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Abstract Setting

Let H, U be Hilbert spaces. Consider:

• A state equation: Ay = Bu, where A : H → H ′, B : U → H ′.

• A cost functional J : U → R, u 7→ J (u).

Optimal Control Problem

Find û ∈ Uad such that

J (û) = min
u∈Uad

J (u),

where Uad ⊆ U is the set of admissible controls.

We will work with Uad = U (unconstrained) and quadratic cost
functionals, for which the theory is complete.
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Existence of a Minimum

Theorem
Let J : U → R be

(i) continuous (or lower semicontinuous),

(ii) strictly convex, and

(iii) coercive: J (u) → +∞ as ∥u∥U → +∞.

Then, there exists a unique minimizer û ∈ U.

Reference: I. Ekeland, R. Temam, Convex Analysis and Variational
Problems, SIAM, 1999.
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STRATEGY FOR PDE PROBLEMS

1. Verify the three conditions for the given J .

2. Characterize û via the optimality condition:

J ′(û) · v = 0 ∀v ∈ U.

3. Express û in terms of an adjoint state.
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EXAMPLE 1: HEAT EQUATION



Example 1 – Heat Equation

Let Ω be an open, bounded, smooth set, Q = (0,T )× Ω, y0 ∈ L2(Ω),
yd ∈ L2(Q).

State equation

For a control h ∈ L2(ω × (0,T )), the state y = y(t , x) satisfies
yt −∆y = h 1ω (t , x) ∈ Q,

y(t , x) = 0 on (0,T )× ∂Ω,

y(0, x) = y0(x) x ∈ Ω.

Cost functional

J (h) =
1
2

∫ T

0

∫
Od

|y − yd |2 +
α

2

∫
ω×(0,T )

|h|2, α > 0.
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Example 1 – Verifying the Hypotheses

Well-posedness. The parabolic theory gives a unique solution
y ∈ C([0,T ];L2(Ω)) ∩ L2(0,T ;H1

0 (Ω)), and h 7→ y(h) is affine (linear +
constant):

y(h) = y0 + Lh,

where y0 solves the uncontrolled equation and L is a bounded linear
operator.

Three conditions for J :

• Continuity. J is a composition of continuous maps.
• Strict convexity. Since h 7→ Lh is linear, h 7→ ∥Lh − yd∥2 is

convex; the term α
2 ∥h∥2 makes it strictly convex.

• Coercivity. J (h) ≥ α
2 ∥h∥2 → +∞.

⇒ There exists a unique minimizer ĥ.
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Example 1 – Deriving the Necessary Condition

For h, ℓ ∈ L2(ω × (0,T )) and ε > 0, let z = zℓ be the directional state:
the unique solution to

zt −∆z = ℓ1ω in Q,

z = 0 on ∂Ω× (0,T ),

z(0, ·) = 0 in Ω.

Since y(h + εℓ) = y(h) + εz, the Gâteaux derivative is:

J ′(h) · ℓ = lim
ε→0

J (h + εℓ)− J (h)
ε

=

∫
Qd

(y − yd) z + α

∫
ω×(0,T )

h ℓ.

Optimality condition: ĥ is optimal iff∫
Od×(0,T )

(y(ĥ)− yd) z + α

∫
ω×(0,T )

ĥ ℓ = 0 ∀ ℓ.
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Example 1 – Introducing the Adjoint State

We want to express
∫
Od×(0,T )

(y − yd) z in terms of ℓ directly.

Introduce the adjoint state ϕ = ϕ(t , x) solving:

Adjoint (backward) equation
−ϕt −∆ϕ = (y − yd)1Od in Q,

ϕ(t , x) = 0 (t , x) ∈ (0,T )× ∂Ω,

ϕ(T , x) = 0 x ∈ Ω.
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Key identity (multiply z-equation by ϕ, ϕ-equation by z, integrate by
parts in Q):∫
Od×(0,T )

(y − yd) z =

∫
Q
(−ϕt −∆ϕ) z =

∫
Q
ϕ (zt −∆z) =

∫
ω×(0,T )

ϕ ℓ.

Substituting the key identity, the optimality condition becomes:∫
ω×(0,T )

(
ϕ+ α ĥ

)
ℓ = 0 ∀ ℓ ∈ L2(ω × (0,T )).
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Example 1 – Optimality System

Since ℓ is arbitrary:

OPTIMAL CONTROL

ĥ = −1
α
ϕ
∣∣
ω×(0,T )

The triple (y , ϕ, ĥ) satisfies the optimality system:
yt −∆y = ĥ 1ω (state),

−ϕt −∆ϕ = (y − yd)1Od (adjoint),

ĥ = − 1
αϕ|ω×(0,T ) (optimality).

