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The model of second grade fluid

The dynamics of a second-degree fluid is given by the equations


∂

∂t
(u− α∆u)− ν∆u+ curl(u− α∆u)× u+∇q = f , in Q,

divu = 0, in Q,
u = 0, on Σ,

u(0) = u0, in Ω,
(1)

where u is the velocity of the fluid and
q := p− α(u · ∇u+ 1

4 |∇u+∇ut|2)− 1
2u · u, being p the pressure, here

Q := Ω× [0, T ] and Σ := ∂Ω×]0, T [.
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The first articles

The study of the second grade fluid was initiated by Dunn y Fosdick

(1974) and by Fosdick y Rajapogal (1978)

The first mathematical analysis of (1) was done by Cioranescu and

Ouazar (1984), in this paper the authors prove the first general existence

and uniqueness in two and three dimensional domains Ω, and supposing

small data.

Ciorarescu y Girault (1997) completed these results by showing the

global existence in time of weak and classical solutions and uniqueness in

the three-dimensional domain Ω under the assumption that the data are

also small enough (Excellent work and the most important).
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The functional spaces

Functional spaces

Let Ω ⊂ R3 be an open bounded domain with ∂Ω ∈ C3,1. We then
consider the following functions spaces

H1
0 (Ω) = {v ∈ H1(Ω) : v = 0 in ∂Ω},

V = {v ∈ H1
0 (Ω)

3 : div v = 0 in ∂Ω},
V 2 = {v ∈ V : curl(v − α∆v) ∈ L2(Ω)}.

Cioranescu and Girault proved that H3 norm and the norm ∥ · ∥V 2

induced by the inner product

(u,v)V 2 = (u,v) + α(∇u,∇v) + (curl(u− α∆u), curl(v − α∆v)) (2)

are equivalent in V 2, where (·, ·) is the usual L2 inner product.
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The functional spaces

We recall now the trilinear form

b(u,v,w) =

3∑
i,j=1

∫
Ω
uj

∂vi
xj

wi dx.

The fact that∫
Ω
curl(u− α∆u)× u · v dx = b(u,u,v)− αb(u,∆u,v) + αb(v,∆u,u)

leads to the following definition for a weak solution in the bounded
domain Ω.

Definition

Let u0 ∈ V 2. We say that u ∈ L∞(0, T ;V 2) such that
u′ ∈ L∞(0, T ;V ) is a weak solution to (1) if for a.e. t in (0, T ) and
every v ∈ V

(u′,v)+α (∇u′,∇v)+µ (∇u,∇v)+b(u,u,v)−α b(u,∆u,v)+α b(v,∆u,u) = 0.

Marko Rojas-Medar Sevilla 2025 September 2025 9 / 29



The functional spaces

We recall now the trilinear form

b(u,v,w) =

3∑
i,j=1

∫
Ω
uj

∂vi
xj

wi dx.

The fact that∫
Ω
curl(u− α∆u)× u · v dx = b(u,u,v)− αb(u,∆u,v) + αb(v,∆u,u)

leads to the following definition for a weak solution in the bounded
domain Ω.

Definition

Let u0 ∈ V 2. We say that u ∈ L∞(0, T ;V 2) such that
u′ ∈ L∞(0, T ;V ) is a weak solution to (1) if for a.e. t in (0, T ) and
every v ∈ V

(u′,v)+α (∇u′,∇v)+µ (∇u,∇v)+b(u,u,v)−α b(u,∆u,v)+α b(v,∆u,u) = 0.

Marko Rojas-Medar Sevilla 2025 September 2025 9 / 29



The functional spaces

We recall now the trilinear form

b(u,v,w) =

3∑
i,j=1

∫
Ω
uj

∂vi
xj

wi dx.

The fact that

∫
Ω
curl(u− α∆u)× u · v dx = b(u,u,v)− αb(u,∆u,v) + αb(v,∆u,u)

leads to the following definition for a weak solution in the bounded
domain Ω.

Definition

Let u0 ∈ V 2. We say that u ∈ L∞(0, T ;V 2) such that
u′ ∈ L∞(0, T ;V ) is a weak solution to (1) if for a.e. t in (0, T ) and
every v ∈ V

(u′,v)+α (∇u′,∇v)+µ (∇u,∇v)+b(u,u,v)−α b(u,∆u,v)+α b(v,∆u,u) = 0.

Marko Rojas-Medar Sevilla 2025 September 2025 9 / 29



The functional spaces

We recall now the trilinear form

b(u,v,w) =

3∑
i,j=1

∫
Ω
uj

∂vi
xj

wi dx.

The fact that∫
Ω
curl(u− α∆u)× u · v dx = b(u,u,v)− αb(u,∆u,v) + αb(v,∆u,u)

leads to the following definition for a weak solution in the bounded
domain Ω.

