem 2.2.4 and Theorem 2.2.6, one can show that when one
assumes that Q is of class C*! and aj € C1(Q), and if qj + Apj > 0, then

Aag,qo+apo = Aay,a1+ap,

implies that ag = a1 and Vag = Vaj on the boundary 0. Therefore in the
statement of Theorem 3.3.6 these assumptions may be relaxed. |

3.4 THE CASE OF NEUMANN BOUNDARY SPECTRAL DATA

In this section we assume that the eigenvalues Ay of the Dirichlet boundary
value problem (3.2.3) are known, each eigenvalue Ax having multiplicity mg > 1,
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and that the family @g,; for k > 1 and 1 < i < mg form a Hilbert basis of L2(0),
endowed with the scalar product (-| -), defined in (3.2.4). We assume also that
the Nirichlet boundary spectral data (3.2.5) is known.

We fix Ax so that
(3.4.1) qa+Axp =1 ae. in Q.

Then for any A > Ax and @ € HY2(3Q), there exists a unique ux € H(Q)
solution to the Dirichlet problem

—div(aVupa) +(g+Ap)ua=0 in Q
(3.4.2)
U =@ on 0Q.
Then we define the operator Ag g+ap : HY2(30Q) — H~V/2(30Q) by setting

ou
(34.3) Aa,q+2p® = y1(up) = a2,

Recall that Ag,q+ap is bounded and self-adjoint.

As we did previously, we denote by (-| -), the weighted scalar product defined
in (3.2.4), and we recall that the elliptic operator

(344) Lu = Lu,q,pu = —%dlv(a Vu) +%u
with the domain
(3.4.5) D(L) = D(La,q,p) = {u € H}(Q) 5 Lu € LA(2) |,

is a self-adjoint operator with a compact resolvent on L2(£2) endowed with
the scalar product (-| -)p, and its associated norm || ||,. Thus denoting the
graph norm of L by

1/2
(3.4.6) lulpey = (el + 1Lul3) ™",

the space D(L) endowed with the norm ||+ [|p(z) is a Banach space (actually
a Hilbert space), and thanks to the J.L. Lions Lemma 1.2.2 there exists a constant
¢ > 0 depending on a, q, p and Q such that
(3.4.7)

ou

Vu € D(L), ly1(w) |g-12 < cllullpr), where y1(u) = az,

We begin by proving the analogous of Lemma 3.3.1, that is the fact that ||ua |/f2
is small as A — oo,
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3.4.1 Lemma. LetA > Ay and @ € HY2(3Q). Thenua € HY(Q) being solution
to (3.4.2), we have

lim [[uallLz(@) = 0.
A= 0

Proof. Multiplying equation (3.4.2) by an eigenfunction gg,; and integrating by
parts twice one finds that

—(y1(@g,i), ) —J (aVu-Vori+ (g +Ap)upg)dx

= J —div(a Vog,i) + (@ + Ap) Pi,i) uadx

= (A +A) (Uual@k,i)p
where we use the scalar product (-] -), defined in (3.2.4) on L?(£2). Thus we

have

(3.4.8) (Uual@k,i)p = —M(X?‘—:’;’@’

and

Z z (Yl (Pk,i), @)

k,i-
is1icy Mkt

Now for A > Ax we have

(y1(®r,1), P) 2< (y1(@r,0), @) 2
A+ A - A+ Ax

and since each term of the left hand side of the above inequality converges
to zero, and since

)

k=1i=1

< oo,

(y1(Pr,i), @) |2
?\k-i-)\*

using Lebesgue dominated convergence theorem we conclude that

Uy @ri), @) ]2

2 _ _
Algn luall lim z PR ‘ = 0.

A0 p>1i=1

Compare the following to Lemma 3.3.2.