This is a coupled forward-backward system for (y , ϕ).
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Example 1 – The Coupled System

Substituting ĥ = − 1
αϕ into the state equation, the optimality system

reduces to finding (y , ϕ) solving:



yt −∆y +
1
α
ϕ1ω = 0 in Q,

−ϕt −∆ϕ− (y − yd)1Od = 0 in Q,

y(t , x) = ϕ(t , x) = 0, (t , x) ∈ (0,T )× ∂Ω

y(0, x) = y0(x), ϕ(T , x) = 0.

SOLVABILITY

This system has a unique solution (y , ϕ). It can be solved by a fixed-
point argument or by reformulating it as a minimization problem on
L2(Ω).
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VARIANT: PENALIZING THE TER-
MINAL STATE



Variant – Penalizing the Terminal State

Traditionally there is a term measuring how far y(T ) is from a desired
final state yT ∈ L2(Ω), α, β > 0:

Modified cost functional

Jβ(h) =
1
2

∫ T

0

∫
Od

|y − yd |2 +
α

2

∫
ω×(0,T )

|h|2 + β

2

∫
Ω
|y(T )− yT |2.

• The new term is still continuous, convex, and does not affect
coercivity (the α

2 ∥h∥2 term dominates).
• Hence Jβ admits a unique minimizer ĥ by the same argument

as before.
• The derivation of the necessary condition follows the same steps

— only the adjoint terminal condition changes.
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Variant – Gâteaux Derivative

With the same directional state z = zℓ (zero initial data), the Gâteaux
derivative now picks up an extra boundary-in-time term:

J ′
β(h) · ℓ =

∫
Od×(0,T )

(y − yd) z︸ ︷︷ ︸
tracking

+α

∫
ω×(0,T )

h ℓ︸ ︷︷ ︸
control cost

+β

∫
Ω
(y(T )− yT ) z(T )︸ ︷︷ ︸

terminal cost

.

Optimality condition at ĥ:∫
Od×(0,T )

(y − yd) z + β

∫
Ω
(y(T )− yT ) z(T ) + α

∫
ω×(0,T )

ĥ ℓ = 0 ∀ ℓ.

We must absorb both integrals involving z into a single duality pairing
with ℓ — this determines the new adjoint.
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Variant – Modified Adjoint Equation

Introduce the adjoint state ϕ solving:

Modified adjoint equation
−ϕt −∆ϕ = (y − yd)1Od in Q,

ϕ(t , x) = 0 (t , x) ∈ (0,T )× ∂Ω,

ϕ(T , x) = β (y(T , x)− yT (x)) x ∈ Ω.

Here we obtain,
ĥ = − 1

α ϕ|ω×(0,T ).
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Variant – Optimality System

The only difference lies in the adjoint terminal condition:

Original (β = 0) Variant (β > 0)

Adjoint eq. −ϕt −∆ϕ = (y − yd )1Od −ϕt −∆ϕ = (y − yd )1Od

Terminal cond. ϕ(T , x) = 0 ϕ(T , x) = β (y(T )− yT )

Optimal control ĥ = − 1
αϕ|ω ĥ = − 1

αϕ|ω

REMARK

As β → +∞, we force y(T ) → yT : this is the link between optimal
control and approximate controllability.
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NULL CONTROLLABILITY



Null controllability

(Hc)


yt −∆y = hχω (t , x) ∈ Q,
y(t , x) = 0, (t , x) ∈ (0,T )× ∂Ω,

y(0, x) = y0, x ∈ Ω.

• Target: find h ∈ L2(0,T ,L2(ω)) such that

y(T ) = 0 .
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Observability inequality

Lemma
The adjoint equation

(Adj)


vt +∆v = 0 (t , x) ∈ ΩT ,

v(t , x) = 0, (t , x) ∈ (0,T )× ∂Ω

v(T , x) = vT , x ∈ (0, π).

Then (Hc) is null controllable iff there exists C > 0 such that v any
solution to (Adj) satisfies∫

Ω
|v(0, x)|2dx ≤ C

∫ T

0

∫
ω
|v(t , x)|2dxdt .
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Proof: functional analysis.
Proof.
Define

P : h ∈ L2(QT ) 7−→ Pv = y(T ;h,0) ∈ H,

and
G : y0 ∈ H 7−→ G(y0) = y(T ;0, y0) ∈ H.

