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MAIN PROBLEM



Controllability of a 2-d degenerate parabolic equation

Let us consider Ω = (0,1)× (0,1). We study the degenerate
parabolic equation in the square.

∂tu = div (D∇u) in (0,T )× Ω,

u(t) = 1γq(t), in (0,T )× ∂Ω,

u(0) = u0, in Ω.

(1)

The matrix function D : Ω 7→ M2×2(R) is given by

D(x , y) =

(
xα1 0
0 yα2

)
,

where α = (α1, α2) ∈ [0,1)× [0,1), and u0 is the initial data that
lies in a functional space H−1

α (Ω)



Null controllability

We say that (1) is null controllable if it exists a control q ∈ L2

such that
u(T ) = 0



Problems

# Degeneracy and dimension

# Control on the boundary where the degeneracy takes place

Figure: Control region

# Other boundary conditions depending on the degenerate
parameters α1, α2 ⊂ [0,1) ∪ (1,2]. weak /strong
degeneracy.
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1-d controllability results

We recall some 1-d results when the degeneracy is of the type
(a(x)ux)x , a(0) = 0

# Cannarsa, P.; Martinez, P.; Vancostenoble, J. (2005).
Distributed control with support in ω ⊂ (0,1),
a(x) = xα, α ∈ [0,1/2] ∪ [5/4,2).

# F. Alabau-Boussouira, P. Cannarsa and G. Fragnelli (2006)
Carleman inequalities for general a(x), Again distributed
control.

# P. Cannarsa, P. Martinez, J. Vancostenoble (weakly 2017)
(strongly 2020). Boundary control (on the degeneracy
point).

# Recently, 2024 L. Galo-Mendoza and M. López-García,
extended the previous results with the control acting on
both ends.



Multi-d controllability results

Both: Distributed control

# P. Cannarsa, P. Martinez, and J. Vancostenoble. Global
Carleman estimates for degenerate parabolic operators
with applications. Mem. Amer. Math. Soc.,
239(1133):ix+209, 2016.

# F. D. Araruna, B. S. V. Araujo, and E. Fernández-Cara.
Carleman estimates for some two-dimensional degenerate
parabolic PDEs and applications. SIAM J. Control Optim.,
57(6):3985–4010, 2019.



MAIN IDEAS



Strategy

We use the strategy introduced in A.Benabdallah, F. Boyer, M.
González-Burgos, and G. Olive.[2014]

# We use the moment method to establish a boundary null
controllability result of the one-d degenerate parabolic
system 

∂tw = ∂x(xα1∂xw) in (0,T )× (0,1),

w(t ,0) = h(t) if 0 ≤ α1 < 1

w(t ,1) = 0 in (0,T )

w(0, x) = w0(x) in (0,1),

(2)

in the space H−1
α1

(0,1) with a control cost CT = CeC/T ,

# Prove a partial observability result for the adjoint.
# Use Lebeau-Robbiano strategy.



Eigenvalues and eigenvectors

Let (λα1,k , ϕα1,k )k∈N be the eigenelement of the following
eigenvalue problem

−(yα2ϕ′)′(y) = λϕ(y) y ∈ (0,1),ϕ(0) = 0 if 0 ≤ α1 < 1

(yα1ϕ′)(0) = 0 if 1 ≤ α1 < 2
,

ϕ(1) = 0.

(3)



Theorem (Theorem 1.1, Buffe et al. 2024)

Let (λj ,Φj) be the solution of the eigenvalue problem (3). Let
ω be an open and nonempty subset of (0,1). There exists a
constant C > 0 such that∑

λj≤µ

|aj |2 ≤ Ce
C1

1
(2−α2)

2
√
µ
∫
ω

∣∣∣∣∣∣
∑
λj≤µ

ajΦj

∣∣∣∣∣∣
2

dy (4)

for any α1 ∈ [0,2), {aj} ∈ R, and any µ > 0.



