HIERARCHICAL CONTROL:
CONTROLS WITH DIFFERENT
OBJECTIVES

Luz DE TERESA,

UNIVERSIDAD NACIONAL AUTONOMA DE MEXICO
DocCOURSE 2026

SEVILLA

Ideteresa@im.unam.mx

i é ! Instituto de
Matematicas




ABSTRACT OPTIMAL CONTROL
PROBLEM




Abstract Setting

Let H, U be Hilbert spaces. Consider:

« A state equation: Ay = Bu,where A:-H -+ H',B: U — H'.
» A cost functional 7 : U — R, u — J(u).

Optimal Control Problem

Find U € U,q such that
J(0) = min J(u),

ueUy

where U,y C U is the set of admissible controls.

We will work with U,g = U (unconstrained) and quadratic cost
functionals, for which the theory is complete.
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Existence of a Minimum

LetJ : U — R be

(i) continuous (or lower semicontinuous),
(il) strictly convex, and
(iii) coercive: J(u) — +oo as ||ul|y — +oo.
Then, there exists a unique minimizer i € U.

Reference: |. Ekeland, R. Temam, Convex Analysis and Variational
Problems, SIAM, 1999.




STRATEGY FOR PDE PROBLEMS

1. Verify the three conditions for the given 7.
2. Characterize & via the optimality condition:

J(b)-v=0 Vvel.

3. Express i in terms of an adjoint state.




EXAMPLE 1: HEAT EQUATION




Example 1 — Heat Equation

Let © be an open, bounded, smooth set, Q = (0, T) x Q, yo e LZ(Q),
yd € L2(Q).

State equation

For a control h € L?(w x (0, T)), the state y = y(t, x) satisfies

yi— Ay =h1, (t,x)eQ,
y(t,x)=0 on (0, T) x 02,
y(0,x) = y°(x) xe€Q.

Cost functional

17 2, @ 2
J(h) =5 Yy —ydl“+ 5 |hl%,  a>0.
2 Jo Joy, 2 Jux(0,T)




Example 1 — Verifying the Hypotheses

Well-posedness. The parabolic theory gives a unique solution
y € C([0, T]; L3(Q)) N L3(0, T; H}(2)), and h — y(h) is affine (linear +
constant):

y(h) = yo + Lh,
where yq solves the uncontrolled equation and L is a bounded linear
operator.

Three conditions for 7:

» Continuity. 7 is a composition of continuous maps.

« Strict convexity. Since h+ Lhis linear, h+— ||Lh — y4||? is
convex; the term §||h||? makes it strictly convex.

- Coercivity. 7(h) > §|h|? — +oc.

|
— There exists a unique minimizer h.
*




Example 1 — Deriving the Necessary Condition

For h,¢ € L?(w x (0, T)) and € > 0, let z = z* be the directional state:
the unique solution to

—Az=/1, inQ,
z=0 on 0Q x (0, T),
z(0,-)=0 in Q.
Since y(h+ &f) = y(h) + ez, the Gateaux derivative is:
(

Th) = j’”d)ﬂh):/ (y—yd)z+a/ he.
€ Qq wx(0,T)

Optimality condition: h is optimal iff

/ (y(ﬁ)yd)z+a/ he=0 ve.
Ogx(0,T) wx(0,T)




Example 1 — Introducing the Adjoint State

We want to express / (¥ — yq) z in terms of ¢ directly.
04%(0,T)

Introduce the adjoint state ¢ = ¢(t, x) solving:
Adjoint (backward) equation
_¢t_A¢:(y_yd)1Od in Qv

o(t,x)=0 (t,x) € (0, T) x 09,
¢(T’X):O x € €.



Key identity (multiply z-equation by ¢, ¢-equation by z, integrate by
parts in Q):

/de(o,T)(y_yd)Z:/()(_¢t_A¢)Z:/(3¢(ZT_AZ):/LUX(O,T)M'

Substituting the key identity, the optimality condition becomes:

/ (p+ah) t=0 Ve Pwx(0,T)).
wx(0,T)
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Example 1 — Optimality System

Since ¢ is arbitrary:

OPTIMAL CONTROL

1

I,:] = _a ¢‘w><(0,7')

The triple (v, ¢, h) satisfies the optimality system:

yi — Ay = h1, (state),
—¢r — Ap=(y — ya) 1o, (adjoint),

h= —Loluxm (optimality).