Control to zero ⇐⇒ R(G) ⊂ R(P) ⇐⇒ there exists C > 0 such that

∥G∗(φT )∥H ≤ C∥P∗(φT )∥L2(QT )
, ∀φT ∈ H.

G∗(φT ) = v(·,0) y P∗(φT ) = v1ω

v solution to the adjoint system.

Consequence of the closed graph theorem. See e.g. Tucsnak-Weiss:
Observation and Control for Operator Semigroups (Birkhäuser, 2009)
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Minimization

Given y0 ∈ L2(0, π) we define

J(vT ) =
1
2

∫ T

0

∫
ω
|v |2dxdt +

∫ T

0
y0(x)v(0, x)dx .

Observability inequality ⇒ existence of a minimum v̂T


yt −∆y = v̂χω v̂t +∆v̂ = 0 (t , x) ∈ ΩT ,

y(t ,0) = y(t , π) = 0, v̂(t ,0) = v̂(t , π) = 0, t ∈ (0,T ),

y(0, x) = y0, y(T ) = 0 v̂(T , x) = v̂T , x ∈ Ω.
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Carleman inequalities

Carleman inequalities are weighted in-
equalities which relate a differential opera-
tor with the local weighted norm of the so-
lution.
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Carleman inequalities

Carleman inequalities are weighted in-
equalities which relate a differential opera-
tor with the local weighted norm of the so-
lution.

Carleman in 1939, introduced energy estimates with exponential
weights to show uniqueness of solutions to PDE’s with smooth
coefficients on subsets of R2.
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Carleman inequalities

Carleman inequalities are weighted in-
equalities which relate a differential opera-
tor with the local weighted norm of the so-
lution.

Carleman in 1939, introduced energy estimates with exponential
weights to show uniqueness of solutions to PDE’s with smooth
coefficients on subsets of R2.

Nowadays this kind of inequalities have been generalized and are a
very useful technique for inverse and control problems.
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Kind of function

η0

0 πω
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Kind of function
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Kind of function

Theorem (Fursikov-Imanuvilov)

Let Ω ⊂ Rn be a open and bounded set of class C2. Let ω ⊂ Ω be
a non empty open set and Bδ an open ball centered at x0 ∈ ω with
Bδ ⊂ ω. Then there exists η0 ∈ C∞(ΩT ) such that η0(x) > 0 in Ω,
∂η0
∂ν < 0 on ∂Ω , |∇η0| > 0 in Ω\Bδ .
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Carleman: weighted inequality

Given η0 as before, we define

α(x , t) =
eλ(2∥η0∥∞+η0(x)) − e2λ∥η0∥∞

t(T − t)
,

ξ(x , t) =
eλ(2∥η0∥∞+η0(x))

t(T − t)
, ρ(x , t) = eα(x ,t),

(1)

with λ > 0 .

Key fact lim
s→0+,T−

ρ−1 = 0.
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Now......... Carleman inequality


vt +∆v = F0 in ΩT ,

v = 0 on Σ,

v(T , x) = vT (x) in Ω,

with vT ∈ L2(Ω), F0 ∈ L2(ΩT ),
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Now......... Carleman inequality


vt +∆v = F0 in ΩT ,

v = 0 on Σ,

v(T , x) = vT (x) in Ω,

with vT ∈ L2(Ω), F0 ∈ L2(ΩT ),

Theorem
Ω ⊂ Rn smooth. There exists constants s0, λ0 and C such that, for
every s ≥ s0 and λ ≥ λ0, the solutions satisfy∫∫

ΩT

ρ−2s(sλ2ξ|∇v |2 + s3λ4ξ3v2) ≤ C

(
s3λ4

∫ T

0

∫
ω
ρ−2sξ3|v |2

+

∫∫
ΩT

ρ−2s|F0|2
)
.
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Observability inequality from Carleman

For every s ≥ s0(T + T 2). We got lower and upper bounds:

ρ−2s(x , t)ξ3(x , t) ≥ e−2C(1+1/T ) 1
T 6 in Ω× (T/4,3T/4),

ρ−2s(x , t)ξ3(x , t) ≤ M in Ω× (0,T ).

