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Observability inequality for the Grushin equation
on a multi-dimensional domain

Mathilda Trabut*

Introduction and main result

Let BR denote the open ball of radius R > 0 of Rd1 , and Ωy

denote a non-empty bounded open set of Rd2 with d1, d2 > 0.
For T > 0, we consider u a solution of the Grushin equation
posed in (0, T )× BR × Ωy , i.e. satisfying

(G)

{
∂tu−∆xu− ||x||2∆yu = 0 in (0, T )×BR ×Ωy,

u = 0, on (0, T )×∂(BR×Ωy).

It is a degenerate parabolic equation where the diffusion coef-
ficient in y vanishes at the center of the ball.

BR

Γ

Ωy

For Γ ⊂ ∂BR, we say that the Grushin equation is observable
through Γ×Ωy at time T if there exists a constant C such that
any solution of (G) satisfies

(OT )
∫
BR×Ωy

|∇u(T )|2dxdy ≤ C

∫ T

0

∫
Ωy

∫
Γ

∣∣∣∣∂u∂n
∣∣∣∣2 dσ(x)dydt,

THEOREM 1 Let Γ be a non-empty open subset of ∂BR, and
T ∗ = R2

2d1
, then (OT ) holds for all T > T ∗, and (OT ) does not

hold for all T < T ∗.

Remarks: The minimal time T ∗ appears because of the degen-
eracy at x = 0. Indeed if there is no degeneracy, the system
reduces to the heat equation which is observable at any T > 0.

If Γ = ∂BR, this result is known, see [1]. The goal of this work
is to generalize this result if Γ is a non-empty open subset of
∂BR. Since the negative result on ∂BR implies the negative
result on Γ, it remains to prove that (OT ) holds for T > T ∗.

Strategy of proof

We denote (λp, ϕp)p∈N the sequence of eigenvalues and eigen-
functions of the Dirichlet-Laplacian on Ωy . As it is done in
[1] we decompose the equation in the basis (ϕp)p∈N. Then
up := ⟨u, ϕp⟩ satisfies the harmonic-heat equation

(Hp)

{
∂tup −∆up + λ2

p||x||2up = 0 in (0, T )× BR,

up = 0, on (0, T )× ∂BR.

The strategy is to prove that (Hp) is observable through Γ uni-
formly in p. Here are the main steps to get this observability
inequality.

• From [2] we already know that (Hp) is observable
through ∂BR at any time T > 0. However, we need to
refine this result to get an observability constant which
is explicit in T and λp.

• We apply a Lebeau-Robbiano type strategy to obtain the
observability through Γ. To this end we adapt Miller’s
proof [3], tracking the dependance in λp in the estimates.

• We deduce that (Hp) is observable through Γ uniformly
in p at time T , if T > T ∗.

Once we have the observability inequality for (Hp) with the
constant uniform in p, we obtain (OT ) by summing in p.
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