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What is Taxis?

Movement of an organism in response to a stimulus.
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What is Taxis?

Movement of an organism in response to a stimulus. It can be positive
(attraction) or negative (repulsion).

Depending on the stimulus:
1. Phototaxis (light)

2. Haptotaxis (Cancer cells and Extracellular matrix).

3. Chemotaxis (Chemical substance).
4. ..
5. Infectedtaxis (Susceptible individuals and Infected individuals).
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SIS epidemic model with repulsive infected-taxis

Q S. Wu, J. Wang, J. Shi, Dynamics and pattern formation of a diffusive predator-prey model with

predator-taxis. Math. Mod. and Meth. in Appl. Sciences, Vol. 28, No. 11 (2018), 2275-2312.

Ou — dAu = —g(u,v) in Q, t >0,

Opv — Av — &V - (0Vu) = g(u,v) in Q, t >0,
ou Ov

TE_ 90 0 ondQ, t>0,
on On
u(z,0) = ugp(z) > 0, v(z,0) = vo(x) >0 inQ,

® 1 > 0: Susceptible individuals.
® > 0: Infected individuals.

® g(u,v) :=~yu— ulj;[
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Approach 1: Backward Euler
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Figura: Spurious oscillations BE



Introduction Model
o] 00e00

Approach 2: Mass-lumping

(a,b) = /Q 11" (ab)dz
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Figura: Spurious oscillations ML
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Some properties

{ Oyu — dAu = —yu + Bu’ir

Opv — Av =&V - (1Vu) = yu — BA-.

* Conservation: [, [u(-,t) + (-, )] dz = [ [uo + vo] d.
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Some properties

{ Opu — dAu = —yu + B%

Opv — Av =&V - (1Vu) = yu — BA-.

* Conservation: [, [u(-,t) + (-, )] dz = [ [uo + vo] d.

® Nonnegativity of u,v: u,v > 0.
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Some properties

{ Opu — dAu = f’yu+ﬂ“+

Opv — Av =&V - (1Vu) = yu — BA-.

* Conservation: [, [u(-,t) + (-, )] dz = [ [uo + vo] d.
® Nonnegativity of u,v: u,v > 0.

® Weak regularity for u Testing u-eq by u:

+ d| Va2 +Allull2s = / B dw < BlulZ., (1)

thHU”m

which implies u € L°°(0,T; L*(Q)) N L*(0,T; H'(2)).
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Key estimates coming from the continuous model

An estimate of a singular functional for v

8tu—dAu——’yu+ﬁu+/ (2)
O — Av =&V - (0Vu) = yu — pEml

Considering

G(1) == —In(v) = G’(w)z—% = G"(v) = 5 Vv >0,

then testing (2)2 by G'(v):

dt/a d+’

u

Bu+/

— 'yg — §1Vqu')dx
( v

2
(8
<o+ 5[]+ S

d 1|V

and then,
2 2

< 8101+ 5 | Vul3. 3)
L2
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FE

Introduction Mode
c 00000 000000000000

Problems when passing discrete level

Positivity?? test function for 77

Solution: Regularized functions. Let € € (0,1) and consider the

truncated function

" o 2
Ge(s) = Ei (4)
32

We can integrate twice in (4) and we obtain a functional G.(s) being a
C2-approximation of G/(s) and such that G.(s) = —In(s) and
GL(s) = —1/s when s > ¢.
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Some results

Lemma 1: It is straightforward to see that G. € C%(R) verifies, for all
s € R,
GL(s) <0and GZ(s) >0
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s € R,
GL(s) <0and GZ(s) >0

Lemma 2: Let G. be the function defined from (4) and v : Q — R any
continuous function. Then, for all z € Q, it holds

52 (- (2)* < G(0(®) - X a0y () )
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Some results

Lemma 1: It is straightforward to see that G. € C%(R) verifies, for all
s € R,
GL(s) <0and GZ(s) >0

Lemma 2: Let G. be the function defined from (4) and v : Q — R any
continuous function. Then, for all z € Q, it holds

52 (- (2)* < G(0(®) - X a0y () )

Lemma 3: Let G-(s) and G.(s) be the functions defined from (4); then,
it holds
[51:GLs)| < 1, Vs €ER. (6)
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Numerical scheme
* [Step 1] Given [u} ™', v} € Z), x Zp, find 07 € Z), solving:

(8¢ )" (o) VI (GL(0R), Vo)
HE (VU Vo) = (glup [0h]4), )", (7)

for any v, € Z,.
¢ [Step 2] Given [v,’;‘,uz_l] € Zyp x Zy, find uj € Zy, solving:

(575“2’ ah)h + d(VuZ, Vﬂh) = _(g(u2_17 [ ;LL]-F)?ﬂh)h’ Vap, € Zp,
(8)
where
® (-,)": Mass lumping

o gl [ople) =y~ = Bup ! ).