Then, x

Ω×(T/4,3T/4)

|v |2 ≤ C
x

ω×(0,T )

|v |2

Classical energy estimates give:

∥v(0)∥2
L2(Ω) ≤

2
T

x

Ω×(T/4,3T/4)

|v |2
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GAME THEORY CONCEPTS



• Concept from game theory (Gabriel Cramer 1728, Daniel
Bernouilli 1738).

• The leader (first player) does a movement. The follower (second
player) reacts trying to win or optimize the response to the leader
movement.

• Historical papers due to J. von Neumann and O. Morgenstern
(1943) and Nash (1950). [What is now known as Nash equilibria
is due to Cournot (1838)].
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• Several concepts.

• Two players (controls) one leader, one follower. Called
Stackelberg strategy.

• Several players: Nash equilibria, Pareto strategy etc.......

• We concentrate on Stackelberg strategy.
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HIERARCHIC CONTROL



Hierarchic control [Lions94]

We consider the heat equation
yt −∆y = hχω + vχO in Q = Ω× (0,T )

y = 0 on Σ

y(0, x) = y0(x) in Ω

(Cal)

h v

Two different objectives:

• OPTIMAL CONTROL: y ≈ yd in Od × (0,T )

min
v

1
2

∫∫
Od×(0,T )

|y − yd |2 + β
2

∫∫
O×(0,T )

|v |2, β > 0.

• CONTROLLABILITY find h such that y(T ) = 0 .
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Heat equation

• The leader control h wants to achieve a controllability objective.

• The follower control v wants to achieve, given h, a minimal of a
given functional, an optimization target.
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How to solve the problem?

• Step 1: Fix h and obtain

min
v

1
2

∫∫
Od×(0,T )

|y − yd |2 + β
2

∫∫
O×(0,T )

|v |2.

The functional is continuous, strictly convex and coercive so there
is a unique minimizer characterized by

v = − 1
βpχO−pt −∆p = (y − yd)χOd in Q

p(T , x) = 0 in Ω, p = 0 on Σ.
(Seg)
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How to solve the problem? (Cont.)

• Step 2:
yt −∆y = hχω − 1

βpχO in Q

−pt −∆p = (y − yd)χOd in Q

y(0, x) = y0(x), p(T , x) = 0, y = p = 0 on Σ.

(L-S)

In [Lions94] is proved that (L-S) is APPROXIMATELLY

CONTROLLABLE – ∥y(T )∥L2(Ω) ≤ ε.
Araruna et al. (2015) proved when ω ∩ Od ̸= ∅ and∫∫

Q
ρ2|yd |2 <∞ for ρ→ ∞ as t → T ,

then (L-S) is NULL CONTROLLABLE.
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How to solve the problem? (Cont.)

Prove the observability inequality

∥φ(0)∥2
L2(Ω) +

∫∫
Q
ρ−2|θ|2 ≤ C

∫∫
ω×(0,T )

|φ|2

for the adjoint system
−φt −∆φ = θχOd in Q

θt −∆θ = − 1
βφχO in Q

φ(T , x) = φT , θ(0, x) = 0, φ = θ = 0 on Σ.

(2)

Important fact: θ(0) = 0 and β LARGE .
• Step 3: We define h = φ̂χω where φ̂ is the solution to (2) with

J(φ̂T ) = min
φT∈L2(Ω)

1
2

∫∫
ω×(0,T )

|φ|2 +
∫
Ω

y0φ(0)−
∫∫

Od×(0,T )
yd θ
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Works related with hierarchic control

• Heat and wave equations: Lions, 1994.
• Ocean circulation models: Díaz-Lions 1997, Díaz (2002)
• Stokes: Guillen-González et al., 2013.
• Moving Domains (wave equation): IP de Jesus, 2014, 2015.
• Moving domains (Parabolic equations) Approximate control:

Límaco, J.; Clark, H. R.; Medeiros, L. A. , 2009.
• Linear and semilinear parabolic equations: Araruna,

Fernández-Cara, Santos, 2015 – Control to trajectories.
• Micropolar fluids: Araruna, F. D.; de Menezes, S. D. B.;

Rojas-Medar, M. A. 2014 – approximate controllability, control in
both equations.

• Coupled parabolic equations: Hernández-Santamaría; DeT,
Pozniak (2016) 40



NULL CONTROLLABILITY OF THE
2D BOUSSINESQ SYSTEM
E. FERNÁNDEZ-CARA, S. GUERRERO, O. YU.