This is a coupled forward-backward system for (y, ¢).

W
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Example 1 — The Coupled System

Substituting h = —%qﬁ into the state equation, the optimality system
reduces to finding (y, ¢) solving:

}’t—A}’+$¢>1w=0 in Q,
7¢T*A¢7(y7yd)10d:0 in 07
y(t,x) = ¢(t,x) = 0,(t,x) € (0, T) x 60
y(0,x) = y°(x), ¢(T,x)=0.

SOLVABILITY

This system has a unique solution (y, ¢). It can be solved by a fixed-
point argument or by reformulating it as a minimization problem on
L2(Q).

vfﬁ'
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VARIANT: PENALIZING THE TER-
MINAL STATE




Variant — Penalizing the Terminal State

Traditionally there is a term measuring how far y(T) is from a desired
final state yr ¢ 2(Q), a, 8 > 0:

Modified cost functional
1 T leY

G =3 [ [ v+ [ i+ [ -yl
2 Jo Jo, 2 Jux(0,T) 2 Jg

« The new term is still continuous, convex, and does not affect
coercivity (the %[/h||2 term dominates).
* Hence J3 admits a unique minimizer h by the same argument
as before.
» The derivation of the necessary condition follows the same steps
— only the adjoint terminal condition changes.
*
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Variant — Gateaux Derivative

With the same directional state z = z¢ (zero initial data), the Gateaux
derivative now picks up an extra boundary-in-time term:

j[;(h)-z:/

OdX(O,T)

tracking control cost terminal cost

Optimality condition at h:

/ (YYd)Z+/8/(Y(T)yT)Z(T)+a/ he=0 v
Ogx(0,T) Q wx(0,T)

We must absorb both integrals involving z into a single duality pairing
with ¢ — this determines the new adjoint.

W

(y—yd)zm/x(o T)huﬂ/ﬂ(y(r)—yr)z(r).

15



Variant — Modified Adjoint Equation

Introduce the adjoint state ¢ solving:

Modified adjoint equation

—¢t— Ao = (¥ — ya) 104
o(t,x) =0

in Q,
(t,x) € (0, T) x 09,

(O(T, ) =B((T,x) - yr(x))| xeQ

Here we obtain,

16



Variant — Optimality System

The only difference lies in the adjoint terminal condition:

Original (5 = 0) Variant (8 > 0)
Adjoint eq. —¢t— D= (Y —Ya)lo, —dt—Do=(y—Ya)lo,
Terminal cond. H(T,x)=0 &(T,x)=pBy(T)—yr)
Optimal control h=—-1¢, h=-1¢,

REMARK

As 5 — +oo, we force y(T) — yr: this is the link between optimal
control and approximate controllability.

? » 17



NULL CONTROLLABILITY




Null controllability

yi— Ay =hy, (t,x) € Q,
(He) y(t,x) =0, (t,x)€(0,T)x0Q,
y(0,x)=y% xeqQ.

e Target: find h € L2(0, T, L?(w)) such that

y(T)=0|

19




Observability inequality

Lemma

The adjoint equation

vi+Av =0 (t x)eQr,
(Adj) § v(t,x)=0, (tx)€(0,T)xQ
v(T,x)=v", xe(0,n).

Then (Hc) is null controllable iff there exists C > 0 such that v any
solution to (Adj) satisfies

)
/|v(0,x)|2dx§ c//|v(t,x)|2dxdt.
Q 0Jw

20




Proof: functional analysis.

Define

P:he l?(Qr) — Pv=y(T;h0)eH,
and

G:yo € H— G(yo) = y(T;0,y0) € H.

Control to zero <= R(G) C R(P) | <= there exists C > 0 such that

1G"(e7)lln < ClIP*(eT)lli2(@r),  Ver € H.

G'(er)=Vv(0) ¥y Per)=V1s

v solution to the adjoint system. Ol

Consequence of the closed graph theorem. See e.g. Tucsnak-Weiss:

Observation and Control for Operator Semigroups (Birkhauser, 2009)
» 21




Minimization

Given y° € L?(0, ) we define

J(vT) = ;/OT/ |v|2dxdt+/OTyO(x)v(O,x)dx.

