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+ i n i t i a l conditions

+ Boundary cond i t i ons . general p r e c i s e cond i t i ons given
below-

(Lopatinski-Sapiro type)
typical exeryles: • D i r i c h l e t V1 , = G

• N a v i e r : D . U = G , (GU +
ᵗ 70)-V)

t a n
= Gtan

• Neumann ( 7 0 + n 70) V - q u = G



Observability T s o W C i f open s u b s e t

[ (u l +1191) d e ≤ S:(1011:(w)-"9":&,) d t
+ S:(A F I T + 112112 + 19T) a t

boundary
v a l u e .

Ref: homogeneo
us

Dir ichlet
. Fernandez-Carr, Guerrero, Imanuilorpuel 04

+ flat Laplace
• Buffe, Takahashi 2 5

Application observability/ n u l l controllability of Oseen system
N S (localresult)

•
Navier: Guerrero 2006

Fernandez-Cara, Gonzalez-Burgos, Imanailor, Puel (2006-20081



1 ˢsttrategy d . U - A U = F -Tg + homog. D i r i c h l e t

heat-type C a r l e m a n e s t im a t e for U .

Apply divergence a n d u s e d i v U - o

Aq = d i t F N o boundary cond i t i on .

Multiplier + micro loca l
any

a m e n t → estimation of 9/oy
Elliptic Carleman e s t i m a t e for q + t i m e integration

→ c o m b i n e estimations
.
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etm2%1e2Yu1,+ e½peeYpull. ≤ C He "P u l l

•
P o n d e r 2

, ell iptic
• Y - Y ( x ) weight function.
• µ EEL , I > 0 l a rge

boundarycondition
(orderk) \

• if u defined a t a boundary
↓

2 3 l e tYul, +
e%peeY

pull. ≤ C (le"P u l l + le"Bul)L 2 32-k

+ 8ᵗʰ let'u l d , + 815 'table + Observation t e r m e



Carlemanestimate Parabolic version

118%emtu1.tn#ee7trull, ≤ C 11e a tPull,

•
P = de -

Δ . M E L t , I > 0 l a rge

• Y - Y ( x ) weight function. 7 - ¥ - 4
• ∅= Y - K L o

• % = a n y



Carlemanestimate

El l ipt ic es t imate

2%15%1, + e½peeYpull, ≤ C He "Pully

Py = e " Pete .

11Pu l l ≥ 6%11 v 1 1 + 8417011

Lemme i f 4412030 a n d 4=84 t h e n subelluplicroperty

D e p e n d e n c e . s n # I Car leman second large parameter)

8¥ (92+91) + 292,91 ≥ ¥ ( 8 " + 121")

IP, a l l { * (11-8% v11 + 118£ Po l l +118-"Dol)

cain
be of great help



B a c k l o s t k e - Away from t h e boundary
② U - A U +79 = F diogo =

h

f (8%9*91×+118" 5749111.

+ 8 HEHUL.tl/e7t7U1)

≤ (HE#He,.tl/E-E%dE-A)hIL,

• pressureg : I
deurat ive loss

• velocity U f u l l derivative loss



Nearabounda
ryrecall.pe-AgP , =

e -" P e " / & = Q a t i f ,

sub-ellipticity 92=9, - ◦ ⇒ {92,9,}.
&

µ
P - D I + R E , D ' ) D = Ed

Py=(Datizd4)² + Rp (x,-,D')¼
Py-(Sated4) '+ r y ( x , - & ' )

8M = (Sd -T t ) ( S d -T )

s p ( x , I , } ' ) - r ( a s ' t i d y ' ) = β " with Rep ≥ 0

*
+

= i β - i e d y it-=-if - i e d y



"I• Dd-Op( IT- ) → elliptic est imate
- r e

118v11, + 118011, + 10pct#oldie E. 11(Dd-Op(a-1)i l l ,

1,5. 82+1911".

! "

"

;• Dd - Op( I t ) → sub-elliptic estimate

I large

84118%011,
+ 118-7014≤ I/(Dd-Opc#Dolly + / op(x:/old/,



Parabolicoperato
rsim.la-analysis7=2-Ag .