IMANUVILOV AND J.-P. PUEL, SIAM J. CONTROL

OPTIM., 45 (2006), 146–173.



The 2D Boussinesq system: one scalar control

Let Ω ⊂ R2 be smooth, Q = (0,T )× Ω, and ω ⊂ Ω open.

yt −∆y + (y · ∇)y +∇π = θe2 in Q,

θt −∆θ + y · ∇θ = f1ω in Q,

∇ · y = 0 in Q,

y = 0, θ = 0 on (0,T )× ∂Ω,

(y , θ)|t=0 = (y0, θ0).

Null controllability

Find f ∈ L2((0,T )× ω) such that y(T ) = 0, θ(T ) = 0.

Only the temperature is directly controlled; velocity is influenced through the
buoyancy force θe2.
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Linearization and the cascade mechanism

Around the zero trajectory, the linearized equations are
yt −∆y +∇π = θe2, ∇ · y = 0,

θt −∆θ = f1ω,

y |∂Ω = θ|∂Ω = 0.

For the adjoint variables (φ,q, ψ):
−φt −∆φ+∇q = 0, ∇ · φ = 0,

−ψt −∆ψ = φ2,

φ|∂Ω = ψ|∂Ω = 0.

The key question: can an observation of ψ on ω recover both adjoint
components? A SINGLE SCALAR OBSERVATION MUST DETECT THE VELOCITY

THROUGH THE COUPLING φ2.
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Why the pressure makes observability difficult

• In the Stokes adjoint, ∇q is a nonlocal constraint enforcing ∇ · φ = 0.
The two velocity components do not satisfy independent heat equations.

• A scalar Carleman estimate for ψ does not directly estimate the full
vector φ: the coupling gives access first to φ2.

• Taking divergence yields ∆q = 0 for the homogeneous Stokes adjoint,
but the pressure cannot simply be set to zero: its boundary behaviour
matters.

• In dimension two, the divergence-free condition and the vorticity
curlφ = ∂1φ2 − ∂2φ1 provide additional structure; eliminating pressure
by taking curl also introduces boundary difficulties.
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Analytical task

Establish a coupled Stokes–heat observability inequality from the
temperature observation, with suitable geometry and boundary con-
ditions.
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The nonlinear problem: a local result

The nonlinear terms are

(y · ∇)y , y · ∇θ.

• A linear observability estimate is the starting point, but does not by itself
imply nonlinear null controllability.

• Work in weighted spaces adapted to the final condition; prove suitable
estimates for the linearized control map.

• Use an inverse-mapping or fixed-point argument to handle the quadratic
nonlinearities.

• The resulting controllability statement is local: for sufficiently small initial
data (in the relevant regularity class), a temperature control can steer
(y , θ) to (0,0) at time T , provided the required linear observability
estimate holds.

46



Two distinct difficulties: pressure and nonlinearity

Transition to hierarchic control
We now add a second temperature control, with a different objective, and
study the resulting leader–follower problem.

Already at the linear level: the Stokes pressure
For the adjoint Stokes–heat cascade,

−φt −∆φ+∇q = 0, ∇· φ = 0, −ψt −∆ψ = φ2.

The scalar observation of ψ first reveals φ2, not the whole velocity φ. The
pressure q couples the velocity components through incompressibility and
the boundary conditions: a componentwise heat estimate is insufficient.
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At the nonlinear level: transport and convection

The terms (y · ∇)y and y · ∇θ introduce products of unknowns and
possible derivative loss. One needs a weighted linear controllability
estimate with enough regularity to control these products.
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From linear observability to local nonlinear control

1. Linear stage: prove an observability inequality for the coupled
Stokes–heat adjoint, including the unobserved velocity component; the
pressure is handled using the divergence-free structure and suitable
Carleman estimates.

2. Functional setting: obtain a right inverse of the linearized controlled
operator in weighted spaces that encode the vanishing final state.

3. Nonlinear stage: treat the quadratic convection terms by an
inverse-mapping (or fixed-point) argument, requiring small data in
appropriate norms.
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BOUSSINESQ SYSTEM
T. TAKAHASHI, LDET, Y. WU-
ZHANG



N = 2

Ω ⊂ R2 and T > 0. Let ω and O be two nonempty open subsets of Ω
with

ω ∩ O = ∅.