Observability inequality = existence of a minimum ¥

Ye— Ay = Vxw
y(t,O) :y(tvﬂ-) =0,

y(0.%) =y [y(T) = 0|

T

At+A0:O (t,X)EQT,
v(t,0)=V(t,m)=0, te(0,T),
WT,x)=0", xeqQ.
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Carleman inequalities

Carleman inequalities are weighted in-
equalities which relate a differential opera-
tor with the local weighted norm of the so-
lution.
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Carleman inequalities

Carleman inequalities are weighted in-
equalities which relate a differential opera-
tor with the local weighted norm of the so-
lution.

Carleman in 1939, introduced energy estimates with exponential
weights to show uniqueness of solutions to PDE’s with smooth

coefficients on subsets of R2.

23
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Carleman inequalities

Carleman inequalities are weighted in-
equalities which relate a differential opera-
tor with the local weighted norm of the so-
lution.

Carleman in 1939, introduced energy estimates with exponential
weights to show uniqueness of solutions to PDE’s with smooth
coefficients on subsets of R2.

Nowadays this kind of inequalities have been generalized and are a
very useful technique for inverse and control problems.

w2
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Kind of function

710
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Kind of function
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Kind of function

Theorem (Fursikov-Imanuvilov)

Let Q c R" be a open and bounded set of class C°. Letw C Q be
a non empty open set and Bs an open ball centered at xo € w with
Bs; C w. Then there exists ng € C>(Qr) such that ny(x) > 0 in L,
%0 < 00ndQ, |Vig| >0inQ\Bs .

24




Carleman: weighted inequality

Given ng as before, we define

A\ (2llmolloo+10(x)) _ g2Noloo
KT —1)
, e 2lInollootm0(X))
£(X7 ) - t(T o t) )

a(x, t) =

p(X, t) = ea(x,t)7

with A > 0.

Key fact lim_ p'=0.




Now......... Carleman inequality

vi+ Av = Fy in Qr,

v=0 ony,
v(T,x) =vr(x) inQ,
with vr € L3(Q), Fy € L3(Q7),

26



Now......... Carleman inequality

vi+Av = F in Qr,
v=0 onyx,
v(T,x) = vr(x) inQ,
with vr € L2(Q), Fy € L2(Q7),
Theorem

Q c R" smooth. There exists constants sy, \g and C such that, for
every s > sy and \ > \q, the solutions satisfy

;
// P 2S(SX2E| VYR + $BA%3V2) < C(S3A4//p_2553\v\2
Qr w

0
+// P_23|Fo’2) -
Qr

26



Observability inequality from Carleman

For every s > so(T + T2). We got lower and upper bounds:

p25(x, )E3(x, 1) > efZCUH/T)T1 in ]Q x (T/4,3T/4),

p B (x, HE3(x, ) <M in Qx(0,T).

Then, ﬂ" V<o fj e

x(T/4,3T/4) wx(0,T)

Classical energy estimates give:

2
2 2
VOl <3 J] v

Qx(T/4,3T/4)

27



GAME THEORY CONCEPTS




» Concept from game theory (Gabriel Cramer 1728, Daniel
Bernouilli 1738).
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» Concept from game theory (Gabriel Cramer 1728, Daniel
Bernouilli 1738).

» The leader (first player) does a movement. The follower (second
player) reacts trying to win or optimize the response to the leader
movement.
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» Concept from game theory (Gabriel Cramer 1728, Daniel
Bernouilli 1738).

» The leader (first player) does a movement. The follower (second
player) reacts trying to win or optimize the response to the leader
movement.

« Historical papers due to J. von Neumann and O. Morgenstern
(1943) and Nash (1950). [What is now known as Nash equilibria
is due to Cournot (1838)].

29



ON THE THEORY OF GAMES OF STRATEGY'

John von Neunann

(4 translation by Mrs. Sonye Bargmann of
"Zur Theorle der Gesellachafbss isle, ”
Mathematische Annalen 100 ()928 » PD-
295-320.]