3.4.2 Lemma. LetA = Agx and @ € HY2(30), and @ # 0. Then uy € HY(Q)
being solution to (3.4.2), we have
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lim [luallgio) = +ce.
A->+o0

Proof. Indeed, otherwise if the family (u13)a>a, were bounded, there would
exist a subsequence (Upm) )n=1 With AM 400 and u* € HY(Q) so that
Upm — u* weakly in H1(). Since uym — 0 strongly in L2(Q), according to
Lemma 3.4.1, this would imply u* = 0. However, the trace operator being linear
and continuous from H1(Q) into H/2(3), we would have @ = yo(uprm) — 0
in H/2(30), while we have assumed that @ + 0. O

Note that the above result means that || Vuallf2(g) = +0 as A - +00. Asa
matter of fact, even though we are not going to use the following result in
our study of inverse spectral problem, since the result is a good example of
localization of a solution to a boundary value problem inside Q, we are going to
present the proof of the fact that inside Q and far from the boundary 002, the
gradient | Vuy | converges to zero. Recall that we denote the diameter of Q by

diam(Q) = sup |x — y]|.
X, YyEQN

3.4.3 Lemma. Assume that @ + 0 and let0 < ¢ < diam(Q)/2 and define
Qe = {x € Q; dist(x, Q°) < E}.
Then

lim |Vual2dx = 0.
A—>+o00 JONQ,

Proof. Consider a function € € C°(Q) such that 0 < £ <1 and
C(x)=11in Q \ Qg C(x) = 0 in Qg/2.

Multiplying equation (3.4.2) by ?uj and integrating by parts we obtain

JﬂaquAlzdx + L)(q +Ap) lulkdx = =2 JﬂaC VC - uxVuxdx

1/2
< cluallze  |_ag?vuaPax)
Therefore, since g + Ap = 1,and € = 1 on Q \ Q,, we have

J IVuAlzdstaCZIVuA\zdeCIIuAII%Z
oNQ, Q
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from which the claimed result of the Lemma follows, since ||uallgz = 0 as
A —> +o00, O

With the same approach one can show the following result :

3.4.4 Lemma. Assume that ox € 0Q and @ + 0 is such that for a ball B(ox, R)
we have supp(@) C B(0x, R) N 0Q. Then setting B := B(0%, R), we have

lim [Vual?2dx = 0.
A—>+00 JO\B

Since the proof is similar to that of our previous lemma, we may leave it to the
reader. O

In order to overcome the difficulty arising from the unboundedness of 1 in
HL(Q), we are going to establish some identities which will be used later.

3.4.5 Lemma. Assume that @ + 0 and denote by @1 € H}(Q) the first
eigenfunction of the operator (L, D (L)) defined in (3.4.4) and (3.4.5), with
lp1llp =1 and @1 > 0 in Q.Then we have

(3.4.9) L)acpﬂwmzdx +%L}(q A+ AN P) @1lualZdx =

1 op1(o)

p(0)?do,
2 Jaa

and

(3.4.10) L)a(x)(p%IVu;\Izdx +(A+ A1) chpﬂu;\\zpdx =

L)a(x) lua(x) 12| Vr1(x) 2 dx,

Proof. Indeed multiplying (3.4.2) by @11 and integrating by parts we get
(3.4.11)
J ap1lVual?dx + J auy Vuy - Vordx + J (@ + Ap) pruzdx = 0.
Q Q Q
The second term in the above equality can be written
J auavVux - Voidx = %J' V(ui) ~aVeidx
Q Q

_1 2 opi(a) _lj 24
—ZLQu,\(U)a(U) 2D do 5 | uddv(Ten)dx.
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Now @1 being an eigenfunction we have
(3.4.12) div(a Vi) = (g — A1p) @1,

and also up = @ on 0Q. Therefore reporting these into (3.4.11) we deduce
(3.4.9).

In order to obtain (3.4.10) we multiply (3.4.2) by (p%uA and integrate by parts to
obtain

(3.4.13) J a(p%IVuAlzdx+2J ux Vuy - praVeirdx
Q Q

+ J (4 +Ap) pfuidx = 0.
Q
Again, the second term in the above equality can be written as
ZJ uaVua - graverdx = I \% (u%) ~praVeidx
Q Q

= —J u§a|V(p1|2dx —J ui(pldiv(a Vo1)dx,
Q 0

where we have performed an integration by parts and used the fact that 1 =0
on the boundary. Using again (3.4.12) and reporting the result into (3.4.13)
one sees that (3.4.10) holds. O

Next we compare the functions ua and ua,, as we did in Lemma 3.3.3.
3.4.6 Lemma. Setzp:=ujx— ua, for A = Ax. Then we have