Definition

Let u0 ∈ V 2. We say that u ∈ L∞(0, T ;V 2) such that
u′ ∈ L∞(0, T ;V ) is a weak solution to (1) if for a.e. t in (0, T ) and
every v ∈ V

(u′,v)+α (∇u′,∇v)+µ (∇u,∇v)+b(u,u,v)−α b(u,∆u,v)+α b(v,∆u,u) = 0.

Marko Rojas-Medar Sevilla 2025 September 2025 9 / 29



The functional spaces

We recall now the trilinear form

b(u,v,w) =

3∑
i,j=1

∫
Ω
uj

∂vi
xj

wi dx.

The fact that∫
Ω
curl(u− α∆u)× u · v dx = b(u,u,v)− αb(u,∆u,v) + αb(v,∆u,u)

leads to the following definition for a weak solution in the bounded
domain Ω.

Definition

Let u0 ∈ V 2. We say that u ∈ L∞(0, T ;V 2) such that
u′ ∈ L∞(0, T ;V ) is a weak solution to (1) if for a.e. t in (0, T ) and
every v ∈ V

(u′,v)+α (∇u′,∇v)+µ (∇u,∇v)+b(u,u,v)−α b(u,∆u,v)+α b(v,∆u,u) = 0.

Marko Rojas-Medar Sevilla 2025 September 2025 9 / 29



The functional spaces

We recall now the trilinear form

b(u,v,w) =

3∑
i,j=1

∫
Ω
uj

∂vi
xj

wi dx.

The fact that∫
Ω
curl(u− α∆u)× u · v dx = b(u,u,v)− αb(u,∆u,v) + αb(v,∆u,u)

leads to the following definition for a weak solution in the bounded
domain Ω.

Definition

Let u0 ∈ V 2. We say that u ∈ L∞(0, T ;V 2) such that
u′ ∈ L∞(0, T ;V ) is a weak solution to (1) if for a.e. t in (0, T ) and
every v ∈ V

(u′,v)+α (∇u′,∇v)+µ (∇u,∇v)+b(u,u,v)−α b(u,∆u,v)+α b(v,∆u,u) = 0.

Marko Rojas-Medar Sevilla 2025 September 2025 9 / 29



The functional spaces

We recall now the trilinear form

b(u,v,w) =

3∑
i,j=1

∫
Ω
uj

∂vi
xj

wi dx.

The fact that∫
Ω
curl(u− α∆u)× u · v dx = b(u,u,v)− αb(u,∆u,v) + αb(v,∆u,u)

leads to the following definition for a weak solution in the bounded
domain Ω.

Definition

Let u0 ∈ V 2. We say that u ∈ L∞(0, T ;V 2) such that
u′ ∈ L∞(0, T ;V ) is a weak solution to (1) if for a.e. t in (0, T ) and
every v ∈ V

(u′,v)+α (∇u′,∇v)+µ (∇u,∇v)+b(u,u,v)−α b(u,∆u,v)+α b(v,∆u,u) = 0.

Marko Rojas-Medar Sevilla 2025 September 2025 9 / 29



The functional spaces

The following result was proved by Cioranescu and Girault 1997:

Theorem

For any small enough u0 ∈ V 2 there exists a unique weak solution to
(1) for all t ≥ 0, in the sense of Definition 1.

By using the embedding method explained very well in
Ladyzhenskaya’s book (see also the Heywood’paper Indiana Math J.
(1980)), we proved (Cruz, Perusato, Niche, Rojas-Medar 2025)

Theorem

For any small enough u0 ∈ V 2(R3) there exists a unique weak solution
to (1) for all t ≥ 0.
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Reproductive solution

Reproductive and periodic solution

We assume the following hypotheses:

Ω ⊂ Rn open, bounded and of class C3,1 (n = 2 or n = 3)

If n = 3, we assume that ∥f∥L∞(0,T ;L2(Ω)) and ∥curlf∥L∞(0,T ;L2(Ω))

are small enough.

Reproductive solution (Friz, Kisko, Marko 2009, 2010)

For any f ∈ L2(0, T ;H(curl; Ω)) ∩ L∞(0, T ;L2(Ω)), there exists a
reproductive solution.

The proof is made following the ideas of Kaniel and Shinbrot (1967)
(see also the classical book of J.-L. Lions (1969) and Cionarescu and
Girault (1997) + adequate estimates.
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Stability

Stability of solutions

The main goals of the work will be to show that:

Assuming the existence of a global weak solution for problem (1),
then in an arbitrary neighborhood of the data of (1), there are
global weak solutions for any data u0 and f in this neighborhood
and without any restriction on the size of their norms, provided
that

φ(t) = ∥u(t)∥2
H4(Ω)

∈ L1(0,+∞)

holds.

