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An optimal control problem related to a 3D
chemo-repulsion model with nonlinear production
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Chemotaxis corresponds to the directional movement of cells
or living organisms influenced by the concentration of the
chemical signal substance. This motion can be towards a
higher (attractive) or lower (repulsive) concentration of the
chemical stimuli. In this paper we are interested in the re-
pulsive chemotaxis scenario, in which the presence of liv-
ing organisms produce chemical substance, including or not
a logistic growth of organisms. Explicitly, considering Q :=
(0, T )× Ω, with Ω ⊂ R3 being a bounded domain and (0, T ),
T > 0, a time interval, we consider the following system

(1)
{

∂tu−∆u = ∇ · (u∇v) + ru− µup,
∂tv −∆v + v = up + fv 1Ωc ,

where the unknowns are u(t, x) ≥ 0 and v(t, x) ≥ 0 denoting
the cell density of some chemotactically active species and the
chemical concentration. The nonlinear term∇ · (u∇v), on the
right-hand-side (1), describes the repulsion mechanism. In ad-
dition, 1 ≤ p < +∞, r, µ ≥ 0, and f = f(t, x) is the control
function acting on a subdomain Qc = (0, T ) × Ωc ⊂ Q =
(0, T ) × Ω. This system is endowed with initial and non-flux
boundary conditions. We prove the existence of global weak
solutions when f ∈ L5/2(Qc), analyzing the role of the diffu-
sion and the logistic terms to get energy estimates.

Definition 1 (Weak solutions) Let f ∈ L5/2(Qc) :=
L5/2(L5/2(Ωc)), (u0, v0) ∈ Lp(Ω)×H1(Ω), with u0 ≥ 0 and
v0 ≥ 0 a.e. in Ω. A pair (u, v) is called weak solution in [0, T ]
of system (1) with initial data (u0, v0) if u ≥ 0 and v ≥ 0 a.e.
in Q, u ∈ L∞(Lp) ∩ L5p/3(Q), v ∈ L∞(H1) ∩ L2(H2),
and u ∈ L2p−1 for p > 3 in the logistic case (µ > 0), and
∇u ∈ Lγ(p)(Q) with

γ(p) =


5p/(3 + p) when 1 < p ≤ 2,
25p/(18 + 5p) when 2 < p < 12/5,
2 when p ≥ 12/5,

satisfying the u-equation (1)1 in a variational sense, and the
v-equation (1)1 holds a.e (t, x) ∈ Q.

Theorem 2 (Existence of weak solutions) Assume that f ∈
L5/2(Qc), (u0, v0) ∈ Lp(Ω)×H1(Ω), with u0 ≥ 0 and v0 ≥
a.e. in Ω. If 1 < p ≤ 5/3, then there exists a weak solution of
system (1) with µ = r = 0, and if p > 1, then there exists a
weak solution of system (1).

Knowing the existence of global weak solutions, we estab-
lish a regularity criterion through which weak solutions of sys-
tems become strong solutions. These strong solutions will give
the adequate framework to study the following optimal control
problem:

(2)
{

min J(u, v, f),
subject to (u, v, f) ∈ Sad,

where J : L5p/2(Q)× L2(Q)× L5/2(L5/2+(Ωc))→ R is the
cost functional defined by

J =
γu

5p/2

∫ T
0
‖u− ud‖

5p/2

L5p/2
dt+

γv

2

∫ T
0
‖v− vd‖

2
dt+

γf

5/2

∫ T
0
‖f‖5/2

L5/2+(Ωc)
dt,

for some desired states (ud, vd). We prove the existence of
global optimal solutions and derive first-order necessary opti-
mality conditions for local optimal solutions. All the results
presented here were obtained in [1].
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