INTRODUCTION

7. The present paper 1s concerned with the following question:
n players 8, 5,, ..., 8 are playing a glven game of
strategy, ©. llow must one of tho partleipants, g,

play in order to achiove a most advantageous results

The problem 1s well known, end there 1s hardly a situation
dally life into which this problem does not snber.
this question is not unambiguous.

in
Yet, the meanling of

For, as soon a3 n > 1 (i.e.,  isa
geme of strategy in the proper sense),

the fate of each player depends not
4nly on his own actions but also on tho

se of the others, and their be-
hevior is wotivaled by the same selfish interests as

 first player. We fesl that the sitw

the behavior of the
on 1s inherently circular.-

Hsnce we wust Plrst endeavor to find a cle
What, exactly, is s gamo of strategy? A great many ddfferent
“things come under this heading, anythlng from roulette to chose, from
ent - glven the external con-
tion (provided the iatter ave
own free will) - may be regarded as a game of st
one looks at the effect 1t has on the partic
these things have in common?

: tormulation of the
auestion.

i baccarat to bridge. And after all, an
ditions anq

acting of the.

rticipants in the s

rategy if
VWhat element do ali

pants.
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EQUILIBRIUM POINTS IN N-PERSON GAMES
By Jonx F. Nasw, Je.*
Prascerox Usiversiry
Communicated by . Lefschetz, Noveaber 16, 1949

One may define a concept of an -person game in which each player has

a finite set of pure strategies and in which a definite set of payments to the
n players corresponds to each n-tuple of pure strategies, one strategy
being taken for cach player. For mixed strategics, which are probability

Vor. 36, 1950 MATHEMATICS: G. POLYA 49

the p th
Lions of the players, thus becoming polsfincar ﬁmns in the pmbshnhhes
with which the various players play their various pure strategies.

Any n-tuple of strategies, one for each player, may be regarded as a
point in the product space obtained by multiplying the n strategy spaces
of the players. One such -tuple counters another if the strategy of cach
player in the countering n-tuple yields the highest obtainable expectation
for its player against the n — 1 :lmtegms of the other players in the
countered n-tuple. A sclf- et

"The correspondence of each a-tuple.with its set of countering a-tuples
gives a one-to-many mapping of the product space into itself. From the
definition of countering we see that the st of countering points of a point
is convex. By using the continuity of the pay-off functions we se that the
graph of the mapping is closed. The closedness is equivalent to saying:
PP, ... and Qs Qs .., O ... are sequences of points in the product
space where Q, = Q, P, — P and Q, counters P, then Q counters P.

Since the graph is closed and since the image of each point under the
‘mapping is convex, we infer from Kakutani's theorem! that the mapping
has a fixed point (i.e., point contained in its image). Hence there is an
equilibrium point.

two-person zero-sum case the “main theorem’”* and the e
of an equilibrium point are equivalent. In this case any two equilibrium
points lead to the same expectations for the players, but this need not oceur
in general.

- The sutor b b 0 D Durid Gl Lo g the e o Kakutaats
theser to o e predsod o the & B. . fx

450 (1941).
venster, O, The e Thor of Gonesand Ecoomic be-
aion, Chap . Penecton Usivemity Fron, P
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 Several concepts.
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 Several concepts.

» Two players (controls) one leader, one follower. Called
Stackelberg strategy.
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 Several concepts.

» Two players (controls) one leader, one follower. Called
Stackelberg strategy.

» Several players: Nash equilibria, Pareto strategy etc.......
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Several concepts.

Two players (controls) one leader, one follower. Called
Stackelberg strategy.

Several players: Nash equilibria, Pareto strategy etc.......
We concentrate on Stackelberg strategy.
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HIERARCHIC CONTROL




Hierarchic control [Lions94]

We consider the heat equation
Yi— Ay =hx,+vxo iInQ=Qx(0,T)
y=0 onxy (Cal)
y(0,x) = y°(x) in

h %

Two different objectives:

* OPTIMAL CONTROL: ¥y = ygin O4 x (0, T)

min1// ly — Yd’2+ﬁ// \V\z, 3> 0.
v 0gx(0,T)

* CONTROLLABILITY find h such that y(T) 0

35
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Heat equation

* The leader control h wants to achieve a controllability objective.

» The follower control v wants to achieve, given h, a minimal of a
given functional, an optimization target.

