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Main aim of the presentation

A) {ut = Au— xV - (uVv),

B) {ut = Au—xV - (uVv),

v =Av—v+u
u, =0, =0 on 9N x (0, Thae)|, w(2,0) =up(x), v(x,0) =vo(x) € Q.

ve=Av—v+u

in €2 x (O Tma;lv) ’

in ) x (0, Crma:z:) )

Robin-type boundary confitions [EECAYAKHCIRUCADERICIRERS Q.

* The Keller-Segel system with Neumann
boundary conditions

* Main results and discussions on A)
* Some natural extensions on A)

* Introduction of B). The Robin boundary
conditions

* Comparison and main differences
between A) and B)

Neumann Boundary Conditions
VS.
Robin Boundary Conditions

~ >

How far do standard methods work?




CHEMOTAXIS: movement of an organism or entity in response to a chemical stimulus

Au —XV - (uVo)
Av — v +|Uu

(x,t) € O%(0, Trax)

Ut
Ut

u=u(x,t) cells’ density, v=v(x,t) chemical
signal. Chemosensitivity x > 0

Taxis term x>0 has a gathering effect on u. The signal v has attractive effect on u, which produces v

Keller EF, Segel LA. Initiation of slime mold aggregation viewed as an instability. Journal of Theoretical Biology 1970; 26:399-415

Idealization of the motion of the cells, inside a domain and initially distributed accordingly to the
law of u(x,0) and v(x0). € smooth and bounded n-dimensional domain,
T4 lifespan of the solutions. The evolution is influenced by the competition between the
aggregation impact, increasing for larger size of x>0. The more u increases the more v increases.

The Laplacian operator provides diffusion to the system




The Keller-Segel model: first indications

ur = Au — xV - (uVo), v =Av—v+u inQ x (0, Thaz)
Uy = Uy = 0 on O0f) X (O;Tm,a:l:); U(l,O) = UQ(J}), U(.’IJ,O) = ’U()(.’]j) Tr e Q

.
/

The model may admit global bounded solutions, for which 7},,,, = 00, and unbounded ones blowing up in finite time (75,4
finite, and J-formations at points of the domain emerge. For n = 1 all solutions are uniformly bounded in time (diffusion
dominates self-attraction), whereas for n > 2 self-attraction might overcome diffusion and blow-up may appear.

Higher dimensions “enforce” blow-up u(-, 8)]| L= (e
| xm large Blow — Up and Instability

Dichotomy criterion

lim sup|u(-, £) | p=() = +oc
t_)T’Yn.(_LI

|u(-,t)||Le@y< C t € (0,00)
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THE PROBLEM: crucial property for the zero-flux Keller-Segel model

ur = Au — xV - (uVo), vy = Av—0v+u in Q x (0, Thnaz)
Uy = =0 on 9N X (0, Trnas) . u(x,0) =ug(x), v(z,0) =vo(z) x €.

-~y
-
~~

Let (u,v) be a positive classical solution in Q X(0, T,,,4x)

-~

/Ut —/u—/V Vu—xuV'v)“:O t € (0, Thas) The Divergence
Theorem

dt u—0:>/u—/u0 )dz forall t € (0, Thaz)

THE MASS IS PRESERVED

MASS CONSERVATION

”u(?t)”Lm(Q)S C, te (Ovaam)



On some variants of the Keller-Segel model with Neumann BC
ur =V - (S(u,v)Vu — T (u,v)Vv) + h(u), ve = Av+g(u,v) in Qx(0,Tha)-

S(u,v) T (u,v) h(u)

Chemoattractant

Growth/Death rate for u

g(u,v)

Growth/Death rate for v

S(u,v)-Diffusion T'(u,v)-(Chemo)sensitivity h(u [—Log[istic g(u, v)-Chemical growth
u"™ u'? u® —u —v +u?
1 u —uv
u/\/u? + |Vul|? u/\/1+ |Vol|? p>«a —v +u
1 u/v —uYv
v % u -V +u
u™ u"m? u*(1— [ u?) —v+u

Common denominator w =v, =0 on 99 x (0,7 ax)

|u(-,t) ||z ) is bdd

> S(u,v) smoothing effects, T(u,v) instability/aggregation actions, h(u) an external source

» g(u,v)=-v+u, cells produces chemoattractant; g(u,v)=-uv, cells consume chemoattractant



On some variants of the Keller-Segel model with different BC
uy =V - (S(u,v)Vu =T (u,v)Vv) + f(u), ve = Av+g(u,v) in QX (0,Taz).