FUNCTIONAL SETTING



Spaces

Denote the space H1
α(Ω) = {u ∈ L2(Ω) | ∇u · D∇u ∈ L1(Ω)},

endowed with the norm

∥u∥2
H1
α(Ω) =

∫
Ω
|u|2 +

∫
Ω
|D1/2∇u|2

=

∫
Ω
|u|2 +

∫
Ω

(
xα1 |∂xu|2 + yα2 |∂yu|2

)
.

We also denote

H2
α(Ω) :=

{
u ∈ H1

α(Ω) | div(D∇u) ∈ L2(Ω)
}
. (5)

Next we define the space H1
α,0(Ω) := Dα

H1
α(Ω)

, where the space
Dα depends on α = (α1, α2)

Dα := {v ∈ C∞(Ω) : supp(v) ⊂⊂ Ω}, α1, α2 ∈ [0,1),



Hardy inequality

Thanks to Lemmas 4 and 13, Araruna et al. 2019, we can state
the following Hardy-Poincaré inequality.

Lemma

Assume that αi ∈ [0,2] \ {1} for i = 1,2. Then, there exists a
constant C = C(α1, α2) such that∫
Ω

xαi−2
i |u|2 dx1 dx2 ≤ C

∫
Ω

xαi
i

∣∣∣∣ ∂u
∂xi

∣∣∣∣2 dx1 dx2, ∀u ∈ H1
α,0(Ω).

(6)



ONE-d CONTROL



One dimensional control


∂tw = ∂x(xα1∂xw) in (0,T )× (0,1),

w(t ,0) = h(t) if 0 ≤ α1 < 1, in (0,T ),

w(t ,1) = 0 in (0,T )

w(0, x) = w0(x) in (0,1),

(7)

Theorem

Let T > 0. Then, for every w0 ∈ H−1
α1

(0,1), there exists a
control h ∈ L2(0,T ) such that the system (7) satisfies w(T ) =

0. The control satisfies the following estimate
∥h∥L2(0,T ) ≤ Ce

C
T ∥w0∥H−1

α1 (0,1)
, (8)

for some positive constant C which is independent of T .



Family of exponentials

Theorem (Theorem 1.5, Benabdallah et al. (2014))

Let Λ = {Λk}k≥1 ⊂ C be a complex sequence satisfying the
following properties:

# Λk ̸= Λm for all m, k ∈ N with m ̸= k; ℜ(Λk ) > 0 for every
k ≥ 1;

# for some β > 0, |ℑ(Λk )| ≤ β
√

ℜ(Λk ), for any k ≥ 1;

# |Λk | ≤ |Λk+1|, for any k ≥ 1;

# Gap condition: for some ρ,q > 0
ρ
∣∣∣k2 − m2

∣∣∣ ≤ |Λk − Λm| for any m, k ≥ 1 : |k − m| ≥ q;

inf
k ̸=m:|k−m|<q

|Λk − Λm| > 0



Theorem (continue...)

# There exist p0, p1, p2 with p1,p2 ≥ p0 > 0 such that one
has,

−ϖ + p1
√

r ≤ N (r) ≤ ϖ + p2
√

r , ∀r > 0,
where N is the counting function associated with the
sequence Λ, defined by

N (r) = # {k : |Λk | ≤ r} , ∀r > 0. (9)

Then, there exists T0 > 0 such that, for every η ≥ 1
and 0 < T < T0, we can find a family of complex val-
ued functions {Ψk ,j}k≥1,0≤j≤η−1 ∈ L2 (−T

2 ,
T
2

)
biorthogonal to

{ek ,j}k≥1,0≤j≤η−1, where for every t ∈ (−T
2 ,

T
2 ), ek ,j = t je−Λk t

with in addition,∥∥Ψk ,j
∥∥

L2(− T
2 ,

T
2 )

≤ CeC
√

ℜ(Λk )+
C
T . (10)