We consider the Boussinesq system with two controls f and f ⋆ acting
on the temperature:

∂ty −∆y +∇πy + (y · ∇) y = θe2 in (0,T )× Ω,

∂tθ −∆θ + y · ∇θ = f1ω + f ⋆1O in (0,T )× Ω,

∇ · y = 0 in (0,T )× Ω,

y = 0, θ = 0 on (0,T )× ∂Ω,

y(0, ·) = y0, θ(0, ·) = θ0 in Ω.

(3)

In the above system y = y(t , x) ∈ R2, πy = πy (t , x) ∈ R and
θ = θ(t , x) ∈ R are respectively the velocity, the pressure and the
temperature of the fluid, whereas (e1,e2) is the canonical basis of R2.
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Objectives

The functions f and f ⋆ are two controls that have two different
objectives:

1. the aim of f ⋆ is that (y , θ) remains close to a given target
(y⋆, θ⋆) ∈ L2(0,T ;L2(Ω)3);

2. the aim of f is that the state is at rest at the final time T :
(y , θ)(T , ·) = 0 in Ω.
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Minimization objective

Optimal control problem for f ⋆ where we fix

f ∈ L2(0,T ;L2(ω)), y0 ∈ V, θ0 ∈ H1
0 (Ω).

J(f ⋆) :=
1
2

x

(0,T )×O⋆

[
|y(f ⋆)− y⋆|2 + |θ(f ⋆)− θ⋆|2

]
dx dt

+
1
2

x

(0,T )×O

|f ⋆|2

µ
dx dt

(4)

µ is a weight function satisfying

µ ∈ C0([0,T ];R+), µ(0) = µ(T ) = 0, µ > 0 in (0,T ),
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Lemma

Assume (53) and that (y⋆, θ⋆) ∈ L2(0,T ;L2(Ω)3). There exists a
sufficiently small constant C > 0 such that if ∥µ∥L∞(0,T ) ≤ C, then
the optimal control problem admits a unique solution given by

f ⋆ := −µσ,

where (y , θ,u, σ) is the solution of the coupled system

∂ty −∆y +∇πy + (y · ∇) y = θe2

∂tθ −∆θ + y · ∇θ = f1ω − µσ1O

−∂tu −∆u +∇πu + (∇y)⊤ u − (y · ∇)u + σ∇θ = (y − y⋆)1O⋆

−∂tσ −∆σ − y · ∇σ = u2 + (θ − θ⋆)1O⋆

∇ · y = ∇ · u = 0
y = u = 0, θ = σ = 0
y(0, ·) = y0, θ(0, ·) = θ0, u(T , ·) = 0, σ(T , ·) = 0.
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FOR THE HIERARCHICAL BOUSSINESQ PROBLEM

The leader must control a forward–backward coupled system: the fol-
lower’s adjoint variables add further coupling. Thus its observability
estimate is more involved than that for the single-control Boussinesq
system.
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Theorem

Assume that ω ∩ O = ∅ and that ω ∩ O⋆ ̸= ∅. There exists a suf-
ficiently small constant C > 0 and ρ1, ρ2 ∈ C0([0,T ]) such that
ρ1(0) = ρ1(T ) = ρ2(T ) = 0, ρ1 > 0 and ρ2 > 0 in [0,T ) with
the following property: if

µ

ρ1
∈ L∞(0,T ),

(y⋆, θ⋆)

ρ2
∈ L2(0,T ;L2(Ω)3), (y0, θ0) ∈ V× H1

0 (Ω),

(5)
with ∥∥∥∥(y⋆, θ⋆)

ρ2

∥∥∥∥
L2(0,T ;L2(Ω)3)

+
∥∥∥(y0, θ0)

∥∥∥
H1(Ω)3

≤ C,

then, there exist a control f ∈ L2(0,T ;L2(ω)) and a solution

(y , θ, u, σ)

of (5) satisfying y(T , ·) = 0, θ(T , ·) = 0 in Ω.
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CHANGE OF ROLES
B. CALSAVARA, E. FERNÁNDEZ-
CARA, LDET, J.A. VILLA



Leader: control optimization, Follower: null controllability


yt −∆y + a(x , t)y = f1O + v1ω in Q,
y = 0 on Σ,

y(0, ·) = y0 in Ω

(6)

Objectifs: We consider the secondary functional

S(v ; f ) :=
1
2

∫∫
Q
ρ2 |y |2 + 1

2

∫∫
O×(0,T )

ρ2
0 |f |

2 , (7)

where ρ and ρ0 are appropriate weights that blow up as t → T− and
the main functional

