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Nitsche’s prescription of Dirichlet conditions for the
conforming finite element approximation
of Maxwell’s problem

D. Boffi* R. Codinaf and O. Tiirk*

This work deals with the FE approximation of the follow-
ing simplified problem arising in magnetostatics, often called
Maxwell’s problem: find a magnetic induction field v : 2 —
R? and a scalar field p : Q& — R solution of the boundary
value problem

vVxVxu+Vp=Ff in €2,
—-V.-u=0 in €,
nxu=nxu onl,
p=p:=0 onl,
where Q is a domain of R¢ (d = 2,3), T = 9Q, v > 0

is a physical parameter, u is given and f is assumed to be
solenoidal.

For uw = 0, the problem is equivalent to the two variational
equations:
a(u,v) + b(p,v) = (f,v)a Vv eV,
b(g,u) =0 Vg € Qo,
a(u,v) :=v(V xu,V xv)q,
Vo = Hop(curl, ),

b(p,v) := (Vp,v)q,
Qo = Hy ().

Its conforming finite element approximation consists of build-
ing finite element spaces Vo C Vp and Q0 C Qo and find
up, € V0, pn € @n 0 such that

a(up,vp) +b(pr,vn) = (f,vn)a Yo, € Vi,
b(Qha uh) =0 th € Qh,O-

When @ # 0, the boundary condition for w can be prescribed
weakly using Nitsche’s method, which can also be used to pre-
scribe the boundary condition for py,. If V}, and @}, are the fi-
nite element spaces without boundary conditions, the problem
consists of finding [wy, pr] € Vi, X @), such that

Bx([wn, prl, [vn, an]) = Ln([vn, qn])  V[vn, qn) € Vi x Qn,

where

Bx([uns prl; [vns gn]) = v(V X vp, V X up)q
+ (vn, Vpn)a + (un, Vau)a
—v(n X vy, V X up)r — (N - up, qu)r
—v{n X up, V X vp)r — (N, pa)r
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We prove that if V}, o and @)}, ¢ satisfy the classical inf-sup con-
dition for Maxwell’s problem, then Nitsche’s method yields a
stable solution that is optimally convergent in the norm:
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where L is a characteristic length of .

We also prove a similar result for a stabilised finite element
method presented in [, in which spaces V} o and Qp ¢ do
not need to satisfy any inf-sup condition. The present work is
based on [2].
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