(3.4.14)

(A =A%) (V1(Pr,i), @)
yl(ZA) = _kgl Z Ax+A) (Ax + Ax) Yl((Pk,z)
Proof. One verifies that z, satisfies the equation

(3.4.15)
{ —div(aVzpa) + (g+Ap)za=—(A—Ax)uy, in Q

za=0 on 0Q.
Multiplying this equation by @g,; and integrating by parts twice, we see that
(A +A) (zZAlPr,i)p = — (A — Ax) (Ua, | Pk, i)p,
and hence, using (3.4.8) for A = Ay,
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A=Y Z (A =A%) (y1(@r,i), @)

(3-4.16) A+ k) (Ax + ) Pt

k=1i=1
Using the graph norm of the operator (L, D(L)) defined in (3.4.6) one sees
that as a matter of fact the series in (3.4.16) converges in D (L), and thus,
y1:D(L) — H~Y2(3Q) being a continuous linear operator, thanks to (3.4.7),
we obtain (3.4.15). O

3.4.7 Lemma. For j = 0,1 assume thataj, pj € Aaq and qj € L*(Q). Fix
Ax € R such that qj + Axpj = 1. Assuming moreover that aj € W1'°°(Q), if

Nbsd(ao, g0, po) = Nbsd(ai, q1, 1),
then for all A = Ay we have

(3.4.17)
Ado,qo+Axpo — Aar,a1+axp1 = Nao,do+Apo — Nay,q1+ap:-

Proof. As we observed in the proof of Lemma 3.3.4, when aj € wl®Q), we
have
dimSPan{M((Pj,k,i) ;1<i< mk} = my,
and since for each k we have
Span{)’l(@o,k,i) ;l<i< mk} = Span{Yl((Pl,k,i) ;l<i< mk}

we may assume that a common basis for these spaces have been chosen so that
forallk > 1

(3.4.18) Y1(@o,k,i) = Y1(P1,k,i) for 1 <i < my.
Next, fix a @ € H/2(3Q) and let u;,» solve
(3.419) {_diV(ajVUle)+(q1‘+ApJ’)uJ”A=0 in Q
Uja=@ on 00,
for j = 0 and j = 1. Upon setting
ZjA = UjA — Uj,Ap

thanks to Lemma 3.4.6 we know that

(3.4.20)
™A — Ak {y1 (@) ki), @)
YI(ZJ ?\) - _kgl z (Ak+A)(/\k+A*) Yl((Pj,k,i)-
_ 70
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Now using (3.4.18) we see that, as a matter of fact, the right hand side of the
above expression is the same for j = 0 and j = 1. Thus for all A > Ax we have
Y1(zo,a) = y1(z1,a)

which means that

(Aao,tlo+7\Po - Auo,qo+7\*Po) (p) = (Aﬂ1,21+7\P1 - Aa1,111+7\*t71> (@)
forall p € H1/2(30Q), from which (3.4.17) follows. O

Due to the fact that H Vuja H 12 is not bounded, in order to prove that from
the equality Nbsd(ao, qo, po) = Nbsd(azi, q1, p1) we deduce the equality
Aag,qo+Apo = Aay,q1+ap, We need further assumptions on ap — a1 and po — p1
on the boundary.

3.4.8 Lemma. Assume that for j = 0, 1 the coefficients aj, pj € Aaq, and
aj € Wh*(Q), g5 € L*(Q2). Moreover assume that for some constant ¢ > 0

(3.4.21) Vx € Q, lag(x) —ai1(x)| < c(dist(x, 902))?,

and

(3.4.22) Vx € Q, [po(x) — p1(x)]| < c(dist(x,d0Q))?.

Then

(3.4.23) lim (ap — a1) Vuo,a - Vuiadx = 0,
A—=>+o00 JQ

and

(3.4.24) lim A | (po— p1)ug,aur,adx = 0.

A—>+o00 Q

Proof. With the notations of Lemma 3.4.5, thanks to (3.4.10), for some constant
c > 0 and all A > A, we have

jﬂa(x)cm(x)z VuaGo) 2 dx < cllualiZg),
from which, upon using Lemma 3.4.1, we infer that
(3.4.25) lim a(x)<p1(x)2 [ Vur(x) 2dx = 0.
A—>+o00 JQ

Here we are assuming moreover that a € W-®(Q), so by Lemma 1.2.10 we
have
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(3.4.26) c1dist(x,00Q) = @p1(x) = codist(x,00Q).