P(v ; f ) :=
α

2

∫∫
Od×(0,T )

|y − yd |2 +
µ

2

∫∫
ω×(0,T )

ρ2
0|v |2, (8)

where α and µ are positive constants and yd = yd(x , t) is a given
function.
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Stackelberg strategy

The following spaces will be used:

U := { v : ρ0v ∈ L2(ω × (0,T )) },

Y := { y : ρy ∈ L2(Q) }, F := { f : ρ0f ∈ L2(O × (0,T )) }.
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Stackelberg strategy

The control process can be described as follows:

1. We associate to each leader v ∈ U the unique solution f [v ] to the
following extremal problem:{

Minimize S(v ; f )

Subject to f ∈ F
(9)

2. Then, we look for admissible controls v̂ ∈ U satisfying

P(v̂ ; f [v̂ ]) = min
v

P(v ; f [v ]) (10)
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Weight functions from Carleman inequalities

Weight functions ρ and ρ0.

Let η0 = η0(x) be a function satisfying{
η0 ∈ C2(Ω), η0 > 0 in Ω, η0 = 0 on ∂Ω,
|∇η0| > 0 in Ω \ ω.

Function η0 given by Fursikov-Imanuvilov 1996. Then, we introduce
the weight functions

σ(x , t) :=
e4λ∥η0∥∞ − eλ(2∥η0∥∞+η0(x))

ℓ(t)
, ξ(x , t) :=

eλ(2∥η0∥∞+η0(x))

ℓ(t)
,

ρ := esσ, ρ0 := (sξ)−3/2λ−2ρ, ρ1 := (sξ)−1λ−1ρ, ρ2 := sξ ρ,

where s, λ > 0 are large enough and ℓ ∈ C∞([0,T ]) satisfies
ℓ(t) ≥ T/2 in [0,T/2] and ℓ(t) = T − t in [T/2,T ].

60



Main Result

Theorem

Let us consider the linear system (6), where a ∈ L∞(Q) and y0 ∈
L2(Ω).

1. For every v ∈ U , there exists exactly one solution f [v ] minimizing
S(v , f ).

2. Let us set P̃(v) := P(v ; f [v ]). Then there exists exactly one
minimizer v̂ of P̃ in U and, consequently, one associated follower
f [v̂ ] .
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Idea of the proof

Let us introduce the notation

Lay := yt −∆y + ay , L∗
ap := −pt −∆p + ap

and let the space P0 be given by

P0 := {p ∈ C2(Q) : p = 0 on Σ }.

We define the symmetric bilinear form on P0

m(a;p,p′) :=

∫∫
Q

(
ρ−2L∗

ap L∗
ap′ + 1Oρ

−2
0 p p′

)
that is in fact a scalar product. In fact, (Carleman Inequality)∫∫

Q

[
ρ−2

2 (|pt |2 + |∆p|2) + ρ−2
1 |∇p|2 + ρ−2

0 |p|2
]
≤ C0 m(a;p,p).
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Idea of the proof (Cont.)

Define
P = P0

Theorem

Let v be given in U. Then, there exists exactly one solution f [v ] ∈
L2(O × (0,T )) minimizing S. Furthermore, one has

f [v ] = −ρ−2
0 p

∣∣
O×(0,T )

, y = ρ−2L∗
ap,

where p is the unique solution to the linear problem
m(a;p,p′) =

∫∫
ω×(0,T )

v p′ +

∫
Ω

y0(x)p′(x ,0)dx

∀p′ ∈ P, p ∈ P.
(11)
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In fact we use Lax-Milgram Theorem to prove that p ∈ P and one has
La(ρ

−2L∗
ap) + ρ−2p1O×(0,T ) = v1ω×(0,T ) in Q,

p = 0, ρ−2L∗
ap = 0 on Σ,

ρ−2L∗
ap
∣∣
t=0= y0, ρ−2L∗

ap
∣∣
t=T= 0 in Ω.

(12)

That is
f [v ] = ρ−2p1O×(0,T ), y = ρ−2L∗

ap
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Theorem

The real-valued function v 7→ P(v ; f [v ]) is well defined, C1 and strictly
convex on U and satisfies

P(v ; f [v ]) → +∞ as v ∈ U , ∥v∥U → +∞.

