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Why do we care about finding Carleman’s inequalities?

An observability inequality

/ 10(0)2dx < € / / p2dxdt
Q wx (0, T)

The problem of exact control to zero

ye—Ay=ul,in Q=Qx (0, T)
y=00onX=00x(0,T)
y(0) =y in Q

y(T)=0

Disadvantage: Carleman’s inequality is true for functions in C%(Q).



What about the totally distributed control?
> It has not practical interest

> The existence of a control is easily guaranteed

Our motivation: the glioblastoma model

ye =V - (D(x)Vy) = py

Our approach:

1. Obtaining a totally distributed control from “any positive
function” and for yp >0

2. For any yo, apply the results to y;~ and to y,
3. Passing to a partially distributed control



Let be u € L2(Qx (0, T), u>c >0, yo € L2(), yo >0, Is there
a function v* > 0 such that

Ly (T (T) = W (T) Iy (T)

has a constant sign in Q7

Yt — Ay =u (‘UV*)t — A\UV* = v*
ylg =0 U,y =0
y(0) = yo V,«(0) = yo

We write —A for simplicity



Observe that this scalar product

Uy (MW (T) = [V (DI (T), Iy (T W= (T) + [V (T)Iy(T))

is zero. Then,

ly(T)IWo=(T) = [Wy=(T)[y(T) =0
and a control is

[y (D™ = [[Wo(T)]u
Ly (T = vy (T]

=



Idea: building a sequence { vk}« such that

Wy (My(T) = Iy (M)W (T) <0

and passing to the limit
Difficulties:

> It is necessary a maximum principle weaker than the classical
one, a maximum principle at the final time T

» How to avoid that the sequence converges to u?



The result when v is totally distributed

Theorem

Let beu e L2(Qx (0,T)), u>c>0inQx (0, T), yo € L2(Q),
yo > 0. Then, there exists v* € L?(Q x (0, T)), 0 < v* < u,
W« (T)|| < lly(T)||, such that

Ly (DIIv" = [V« (M)l
Ly (DI = W= (T]

is an exact control to zero in Q x (0, T).

0=



The proof: a maximum principle at the final time

Theorem
Let be 3 € CL([0, T]) verifying

B>0, maxB=p6(T)

and let be w € W(0, T) such that
we—Aw >0 w|y =0 w(0)>0.
Then, the solution z of the problem

zs — Az =—f'w
zly =0
z(0) =z < 0.

verifies
z(T)<o.



2. Building a sequence {vk}« by recurrence, such that

O0<wvk<wu1<u

1
Vi = U in Bx I, BaballinQ, [anintervalin (0, T)

Wy (Mly(T) = lIy(M[Ww(T) <0



How to build this sequence? An increasing sequence, built by
recurrence

1
0<v; <u, v1:§uinB><l

;o Uy = WVwu(T)l)e

A< (1)
SUPQ (0, T)\T W1
Icic(,T)
v, (T .
51 < — H 1( )H supBX/ u in I (2)

infBX, w1

B <0inT (3)



We define vi:

W, (T)lJu = lIy(T)[|n = —Bywr
It verifies
\71 S u
vi<0in B x|

Then,
va = max(vi, vq)

And it satisfies

W (DY (T)=lly(M[Vw(T) < Wy, (Mly(T)=lly(T)[[Wa(T) <0



3. Passing to the limit
Flimv, = v*

4. Obtaining the control

Since
Vo (T) Iy (Tl = [[Wu=(T)I[ y(T) =0

Ly (DIIv" = [V« (T)lu
Ly (DI =Wy (T]

=




The partially distributed control

Theorem

Let be u € L2(Qx (0, T)), u>c>0inQx (0, T), yo € L2(Q),
yo >0, w C Q an open set. Then, there exists

v e L2(Qx (0, T)), vi=0inQ\wx (0, T), v¥ > 0 such that

Ly (Mlv* = Wy (T ule
Ly (DI = W= (T]

is an exact control to zero in w x (0, T).

<



The proof
1. Defining

u if X €w
u,,:{ lu if xeQ\w
and applying the previous theorem to each u,,
v,
2. Passing to the limit in n:

u, — uly,

v, weakly converges to v*



3. The states W,(T) converge strongly in L2(Q2) to W,«(T)

4. Since 0 < v < up,

v =0in Q\wx (0, T)



Conclussions
» Obtaining a control from any function u

» The solution of a linear parabolic problem can be written by a
fixed point equation

\Uv*(T)

y(T)= H}/(T)Hm

> |t is possible to control with discontinuous diffusion
coefficients and boundary C%1
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