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Parallel flows of incompressible fluids

Navier Stokes equations - incompressible fluids
1
ur+ (u-V)u+Vp = EAU
V-u=0
Reynolds number: R > 1
Unknowns

Velocity u : R x [0, 1] x [0, 00) — R2
Pressure p: R x [0,1] x [0,00) — R

Parallel flow

U(x,y) = (U(y),0)



Equations for perturbations (Linearized)
1
ut+(u-V)U+(U-V)u+Vp:EAu
V-u=0
Componentwise: (u = (u,v), U= (U(y),0))

1
ur + Uuy + vU' + py = EAU

1
ve + Uvx + py, = EAV

ux+v, =0



Derive 1st w.r.t. y, 2nd w.r.t. x, take difference, use 3rd, obtain

1
(v — uy)e + U(vx — uy)x — vU" = EA(VX — uy)

{1/& = Vv
Yy

1
Ay + UNY, — o U = EA%/J

Streamfunction:

Il
|
=

Equation:

Laplace in t: ,

~ ~ ~ 1 ~
sAY + UAY, — U = EA%

Fourier in x: <D = d>
dy

s(D? — K2)ip + ikU(D? — K*)ip — ikpU" = %(02 — k)%



Transformed equation:
[(s + ikU)(D? — k%) — ikU"]g) = %(D2 — P (1)

Stability: Re(s) < 0.
Physicists & engineers: Perturbations

T {/;(y)eia(xfct)

Classical Orr-Sommerfeld equation:

L (02— 0?2

ia[(U—c)(D?—a?) ~U"]¢Y = 5

Obs. Basically eq. (1) with o = k and ¢ = %



Orr-Sommerfeld equation

ia[(U—c)(D?>—a®) — U"]d = %(02 — a®)

» Stability depends on the imaginary part of ¢ = ¢, + ic;:
¢; > 0 = perturbations grow in time(instability);
¢i < 0 = perturbagdes decay in time(stability).
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Orr-Sommerfeld equation

ia[(U—c)(D?>—a®) — U"]d = %(02 — a®)

» Stability depends on the imaginary part of ¢ = ¢, + ic;:
¢; > 0 = perturbations grow in time(instability);
¢i < 0 = perturbagdes decay in time(stability).
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» Remark: Choosing perturbations of the above form is
essentially the same as taking the Laplace-Fourier transform
of the equations. In this case, stability if Res < 0, where s is
the variable of the Laplace transform.



Joseph, 1968

One has

where q := maxye[o,l]’UI(Y)‘-

Moreover, no amplified disturbances(c; > 0) exist if
aRqg < f(a)=max{My, Mo}
where

My = (4,731 +2203,
My = (4,73)%m + 2a°7.



Particular case: Plane Couette flow

ur+ (u-V)u+Vp = %Au
V-u=0

u(x,0,t) = (0,0)

u(x,1,t) =(1,0)

u(x,y,t) =u(x+1,y,t)
u(x,y,0) = f(x,y)

Stationary solution

(x,y) = (y,0), P = constant
(x,y) = (v,0): Couette flow

c

Romanov, 1973: ¢; < —6 < 0, YR. § ~ O(R™1).



One may use bounds for the resolvent of the linear operator
associated to quantify the domain of stability (using the full
nonlinear equation);
» Kreiss, H.O., Lorenz, J., Acta Numerica, 1998 (resolvent
method)
» Kreiss, H.O., Lorenz, J., Acta Math. Sin.(Eng. Ser.), 2000
(resolvent method)
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Asymmetric incompressible fluids

System

u: + (u-V)u+Vp=(v+r,)Au+ 2u,curlw,
we + (u- V)w +4v,w = (c3 + cg)Aw + (co + ¢g — c5)Vdivw

+ 2v,curlu,
divu =0,
Positive constants v, v,, ¢, Ca, ¢4, related with viscosity, satisfying
co + €4 > Ca.
Unknowns

Velocity u : R x [0, 1] x [0, 00) — R2
Angular velocity w : R x [0,1] x [0, 00) — R?
Pressure p: R x [0,1] X [0,00) — R



Shear flows
U= (U(y),0,0),W = (0,0, W(y)), P = constante,y € (0,1),
Perturbations

u = (u(x,y),v(x,y),0), w=(0,0,w(x,y)).

Linearized equations for perturbations

ur+ (u-V)U+(U-V)u+Vp=(v+v,)Au+ 2v.curlw

w: + (U-V)w+ (u- V)W = 2v,curlu — 4v,w
+ (co + cg — ca)Vdivw + (c; + cq)Aw

Dimensionless parameters: R, R, Ry, Ry, Ro.