36



How to solve the problem?

» Step 1: Fix h and obtain

mo 3 [ y-veeg [ R
Ogx(0,7T) Ox(0,T)

The functional is continuous, strictly convex and coercive so there
is a unigue minimizer characterized by

|

V= *%PXO

—pt —Ap= (¥ — Ya)xo, inQ

p(T,x) =0

inQ, p=0 onkx.
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How to solve the problem? (Cont.)

» Step 2:

Yt — Ay = hy, — *PXO inQ
—pt —Ap=(¥y — Yd)xo, inQ

y(0,x) = y°(x), p(T,x) =0, y=p=0 onX.

In [Lions94] is proved that (L-S) is APPROXIMATELLY
CONTROLLABLE — [[y(T)|l2() < &
Araruna et al. (2015) proved when wNOy # 0 and

//p lygl? < oo| forp—ocast— T,

then (L-S) is NULL CONTROLLABLE.

(L-S)

38



How to solve the problem? (Cont.)

Prove the observability inequality

ot [l <o ] 1
I(0) ey + [ o210 [ o

for the adjoint system
—pt— Ap =0xpo, InQ
0; — NG = —%tpxo inQ

o(T,x) =1, 0(0,x) =0, ¢=60=0 onkX.

Important fact: #(0) = 0 and 5 LARGE .
» Step 3: We define h = ¢y, where ¢ is the solution to (2

) with

sor) = miney 3 [ gl o0 ]
(SOT) pTEL?(Q) 2 wx(0,T) ‘99| Qy 90 Ogx(0, T

39



Works related with hierarchic control

» Heat and wave equations: Lions, 1994.

* Ocean circulation models: Diaz-Lions 1997, Diaz (2002)

» Stokes: Guillen-Gonzalez et al., 2013.

* Moving Domains (wave equation): IP de Jesus, 2014, 2015.

* Moving domains (Parabolic equations) Approximate control:
Limaco, J.; Clark, H. R.; Medeiros, L. A. , 2009.

 Linear and semilinear parabolic equations: Araruna,
Fernandez-Cara, Santos, 2015 — Control to trajectories.

 Micropolar fluids: Araruna, F. D.; de Menezes, S. D. B.;
Rojas-Medar, M. A. 2014 — approximate controllability, control in
both equations.

» Coupled parabolic equations: Hernandez-Santamaria; DeT,

Pozniak (2016)
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NULL CONTROLLABILITY OF THE
2D BOUSSINESQ SYSTEM

E. FERNANDEZ-CARA, S. GUERRERO, O. Yu.
IMANUVILOV AND J.-P. PUEL, SIAM J. CONTROL
OPTIM., 45 (2006), 146—173.




The 2D Boussinesq system: one scalar control

Let Q C R2 be smooth, Q = (0, T) x Q, and w C  open.

Yi—Ay+(y-V)y+ Vr=fe in Q,
0 —AO+y-VO =", in Q,
V-y=0 in Q,
y=0, 0=0 on (0, T) x 09,
(¥,0)lt=0 = (¥°,6°).

Null controllability

Find f € L3((0, T) x w) such that| y(T) =0, 6(T)=0.]

Only the temperature is directly controlled; velocity is influenced through the

buoyancy force fe,.
*
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Linearization and the cascade mechanism

Around the zero trajectory, the linearized equations are
Yt — Ay +Vr =0es, V.y=0,
0 — A0 =1,
Y]oa = 0laq = 0.
For the adjoint variables (¢, g, ¢):
—pt—Ap+Vg=0, V.-p=0,
—r — Ap = 2,
¢loa = ¥laa = 0.

The key question: can an observation of ¢) on w recover both adjoint
components? A SINGLE SCALAR OBSERVATION MUST DETECT THE VELOCITY

THROUGH THE COUPLING 2.

43
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Why the pressure makes observability difficult

* In the Stokes adjoint, Vq is a nonlocal constraint enforcing V - ¢ = 0.

The two velocity components do not satisfy independent heat equations.

+ A scalar Carleman estimate for ¢ does not directly estimate the full
vector ¢: the coupling gives access first to ¢».