Therefore, using (3.4.25) we have
lim | (dist(x,0902))?|Vua(x)|?>dx = 0.
A—>+00JQ
In particular, using (3.4.21), for j = 0 or j = 1 we have
. 2
lim J lag(x) —ai(x)]| ‘Vuj,A(x)‘ dx = 0.
A—>+00 JQ

It is clear that since
) 1/2
U (ap—a1) Vug - Vuldx‘ < (J lao — a1l|Vug,al dx)
Q Q

1/2
de) ,

X(J lag —a1l|Vuy,a
Q
the result claimed in (3.4.23) follows.

In order to prove (3.4.24), again using the notations of Lemma 3.4.5 and the
equality (3.4.10), we have, for some constante ¢ > 0,

(A+21) jﬂqn(x)z lua(x)12p(x)dx < cllual2;,
so that, thanks to Lemma 3.4.1, we have
(3.4.27) Iim A| @1(x)2|ua(x)|?p(x)dx = 0.
A—> 400 0

At this point, using the assumption (3.4.22) together with (3.4.26), for j = 0 or
Jj = 1 thanks to the above observations we have

2
lim P\J |po(x) — p1(x)| ‘uj,;\(x)\ dx = 0.
A—>+o00 Q

It is clear that using this and the Cauchy-Schwarz inequality

1/2
zdx)

Y
X(L}|Po—91| |u,al dX) :

implies (3.4.24). O

U (Po—m)uode‘ < (J lpo — p1lluo,a
Q Q

We can now state the analogous of Theorem 3.3.5.
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3.4.9 Theorem. Forj =0, 1 assume thataj, pj € Aad, withaj € WhH*(Q),
and qj € L*(Q). Fix Ax € R such that qj + Axpj = 1. Assume also that
conditions (3.4.21) and (3.4.22) are satisfied, and

Nbsd(ao, g0, po) = Nbsd(ai, q1, p1) .
Then for all A = Ax we have

(3.4.28) Aao,qo+2p0 = Nar,q1+2p: -

Proof. With the above notations we know that for a fixed ¢ € H/2(32) and all
A = Ay, using (3.4.17) we have

(3.4.29)
(Aao,110+7\*ﬂo - Aa1,£11+7\*P1) Y= (Aﬂo,llo+7\Po - Aa1,41+7\91> P.

On the other hand we have :
<<Aao.110+7\po - Aa1.tl1+7\p1> @, q9> = JQ(QO —ai) Vug,a - vul,)\dx
+ L}(qo — q1) ug,au1,adx

+A L)(Po — p1) Ug,aAU1,2dX.

Using (3.4.23), Lemma 3.4.1 and (3.4.24) we know that each of the three terms
on the right hand side of the above equality converges to zero as A — +o0o.
Therefore using this together with (3.4.29) we infer that for all € H/2(30Q)
we have

<(Aao,40+?\*ﬁo - Au1,41+7\*P1) P, (P> =0.

Since the above equality is valid for all € H1/2(3Q) and the operator
Aag,qo+Aspo — Aay,q1+A4p:
is self-adjoint, we conclude that
Aag,qo+Axpo — Aar,a1+2xp1 = 0
and the proof of the Theorem is complete. O

The result concerning the inverse spectral problem for the Dirichlet boundary
value problem, is analogous to Theorem 3.3.6, that is the knowledge of the
Neumann boundary spectral data implies that of two coefficients out of three :
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3.4.10 Theorem. Forj=0,1 letaj,pj € Aaq and qj € L*(Q) be given and
moreover assume that aj € W2:2(Q) , and conditions (3.4.21) and (3.4.22)
are satisfied. Then if

Nbsd(ao, g0, po) = Nbsd(a1, 41, p1),
we have :

1) ifag = aj, then qo = q1 and pg = p1.
2) Ifqo = q1, then ag = a1 and pg = p1.
3) If po = p1, then ap = ax and qo = qa-

Proof. The proof follows that of Theorem 3.3.6 and can be omitted. O
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