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Exact controllability to zero for general linear parabolic
equations

I. Gayte* and 1. Marin-Gayte®

This paper studies the existence and characterization of par-
tially distributed controls that drive the solution of a linear
parabolic problem with general diffusion coefficients to zero
in a fixed time 7. Specifically, given  C R™V a bounded open
set, whose boundary is C%l w C Qan open set and 1,, the
characteristic function on w, ¥ = 02 x (0, T') and a matrix
A e L= x (0, T))N*N satisfying

N
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we prove that there exists @ € L*(Q x (0, T')) such that the
solution of the linear parabolic problem

9t — V- (AVY) =al, inQ x (0, T)
(D gls =0

:&(O) = Yo in Q,
verifies

9(T) =0in Q.

The result represents a novelty in control theory for two rea-
sons: first, because the elliptic operator given by the matrix A
does not have regular coefficients. And the second reason is
that domains of class C%! are sufficient.

In [4] we proved the following theorem:

THEOREM 1 Let be u € L*(w x (0,T)), u > ¢ > 0 in
w x (0,T) and zero outside of w, yo € L*(Q), yo > 0.
Then, there exists v* € L*(w x (0,7)), 0 < v* u,
1, (7)]] < (7)) such that
_ ly(Mlv* = [ Vo (T)][u

ly ()| = %o (T)]

is a control in w for the initial data yq.
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<

The solution of a problem like with right-hand side v* is
denoted by ¥, and || - || is the norm in L2(2).

When the initial data is any function yo € L?(Q), we apply
this theorem with ya' and y, .

The proof is based on a kind of maximum principle in the final
time and the linearity of the equation. It does not use the stan-
dard techniques of Carleman’s inequalities, (see [2]], [1]), be-
cause of the diffusion coefficients are not continuous functions
in general. Besides, the spatial dimension is any (see [3]]).

An interesting application of control to this type of problem is
the diffusion of cancer cells in a brain tumor (see [5]). The
model consists of a linear parabolic problem where the diffu-
sion coefficients are piecewise constant functions.
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