 Taking divergence yields Ag = 0 for the homogeneous Stokes adjoint,
but the pressure cannot simply be set to zero: its boundary behaviour
matters.

+ In dimension two, the divergence-free condition and the vorticity
curl p = d1p2 — dopq provide additional structure; eliminating pressure
by taking curl also introduces boundary difficulties.
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Analytical task

Establish a coupled Stokes—heat observability inequality from the
temperature observation, with suitable geometry and boundary con-
ditions.

45



The nonlinear problem: a local result

The nonlinear terms are

(v-V)y, y-Ve.

A linear observability estimate is the starting point, but does not by itself
imply nonlinear null controllability.

+ Work in weighted spaces adapted to the final condition; prove suitable
estimates for the linearized control map.

» Use an inverse-mapping or fixed-point argument to handle the quadratic
nonlinearities.

» The resulting controllability statement is local: for sufficiently small initial
data (in the relevant regularity class), a temperature control can steer
(y,0) to (0,0) at time T, provided the required linear observability

estimate holds.
46




Two distinct difficulties: pressure and nonlinearity

Transition to hierarchic control

We now add a second temperature control, with a different objective, and
study the resulting leader—follower problem.

Already at the linear level: the Stokes pressure
For the adjoint Stokes—heat cascade,
790f7A99+Vq:07 VSOZO' 71/)[7Aw:902

The scalar observation of ¢ first reveals 5, not the whole velocity ¢. The
pressure g couples the velocity components through incompressibility and
the boundary conditions: a componentwise heat estimate is insufficient.

47



At the nonlinear level: transport and convection

The terms (y - V)y and y - V6 introduce products of unknowns and
possible derivative loss. One needs a weighted linear controllability
estimate with enough regularity to control these products.

48



From linear observability to local nonlinear control

1. Linear stage: prove an observability inequality for the coupled
Stokes—heat adjoint, including the unobserved velocity component; the
pressure is handled using the divergence-free structure and suitable
Carleman estimates.

2. Functional setting: obtain a right inverse of the linearized controlled
operator in weighted spaces that encode the vanishing final state.

3. Nonlinear stage: treat the quadratic convection terms by an
inverse-mapping (or fixed-point) argument, requiring small data in
appropriate norms.

49



BOUSSINESQ SYSTEM
T. TAKAHASHI, LDET, Y. WuU-
ZHANG



N=2

QcR2and T > 0. Let w and © be two nonempty open subsets of Q
with
wnNO =40.

We consider the Boussinesq system with two controls f and f* acting
on the temperature:
oty — Ay +Vr,+(y-V)y=0e in(0,T)xQ
0 —NO+y-VO=Ff,+M0p in(0,T) xQ,

in(0,7) xQ

V-y=0 (0, (3)
y=0 6=0 on (0, T) x 09,
y(oa'):y07 0(07):00 in Q.

In the above system y = y(t, x) € R?, 7, = m,(t, x) € R and
0 = 0(t, x) € R are respectively the velocity, the pressure and the
temperature of the fluid, whereas (ey, e2) is the canonical basis of R2.
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Objectives

The functions f and f* are two controls that have two different
objectives:

1. the aim of f* is that (y, #) remains close to a given target
(y*,0%) € L2(0, T; L3(Q)°);

2. the aim of f is that the state is at rest at the final time T
(y,0)(T,)=0inQ.

52



Minimization objective

Optimal control problem for f* where we fix

fel?0,T;L%w), yeV, 6°cH(Q).

* 1 * * * *
S =5 [ [ =y Pl - 0t dxar
(0, T)xO*
4)
1 oG (
+5 JJ dx dt
(0, T)xO

w is a weight function satisfying

pe Co0, TIRy), wu(0)=u(T)=0, u>0in(0,T),

53




Lemma

Assume (53) and that (y*,0*) € L2(0, T;L?(Q)3). There exists a
sufficiently small constant C > 0 such that if ||p|| o 7y < C, then
the optimal control problem admits a unique solution given by

f* = —uo,

where (y, 0, u, o) is the solution of the coupled system

(

oy —Ay +Vmy+(y-V)y =tbes

00— NANO+y-VO=Ff,—puolo

U —Au+Vry +(Vy) u—(y-VIu+oVo=(y—y)lo-
—0io— Do —y-Vo=U+ (0 —0") 10«
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FOR THE HIERARCHICAL BOUSSINESQ PROBLEM