The behavior of the solution of problem (1) changes continuously
with the data, that is, the solution is uniformly stable.
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Stability

The energy

Eu(t) =
1

2

{
∥u(t)∥2 + α∥∇u(t)∥2

}
=

1

2
∥u(t)∥2

H1
α

of problem (1) has an exponential decay rate, under appropriated
assumptions.

These results are in Clark, Friz and Rojas-Medar (2025)
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Exact solution and spectral Galerkin approximations

Comparison solution and Galerkin approximations

Let uα
n be the Galerkin aprroximations of a second grade flow and u

the solutions of Navier-Stokes equations, we like to study the
convergences rates when α → 0 and n → ∞ in terms of eigenfunctions
of Stokes operator.
J.V. Gutiérrez-Santacreu M.A. Rojas-Medar 2023, On the
approximation of turbulent fluid flow by the Navier-Stokes - α
equations on bounded domains, Physica D: Nonlinear Phenomena 448
(2023) 133724 local and uniform estimates in t.
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Asymptotic Equivalence and Decay

Asymptotic Equivalence and Decay

Cruz, Perusato, Niche, Rojas-Medar 2024 proven the following results:

Theorem

Let u0 ∈ H1
α(R3), with divu0 = 0. If u0 satisfies

Pr(u0)+ = ĺım sup
ρ→0+

ρ−2r∗−3

∫
|ξ|<ρ

|û0(ξ)|2 dξ < ∞,

for some r∗ = r∗(u0) ∈ (−3/2,∞), then any weak solution u(t) to (1)
satisfies, ∥∥u(t)∥∥2

H1
α(R3)

≤ C (t+ 1)−mı́n{ 3
2
+r∗, 5

2}, ∀ t ≥ 0.

Where the constant C > 0 depends only on
∥u0∥H1

α(R3), α, r
∗, Pr(u0)+, µ.
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Asymptotic Equivalence and Decay

We also compare the evolution of solutions u(·, t) to (1) with the
solutions u(·, t) of the linear system associated, which is the following
pseudo-parabolic equation in R3 × (0,∞):

∂t(u− α∆u)− µ∆u = 0,

divu = 0,

u(0) = u0 ∈ H1
α(R3).

(3)
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Asymptotic Equivalence and Decay

Theorem

Let u be a weak solution of problem (1), and u the solution to the
linear part (3) with the same initial data u0 ∈ H4(R3), with divu0 = 0.
If u0 satisfies

Pr(u0)+ = ĺım sup
ρ→0+

ρ−2r∗−3

∫
|ξ|<ρ

|û0(ξ)|2 dξ < ∞,

for some r∗ = r∗(u0) ∈ (−3/2,∞), then any weak solution u(t) to (1)
satisfies∥∥u(t)− u(t)

∥∥2
H1

α(R3)
≤ C (t+ 1)−mı́n{ 5

2
+ 3

2
r∗, 5

2}, ∀ t ≥ 0,

Where the constant C > 0 depends only on ∥u0∥H1
α(R3), α, r

∗, Pr(u0), µ.
In other words, the solution u of (1) is asymptotically equivalent to the
solution u of the pseudo-parabolic equation (3) with the same data.
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Open problems

There are several interesting problems, some of them are:

Question 1:

What is the “optimal”functional space X,

whereby considering the initial data u0,

one should have a single “strong”local solution

(ideally, it would be a global solution)?

Question 2:

Consider a known weak solution. What additional velocity

and/or pressure conditions allow us to prove it is a single solution?
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Open problems

Question 3:

What is “optimal”functional space X,

whereby excluded compatibility conditions,

the initial data u0 must be considered for the solution

to be continuous at t = 0?

Question 4:

Are the solutions obtained globally stable?

Question 5:

Will it be possible to obtain point error estimates (in t)

for the H2(Ω) norm?
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Open problems

Question 6:

Control problems: initialization problems....stabilization ...

Working in progress: Fernández-Cara, Friz, Rojas-Medar 2025
(following ideias of J.-L. Lions Book (1971), JMAA Zhou 1995),
AMOR Braz e Silva, Cunha, Rojas-Medar 2021) for the
sabilization problem Barbu, Braz e Silva, Loayza, Rojas Medar
2023 (system control letters)

Question 7:

Extension to the magnetohydrodynamic flow of a second grade

Asymptotic equivalence and decay characterization, Boldrini,
Cruz, Rodŕıguez-Bellido, Rojas-Medar 2025.

Periodic solutions, Braz e Silva. Friz, Rojas-Medar 2025.
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