Consequently, there exists exactly one control v ∈ U minimizing P.
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Characterization

The unique solution v̂ satisfies, together with the associated f [v̂ ], the
associated state ŷ and the additional variables p̂ and ϕ̂, the following
optimality system: f [v̂ ] = −ρ−2

0 p̂
∣∣
O×(0,T )

, ŷ = ρ−2L∗
ap̂,
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Characterization


ŷt −∆ŷ + a(x , t)ŷ = f [v̂ ]1O + v̂1ω in Q,
ŷ = 0 on Σ,

ŷ(0, ·) = y0 in Ω,

f [v̂ ] = −ρ−2
0 p̂

∣∣
O×(0,T )

, ŷ = ρ−2L∗
ap̂,

m(a; p̂,p′) =

∫∫
ω×(0,T )

v̂ p′ +

∫
Ω

y0(x)p′(x ,0)dx

∀p′ ∈ P, p̂ ∈ P,

v̂ = −1
µ
ρ−2

0 (ψ̂ + ϕ̂)
∣∣
O×(0,T )

,
m(a;p′, ψ̂) = −

∫∫
O×(0,T )

ρ−2
0 ϕ̂p′

∀p′ ∈ P, ψ̂ ∈ P,

(13)
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GIES
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Stackelberg–Nash: one leader, two followers

Let Q = Ω× (0,T ), Σ = ∂Ω× (0,T ).
yt −∆y + a(x , t)y = f 1O + v11O1 + v21O2 in Q,

y = 0 on Σ,

y(0, ·) = y0 in Ω.

• Leader f ∈ L2(O × (0,T )): seeks exact controllability to a prescribed
trajectory.

• Followers v i ∈ L2(Oi × (0,T )), i = 1,2: optimize their own costs, with f
fixed.

Ji(f ; v1, v2) =
αi

2

∫ T

0

∫
Oi,d

|y − yi,d |2 +
µi

2

∫ T

0

∫
Oi

|v i |2, i = 1,2.
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What is a Nash equilibrium?

Fix the leader control f . A pair (v̂1, v̂2) is a Nash equilibrium if neither
follower can improve its cost by changing its own control alone:

J1(f ; v̂1, v̂2) ≤ J1(f ;w1, v̂2) ∀w1 ∈ L2(O1 × (0,T )),

J2(f ; v̂1, v̂2) ≤ J2(f ; v̂1,w2) ∀w2 ∈ L2(O2 × (0,T )).

For the linear state equation, each cost is convex with respect to its own

follower control. Thus the Nash conditions are equivalent to

Dv1J1(f ; v̂1, v̂2)[w1] = 0, Dv2J2(f ; v̂1, v̂2)[w2] = 0

for all admissible directions w1,w2. Nash equilibrium does not mean joint

minimization of J1 + J2.
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Characterization through adjoint states

For fixed f , let y be the state corresponding to a Nash equilibrium. Introduce
φi (i = 1,2) solving

−φi
t −∆φi + a(x , t)φi = αi(y − yi,d )1Oi,d in Q,

φi = 0 on Σ,

φi(T , ·) = 0 in Ω.

Integration by parts in the first-order Nash conditions yields∫ T

0

∫
Oi

(φi + µiv i)w i = 0 ∀w i , v i = − 1
µi
φi
∣∣
Oi×(0,T )

.

Hence the state and the two adjoints form a coupled forward–backward
system:

yt −∆y + ay = f1O −
2∑

i=1

1
µi
φi1Oi .
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Existence of Nash equilibria and the leader’s goal

• For a fixed f , the first-order conditions give a linear system
L(v1, v2) = Ψ on L2(O1 × (0,T ))× L2(O2 × (0,T )).

• If the penalties µi are sufficiently large, L is coercive. Lax–Milgram gives
a unique Nash equilibrium for each f (Proposition 2.1).

• The leader then minimizes

1
2

∫ T

0

∫
O
|f |2 subject to y(T , ·) = ȳ(T , ·),

where ȳ is a prescribed uncontrolled trajectory.

Exact controllability to trajectories

Assume O1,d = O2,d = Od , Od ∩O ≠ ∅, µi large, and
∫
Od×(0,T )

ρ̂2|yi,d −ȳ |2 <
∞ for a suitable weight ρ̂(t) → ∞ as t → T . Then there exist a leader f and
associated Nash followers with y(T , ·) = ȳ(T , ·).
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Additional problems

• Semilinear equation

• Multiobjective: Pareto Equilibria

• Distributed control leader + boundary control follower

• Both controls on the boundary.

• Wave equation.

• Other equations.
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¡Gracias!

Thank you!

Merci!

Obrigada!
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