The leader must control a forward-backward coupled system: the fol-
lower’s adjoint variables add further coupling. Thus its observability
estimate is more involved than that for the single-control Boussinesq
system.
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Theorem

Assume that w N O = () and that w N O* # 0. There exists a suf-
ficiently small constant C > 0 and p1,p> € C°([0, T]) such that
p1(0) = p1(T) = pg(T) =0, p1 > 0 and p2 > 0 in [O, T) with
the following property: if

Le1=0.7), (yp’“eLZ(orLz(ms) (°.6%) € V x H}(9),
1 2
(5)

with
o)

)

2

<
[2(0,T;L2(Q)3) H(Q)®

then, there exist a control f € L?(0, T; L?(w)) and a solution

(v.0,u,0)

of (5) satisfying|y(T,-)=0, 6(T,-)=0 inQ.
W,
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CHANGE OF ROLES
B. CALSAVARA, E. FERNANDEZ-
CARA, LDET, J.A. VILLA



Leader: control optimization, Follower: null controllability

yi— Ay +a(x, t)y=fo+vl, in Q,
y=0 on %L, (6)

y(0,:) =0 in Q

Objectifs: We consider the secondary functional

1 1
SWJy://fﬁyF+// R, @)
2)J o 2J).J) oxo,n

where p and pg are appropriate weights that blow upas t — T~ and
the main functional

(8]
Puin =5 vl bf] AR @
0gx(0,T) 2)J wx©1)

where « and p are positive constants and yy = y4(x, t) is a given

function.
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Stackelberg strategy

The following spaces will be used:

U= {v:pove 2w (0,T)}

Vi={y:pyel?(Q)}, F:={f:pfel?(0Ox(0,T))}.
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Stackelberg strategy

The control process can be described as follows:

1. We associate to each leader v € U the unique solution f[v] to the
following extremal problem:

{ Minimize S(v; f) o)

Subjectto f € F

2. Then, we look for admissible controls V € U/ satisfying

P(V; f[V]) = mVin P(v; flv]) (10)
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Weight functions from Carleman inequalities

Weight functions p and pp.
Let np = no(x) be a function satisfying

no € C?(Q), no > 01in Q, 79 = 0 on 9,

Vol > 01in Q\ w.
Function 79 given by Fursikov-Imanuvilov 1996. Then, we introduce
the weight functions
e Clloe — @A @IIn° oo +10(x)) A2 +1°(x))

, Sx ) = 7
(1) (1)
p=€%, po:=(s§)"¥2A2p, p1:=(s) "N\ "p, p2:=sEp,

where s, A\ > 0 are large enough and ¢ € C>°([0, T]) satisfies
) >T/2in [0,T/2land 4(t) =T — tin[T/2, T].
W' 60
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Main Result

Let us consider the linear system (6), where a € L>(Q) and yy €
L2(Q).

1. Forevery v € U, there exists exactly one solution f[v] minimizing
S(v,f).

2. Letus set P(v) := P(v; f[v]). Then there exists exactly one

minimizer ¥ of P in U4 and, consequently, one associated follower
flv] .
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Idea of the proof

Let us introduce the notation
Loy :=yi—Ay+ay, Lip:=-pi—Ap+ap
and let the space P, be given by
Po:={pecC?Q):p=0 on X}.
We define the symmetric bilinear form on Py
m(a; p,p // *QLZP Lap' + 1op52pp’)
that is in fact a scalar product. In fact, (Carleman Inequality)

/[ 1522012 + 1802) + 5 21V0 + 4521pF%] < Com(aip.p).
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Idea of the proof (Cont.)

Define
P ="Po

Let v be given in U. Then, there exists exactly one solution f[v] €
L2(O x (0, T)) minimizing S. Furthermore, one has

flv] = _pazp|(g><(077')7 y= p_szpv

where p is the unique solution to the linear problem

m(a; p, % +/ p'(x,0) dx
PP //wX(OT o i ) (11)

vp' e P, peP. -




In fact we use Lax-Milgram Theorem to prove that p € P and one has

La(p~2L3p) + P_2P10x(o,T) =Vluxer in Q,

p=0, p2Lip=0 on X, (12)
p2LEP o= Yo, P 2L5pl,_;=0 n Q.
That is
fivl=p2ploxom, Y=p 2Lsp
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The real-valued function v — P(v; f[v]) is well defined, C' and strictly
convex onU and satisfies

P(v;f[v]) = +o00 as vel, |V|u — +oo.