up o] 4
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Some results

Lemma (Conservation)
Any solution [u}}, v}!] satisfies

[+ dtar= [0g+ B, vzt
Q Q



Introduction Model FE

[e]

00000 O00@00000000

Some results

Lemma (Conservation)

Any solution [u}}, v}!] satisfies

[+ dtar= [0g+ B, vzt
Q Q

Proposition (Pointwise estimate of u})
Assume acute triangulations 7. If At <1/, then u} > 0.
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Some results

Lemma (Conservation)
Any solution [u}, v}!] satisfies

[+ miae= [wh+ fae, vz
Q Q

Proposition (Pointwise estimate of u})
Assume acute triangulations 7. If At <1/, then u} > 0.
Idea of the proof: Compare with

Sw™ + yw"t =0,

(Minorant discrete ODE) { wd — n}zin u%,

=up >w"=(1- 7At)”(min u%) > (rnin u%) e 2t
Q Q
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Weak estimates for uj,

Proposition (Weak estimates for u})
It holds
n
lupll3 + At > [Vupl3, <C, ¥n>1,

m=1
with the constant C' > 0 independent of [At, h].
Proof: Taking @), = uj € Z

*5t\|uhHLz 2 ||5tuhHL2 +d|Vup]|Z

o [iranen [ g

< ZHétuZHLQ +C(At+ Djup™ HLz-
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Discrete estimate for v}’
Taking o), = IT"(GL(v7)) in (7), we obtain that

(Bevp, GLop)" + IR VI (GL)IZ2 = (up ™ TG (7))

RV TP GLRD) ~ B g L)
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Discrete estimate for v}’
Taking o), = IT"(GL(v7)) in (7), we obtain that

(605 GLOM)" + [ RVIGLERM) e = (™ T (GL(7))"
—€(RVun L VI (GL() — (] mm

Notice that:
(Bevp, GLO N = 61(Ge (o), D™

n n— n 1 n 62 n—
ECRVa ™ TINGLE) < S IRV GLE)IRs + 5 IV e 3.

—ﬁ([ W+ = ?Z :

up T+ Rl

mh@Lq)) < Bl
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Discrete estimate for v}’
Taking o), = IT"(GL(v7)) in (7), we obtain that

(Gr0y GLOR)" + VI GLOR) e = (™ T (GL(7)))"
un 1 h
SRV VING(R) = B[Rl gy IO GLOR))
Notice that:

(Oevi, GL(op )™ = 6u(Ge (), D)™
1 2
€V VI GLR < 2 I RVIHELR)IR: + S 19w B
n—1

U s\
=B (1 e HELR)) < 810

Then,

2
31(Ge(vh), )" *H RVIHGLORIE: < S IVe Ee + B0 (9)
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Implications

® Approximated positivity

1

222 Q(Hh([ M-))de < o | T(([0h]-)?)da < /Qﬂh(Ga( i))de < C,
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Implications
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1
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= [ ([h])Z < Ce.



Introduction Model FE
o] 00000 000000@e00000

Implications

® Approximated positivity

1

222 Q(Hh([ M-))de < o | T(([0h]-)?)da < /Qﬂh(Ga( i))de < C,

= [ ([h])Z < Ce.

 [lpllr < C:

[ritde< [ w0030 = [ oz [ (<
Q Q Q Q
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Implications
® Approximated positivity
gz TR < o [ W20 < [ TG < C.
= I (o)) - < O
gl <

[ritde< [ w0030 = [ oz [ (<
Q Q Q Q

¢ Existence of solution for v-scheme: Using a fixed point argument.
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Implications

Approximated positivity

1

222 Q(Hh([ M-))de < o | T(([0h]-)?)da < /QHh(Ga( i))de < C,

= [ ([v7]-)lI7- < Ce.

[vhlle < C:

[ritde< [ w0030 = [ oz [ (<
Q Q Q Q

Existence of solution for 1-scheme: Using a fixed point argument.

Well-posedness of u-scheme: Lax-Milgram Lemma.
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Simulations using the regularized scheme
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Figura: No spurious oscillations
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Convergence rates

m xm | |Ju(tn) — upllior2y | Order | Ju(tn) — uplli2(gry | Order
36 x 36 4,9473 e-03 - 1,2841 e-01 -

44 x 44 3,3225 e-03 1.9840 1,0517 e-01 0.9951
52 X 52 2,3847 e-03 1.9851 8,9042 e-02 0.9966
60 x 60 1,7952 e-03 1.9845 7,7198 e-02 0.9974

Cuadro: Convergence rates in space for u.

mxm | |[o(tn) — ZHloc(Lz) Order | ||v(tn) — Z||12(H1) Order
36 x 36 5,9491 e-03 - 1,1678 e-01 -

44 x 44 3,9829 e-03 1.9994 9,5542 e-02 1.0005
52 X 52 2,8439 e-03 2.0164 8,0837 e-02 1.0004
60 x 60 2,1262 e-03 2.0324 7,0056 e-02 1.0003

Cuadro: Convergence rates in space for
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