Change of t ime va r i ab le

s - tan ( "¥-E) d-=!"
ds

9 =" * ² ( I tartans)"(I-autans)' ≈ ( s )

p=TEYin - r ( × , } )

Congugarson Py -
e-* Pé7&-(Datiéda4)-+ My

Pp-(satiety)- + m y ; my=ñ¥(in-ey't) + &(x,-is)
- ( a - I t ) (Sd-T) = 2 2 , w i t h R e α ≥ o

I t i s - i e d d y a - - = - i t - : Eddy



B a c k S k e s ( p a r t )
(de - A ) 0+79 = F

→ ( I t d s - A ) U +7g-F
Conjugaison e'7$ a s i n the parabolic c a s e

v . opix/e-740 q'. iOp(X)e-749
" "^ I AM- I R ' T o r d e r I① -Op,/01

# w̅

= ④ U t e e d D&=Dd t i E d 4

✓' = D I U " ✓ e e d

V1- qt
v . (f)e e " DIV=AVt#



◦

D I V = A V + G w i t h A =

(Lt'
o
% §)- MgO" 0 ◦

; 7$ '

0 -Mp# - i d i o t ' 0

My =
e7&(! {sids)É" + R p with R p =e7&R(x,D')é%

a =

¥9
m,
%? -&;) where Erg' = Ra j ,

0 -0m¢ + y' 0
a n d G' =}'+ i t dy'

Oneseeks the eigenvalues of ta a n d i t s eigenvectors

4regiens-1.int t o , n o t t o , a n d m y ≠ r &
2 . M G # 0 , s p - o
3 . i n & - O

4 . m t t o , e t # ° , a n d m y - t o



Regiont m y # o , r o t t o , m y t r y
✗2-m g R e 2 3 0

β ² - t o Reβ≥0

± , ⊖-' (EG'R0)}'-mgr)
- o r g ' r e / weed; p - i n•

WE =
/

a t o f f e e
=p"

+ G' R o

• W: =/
¥4)

r - i p , tawf=±vw
⊖"y '

±⊖ " v



£ = Op (WE) V D I V = A V + G

Op(ᵗWÉ) DIV = OPEN;) A V + Op(WE) G
commutators ca lcu lus

D I E = ± Op(p) Z + R H S + rema inders

CDd-OPCIYE-RHS-remaindw-
wi.tt + ±

= ± p - i t s day = I i x - i t day

• I f Elliptic e s t im a t e for Z = Op(WE/✓
I Elly, 1 + 12-101,,z ≤ 11Pa-0pct-1) E l l

- I t h a n g e s i g n , s u belliptic estimate-for Z = Op(WIN
82118-½Elly, ≤ KDa-0pct

+ 1) Z l + /Zloty,:



Similarly

• Elliptic estimate for £ = Op (W/V
HElly, 1 + 12-101,,z ≤ 11Pa-0pct-1) £11
I T - = - i n - i t day

• S u belliptic estimate for £ - Op (WF)V

82118-½El ly, ≤ KDa-0pct
+ 1) Z l + /Zloty,z

I T
+
= + i d - i e day
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Lopatinsh ellipticity c o n d i t i o n

Span {Ba} u {WE, w e can} u {WJ}-Ed

Dir ichlet ✓ Nav i e r ✓ Neumann ✓

Edte/✓%,,!Walls,:{Flop

two/Holy,#loptwimols.ee

+ I/Bartola,z

Result
ofg-½ ✓"11,,, +118-'Wally,/+ I ✓"lol,: + Wildly

£ I /Bartola,: + 11 R A S H



Regions s i m i l a r to region 1

Regions peculiar. d - 2 Jordan blocks ofs i z e 2

1 J o rd a n block of size 4A l l roots have negative
magmaryparts

→ El l ipt ic estrination, n o boundary condition n e e d e d .

Regiont
m g t o , rep t o , m a - r t N - V

2 J o rd a n blocksof size 2

W"a s

i n
region 1 → 2 d - 2 eigenvectors

WE coincides withWI for ✓ =" Y i f p - V



s e t wt = (±:&:&,
)

taw,:-#WE +
OWE+pin/%

E s t i m a t e : w i t h l o s s of ½ a d e r i v a t i v e for W j , W,"

• ze ro l o s s for WJ, W
• loss of a f u l l d e n t a t i v e for WF

- b#fIdfrv",thti,thendoagU.
important observation WI-WI = I:p)

→ IsfwtefrÑhati,thpesu.



Final estimate a t t h e boundary

Theoremy
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Thank youfor your attention