Consequently, there exists exactly one control v € U minimizing P.
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Characterization

The unique solution V satisfies, together with the associated f[V], the
associated state y and the additional variables p and ¢, the following
optimality system: f[i] = _Pazf"m(o,r)v §=p2Lp,
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Characterization

j‘/ y_|_a(x t) _f[V]1(9—|—V1 in Q,
}A/:O on Z,
7(0.) = yo "o
flV] = —py p‘(’)x 0,7) p2Lap,
m(a; p, p // vp' +/ Yo(x
wx(0,T)
vp'eP, peP,
N 1 2
V= —*Poz(w ¢)‘OX(0,T)’
map b=~ [[ 2
Ox(0,T)
vp' e P, ¢ eP,
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STACKELBERG—NASH STRATE-
GIES
ARARUNA ET AL., ESAIM: COCV 21 (2015), 835-856.



Stackelberg—Nash: one leader, two followers

Let Q= Q x (0,T), £ = 92 x (0, T).
yi— Ay +ax, tyy =flo+v'ip, +v¥1p, InQ,
y=0 ony,

Y(Oa):}’O in Q.

+ Leader f € L?(O x (0, T)): seeks exact controllability to a prescribed
trajectory.

« Followers v/ € L2(O; x (0, T)), i = 1,2: optimize their own costs, with f
fixed.

Ji(f; V!, v?) // ly — yial? + u’//\v|2 i=1,2.
O/d
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What is a Nash equilibrium?

Fix the leader control f. A pair (V', V%) is a Nash equilibrium if neither
follower can improve its cost by changing its own control alone:

%)
%)

For the linear state equation, each cost is convex with respect to its own

<>
<>

Ji (f:
do(f; ¥

Ji(F; w', 0?) vw' € L2(01 x (0, T)),
Jo(f; V1, w?) vYw? € L2(0p x (0, T)).

<>
IN A

follower control. Thus the Nash conditions are equivalent to
DV1J1(f; 01,\72)[W1] :0, szJg(f; 01,02)[W2] =0
for all admissible directions w', w?. Nash equilibrium does not mean joint

minimization of J; + b.

>
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Characterization through adjoint states

For fixed f, let y be the state corresponding to a Nash equilibrium. Introduce
©' (i =1,2) solving

—p}— D¢+ alx, )’ = aily — Yia)lo,, inQ

=0 ony,
©(T,)=0 in Q.
Integration by parts in the first-order Nash conditions yields
T, o , ‘ 1
/o /,.(SDI +uivw' =0 vw', v = *E‘Plbx(o,r) :

Hence the state and the two adjoints form a coupled forward—backward

system:
2

1.
yi— Dy +ay = f1o—Z;<p’1o,--
i=1 M
70
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Existence of Nash equilibria and the leader’s goal

» For afixed f, the first-order conditions give a linear system
L(v',v?) =WVon [2(O07 x (0, T)) x L2(Oz x (0, T)).

« If the penalties p; are sufficiently large, L is coercive. Lax—Milgram gives
a unique Nash equilibrium for each f (Proposition 2.1).

* The leader then minimizes
T
5[ [IF subestio  y(T.)=H(T.)
2 Jo Jo
where y is a prescribed uncontrolled trajectory.

Exact controllability to trajectories

Assume O g = Oz g = Oy, OgNO # B, p; large, and deX(O7T),62|y,-,d—}7|2 <
oo for a suitable weight 5(t) — oo as t — T. Then there exist a leader f and
associated Nash followers with y(T,-) = y(T,").
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Additional problems

» Semilinear equation

* Multiobjective: Pareto Equilibria

« Distributed control leader + boundary control follower
 Both controls on the boundary.

* Wave equation.

» Other equations.
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iGracias!
Thank you!
Merci!
Obrigada!
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RELAX

nothing is in control

~TTTT
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