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Some Questions About Second-Grade Fluid Equations
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In this talk, we will present some results obtained in [[1], [3],
[41, (5], [©6], on the flow of an incompressible non-Newtonian
fluid of grade two in 2 x (0, 00) C R3 x (0, 00):

Ot(u — aAu) — pAu + rot(u — aAu) x u+ Vp =0,
(1) < divu =0,

u(0) = uo.
Here, u and p denote the fluid velocity and pressure, respec-
tively. Furthermore, ;4 > 0 represents the kinematic viscos-

ity and o > 0 is a parameter characterizing the fluid’s non-
Newtonian behavior.

Next, let us consider the natural norm

2

[0t gy = 0O 2oy + | VRE ] o

and the following function space:
V2(R?)3 := {u:uec H(R?)3, curl(u — aAu) € L*(R?)3}.

We also define, for up € L?*(R™)" and r € (—%,00), the
upper decay indicator of ug by

P.(ug), = limsuppfgrfn/ [t (§)]? d¢,

p—0+ B,

where B, := {{ € R™ : |{| < p}. Moreover, we define the
upper decay character of ug € L?(R™)" by

i (ug) :=sup{r € R: P.(up)4+ < oo}.

In relation to the article [4]], our main results are as follows:

THEOREM 1 Let ug € V5(R?)? and suppose that r* (ug) =
ri € (—32,00). Additionally, assume that |[uo||v,®sys < €
for a sufficiently small e > 0. Then, for any weak solution u to
(]D, the following estimate holds:
2 —min{ 247% 3
()71 goye < €+ D)= B3 >,
where the constant C' > 0 depends only on ||ug ||y, rs)s, a, 1%,
and p.
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We also compare the evolution of solutions u(t) to (I) with
the solutions u(t) of the linear system associated, which is the
following pseudo-parabolic equation in R3 x (0, co):

ot(u — aAu) — pAu =0,
2 diva =0,
H(O) = ugp.

THEOREM 2 Let ug € H*(R3)3 with divug = 0, and sup-
pose that ug is small in V3(R?)?, as in Theorem([l} Let u be
a weak solution to (]D, and let u be the solution to the linear
part (2) with the same initial data ug € H*(R3)3. Then, for
i (ug) = ri, with f% < 1} < oo, we have

() =831 gy < O (t+1)~mn{3H5r15) v >,
i.e., the solution u of (1)) is asymptotically equivalent to the

solution U of the pseudo-parabolic equation (2)) with the same
data.
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