BOUNDARY CONTROLLABILITY OF
THE DEGENERATE SYSTEM IN 2-d



Let us consider (λα2,k , ϕα2,k )k∈N the corresponding eigenvalues
and eigenfunctions of the problem

−(yα2ϕ′)′(y) = λϕ(y) y ∈ (0,1),ϕ(0) = 0 if 0 ≤ α2 < 1

(yα2ϕ′)(0) = 0 if 1 < α2 < 2
,

ϕ(1) = 0,

(11)

Lemma

Any function u ∈ H1
α,0(Ω) has the following representation:

u =
∞∑

j=1

〈
u, ϕα2,j

〉
L2(0,1) ϕα2,j .



Adjoint system

Let us write the adjoint system:
∂tσ + div(Dσ) = 0 in (0,T )× Ω,

σ = 0 on (0,T )× ∂Ω

σ(T ) = σT in Ω,

(12)



Partial Observability

Theorem

Let T > 0 be given and we assume null control 1-d Theorem
holds. Let C > 0 be the constant provided and define CT :=

CeC/T . Let 0 ≤ α1 < 1.Then, for all σT ∈ H1
α,0(Ω), we have

the following partial observability inequality∥∥∥ΠEα,Jσ(0)
∥∥∥2

H1
α,0(Ω)

≤ (CT )
2e2C

√
λα2,J

∫ T

0
∥1γ(xα1σx(t))∥2

L2(∂Ω) dt

(13)
where σ is the solution of the two-dimensional adjoint system
(12) with σ(T ) = σT .




∂tu = div (D∇u) in (0,T )× Ω,

u(t) = 1γq(t), in (0,T )× ∂Ω,

u(0) = u0, in Ω.

(14)



Theorem

Let T > 0. There exists CT > 0 such that the following two
properties are equivalent

# For every u0 ∈ E−1
α,J , there exists a control

q ∈ L2(0,T ;L2(∂Ω)) such thatΠE−1
α,J

u(T ) = 0

∥q∥L2(0,T ;L2(∂Ω)) ≤ CT eC
√

λα2,J ∥u0∥H−1
α (Ω)

,

where u is the solution of the system.

# For all σT ∈ Eα,J , the solution σ of the adjoint system (12)
satisfies (13).



Dissipation along the y -direction

Proposition

Let us consider system (14) and assume that in some time
interval (t0, t1) control q = 0 and also assume that for a J ≥ 1,
ΠE−1

α,J
u(t0) = 0. Then, we have the following estimate

∥u(t)∥H−1
α (Ω)

≤ Ce−λα2,J+1(t−t0) ∥u(t0)∥H−1
α (Ω)

, ∀t ∈ (t0, t1).



Following Steps

Step 1 A time-splitting procedure. [0,T ) = ∪∞
k=0[ak ,ak+1]

Step 2 Estimate on the interval [ak ,ak + Tk ]

Step 3 Estimate on the interval [ak + Tk ,ak+1].

Step 4 Final Estimate.

∥u(ak+1)∥H−1
α (Ω)

≤ Ce−Cβ2k(2−ρ) ∥u0∥H−1
α (Ω)

.

# Conclusion: we obtain a control function.

∥q∥L2(0,T ;L2(∂Ω)) =
∞∑

k=0

∥q∥L2(ak ,ak+Tk ;L2(∂Ω))

∥u(T )∥H−1
α (Ω)

= lim
k 7→∞

∥u(ak+1)∥H−1
α (Ω)

= 0.



OTHER PROBLEMS



# Can be solved mixing xα1 , yα2 with strong or weak
degeneracy.

# It is an open problem with general degeneracies a(x),b(y).

# It is possible to solve the problem controlling on other sets.

Figure: Different control regions

# It is an open problem to control from the boundary in other
n-dimensional geometries.

# The result is valid for coupled degenerate equations.
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¡Felicidades Manolo y Kisko!

¡Bienvenidos al sexto piso!



¡GRACIAS!
THANK YOU!

MERCI!
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