Streamfunction: 1) such that

Yy = v
by

|
|
=

Perturbations

1/} _ J(y)eia(x—ct)’

~ ela(x—ct),

w o= w(y)

d
Equations (dimensionless): (D = dy>

~ 1 1 ~
@ [U= N0~ )~ U)T = (gt g ) (0 = a0
RO 2 2\ ~
+ ?k(D a”)w
io [(U —Cc)w — W’ﬂ = éy(Dz—aZ)W— 2€0W+1V(D2—0¢2)ZZ




Eigenvalue bounds
— i 1 1 R _ R 1
Ry = min {RTL’W’R%}' Ry, = max{ﬁ, 2R,,}' Ri>R =

ISCI1+CI2_7F2+042

! 2« aR '’

where % = min {Rl — Ry, Riu + ﬁ, R%}
q = maxye[0,1]|U’(y)|, g2 \= maxye[0,1]|W,(Y)|-
Moreover, perturbations decay if
aRgr < f(a) = max{Ml, Mg}
aRq < g(a) := max{ Ny, Np },
where

My = (4.73)%1 + 2a%m, Mo = (4.73)°n + 2%a3,
Ny = 2(4.73)% + 203, Ny = 2(4.73)% + 22ar.



Region of linear stability
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Figura: Linear stability bounds for the Orr-Sommerfeld equation for micropolar
fluids. The region of certain linear stability lies to the left of the curve ej: ef is
the graph of 22) fg is the graph of M1 , hi is the graph of O‘)
the graph of Nl(o‘

and ij is



Idea of the proof

Inner product of the first equation by {/; the second by w, take real
part, obtain (dropping the™)

aci(|[9']12 + o?[[ ]2 + ||w][?)

1
() I + 20101 + )

2
« 2R0 2
+IW’H2+< )II I
R, R,

A R 1 "
so+o+(m¥+2R)wwW+aﬂwF+mmﬂ.

where

. 1
! Sy BNy Y
Q=2/O(wa W'y) dy.



Therefore, if

i+1>R0+1 2R0>R0+i
R, 2R« 2R« 2R, R, R« Ry

which is assured, for example, by requiring

(1 1 R R 1
Ry = S — Ry =
L m'"{RM’sz’RV}> 2 max{sz 2R}

one has

aci([[e']1? + a®[9[2 + ||l |*)

" 1
H&—mww%(ﬁ+gﬂ o ||'|I2 + (Ry = Re)a [y 2

1 a? _
b a1+ (4 R Re) el < @+ @
Y Y



Taking

1 11 1
Z =mindR — R
R m'”{ LT R TR RV}

aci(|[9']12 + o?[[]* + ||w]|?)
1
+ o (7117 + 202|912 + ][ + o] + o[l + lw]*)

< QR+ Q=2Re <i / (U'yp)! — W) dy> )

2 2
gt+q 7T+«

= ¢ < -
T 20 aR




Wave speed bounds

Umaxs Umins Unmax, Umniny Winax: Wini: maximum and minimum values of
U(y), U"(y) and W'(y) for y € [0,1]. :

(a) Ul >0, Wpin>0=

w! U W’
Umin — < C < Umax max max
2 T+ T 20

(b) Upin >0, Wy, <0< Wi =

W/ W/ U// W, ] W,
Upin — —22% 4 201 < € < Upax max  Wenin max
T 2c + 2(m2 + a?) a + 20
(c) Upin >0, Wy <0 =
W’ 3 U// W/
Umin min < C’ < Umax max min
T2 = * 2(r2+a?) 2

(d) UflTl“n S 0 < U:rlrax7 min 2 0 =

17 / " ,
i W,
U"”" - =< Cr < Umax + Umax =+ Wmax

Umin
+ 202 20— T 2(m2 + a?) 20



Wave speed bounds

(e) Uf’?;ln < 0 < U:r/ra)n min < 0 < Wr/nax

Ull W/ WI U/l W/ ) WI
U,-,,,,, min _ max mln < C < Umax max _ min max
* 24 a 2a +2(772+a2) a 2
(f) UI/'!{HI'I S O < UI,T,IEX’ Wfi‘la)( S 0 :>
U//' WI . U// WI
Um,'n min min < Cr < Umax max _ min
+ 202 + 200 T T * 202 2u
(g) lf Urlrf:ax S Oa Wr;w'n 2 0=
UN_ WI WI
m’_n min _ max < . < | max max
Unin + 202 200~ Cr < Unax + 2a
(h) If Url;ax S Oa Wr;w'n S 0 S Wr/nax =
1 ! ! ! !
Umln + Umln _ WmaX + Wmm S Cr S UmaX _ Wmln + Wmax
a 2 « 2a
(i) Upax <0, Wy <0=
U”' W/ . W/ .
Umin + mn + — S Cr S Umax - mn

202 2a 2a



» Is a better result possible, in the direction of Romanov’s result
for NS? Linear stability for all R?
» If not, critical Reynolds numbers to get transition to
turbulence? (As in Poiseuille for Navier-Stokes, for example?
) If so, can one find it ? Study global, conditional, monotonic
stability ...
Re Rt Ry
For Navier-Stokes: Plane Poiseuille: 49,6 1000 5772
Plane Couette: 20,7 360 00
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Reference: PBS, J. Carvalho, Stability and eigenvalue bounds for
micropolar shear flows, ZAMM-Zeitschrift fur Angewandte
Mathematik und Mechanik, 2024.