— S(u,v) T(u,v) f(u) g(u,v) || Boundary condition for v
©

O 1 u . . Ul@QX(O,Tme) - O

0 1 u Dirichlet " — 0

m /Iaﬂx(oaTrnax) T

1 u —vu V09 (0. Tppr) = U°

?’ 1 u u—u? —vu Uy 0% (0,Tay) = L — ¥
= 1 u U — u? —vu Vigo = V*

= u' u — VU I-v,,| DX (0. Topas) — 1L — U
é/ ,LLTTI _u/zl RObIn — VU IL‘I@QX (O,Trnax) = "U*

— m ) ) — ¥

— u —Uu —vu 1"IOQX(0,Tnmx) =

- = |, U, (u,v)v,) + fQ flu) = fQ f(u) on (0,Tax)




Blow-up despite logistics. Preventing gathering with gradient terms

0=Av—v+u inQx(0,Thaez),
u(x,O) e uo(m)’ T € Q

BLOW-UP for c=0
Winkler, 2018, Z. Angew. Math. Phys.

> BLOW-UP IS PREVENTED for c>0

ug = Au — xV - (uVv)
u, = v, =0 on o) x (O,Tma:c

{g if n € {3,
K<

1 ;
].-*-m zfn>

2n
Y 2]
| — pu |Vu| 7>

e 1 N
growth [l 1| death

Biologically, gradient terms appear as additional decay terms depending on the size of the
gradient of the population density. (Souplet Math. Methods Appl. Sci., 1996.)

Ishida, Lankeit, Viglialoro, 2024
Discrete Continuous Dyn. Syst. Ser. B




Blow-up despite strong logistics (n=3)?
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Au — pu” — e|Vul?

@

2n
n+1

1.5=|17<

c>0??

¢c=0, Bow-up!




Outward flows for u and v and positive total flux
v, =—hv on 0 X (0,Tmax) Uy = (Oé — 1)Xhuv o &€ (O, 1]

Robin boundary condition
I . y ' outward flows for u and v

| Total flux e TR
Zero-Flux (a=0)!!

The outward flux of the chemoattractant v transports the cells
across the boundary toward the interior of the domain itself; the
result is a positive (inward) total flux

Even for appropriate outward flux of the cells' configuration, the

taxis-driven effect of the outward flow of the chemoattractant can
yet keep producing a positive total flux




Positive total flux and behaviour of the mass

uy = Vu — xV - (uVv) d
dt
Uy, — Xuv, = axhuv
[
/ Q
u
Q2
Tma:c
t t
/u <C on(0,Tmaz) limsup/ u(-,t) = o0
Q t—=Tmaz JQ

Blowup, boundendess? t—Thmax

-

. U= aYh/ uv Z 0 for all ¢ € (0~ ,Tmax)
9 o5

[
Q

t
limsup/ u(-,t) = 400
Q

t—+o0

-

Traz < 00



Numerical simulations and questions in 2D for the case a=1

Simulation of a 2D chemotaxis . 2. 9 2
model in penetrable domains Q - {(337 y) 6 R . L + y < 1}

- uo(z,y,0) = vo(,,0) =13e™ ¥ x = 0.14,h = 60

Uy — XUV, = Xhuv Data: 2960 triangles, At=10"°

-

Evolution of u

Final distribution




Numerical simulations: nil flux VS. positive flux | Uy — XUV, = Oéxhuvl

Blue/Red line <-> positive/Zero flux: u” / u® a =1 /o = 0.7 <->continuous/dotted line
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CONJECTURE: max(uf) > max(u?) forall t € (0, Tyay)
(fixed the same other data; domain and initial distributions)




dt

Trace Embeddings / ) <(agz/ ) +Dag2/ VY|  Caa(n,Q) and Dyg(n, Q)
o5

Young’s Inequality
/U<CI/U + ¢2 /IVUI + ¢3 /’v +C4/ ik Trace Embedding

Positve flux: How to control the mass? ¢ /u " axh/ b0 Tor sllte (i)
o2

(J SOURCE WITH BIOLOGICAL
INTERPRETATIONS
‘ O NOTE THE HIGH POWER, 2

STRONG LOGISTIC TO HAVE BOUNDEDNESS

d
) uSCI/ u2+02/ Vul? forallt € (0,T)0,) OF THE MASS
Q Q Q
i/ u < 01/ u® + c2/ |V ul|? — h(u, |Vu|) = au — bu?® — ¢|Vu|?
dt Jo Q Q

We need “negative” terms to control the sum on the r.h.s.



Boundedness result

P

K. Baghaei, S. Frassu, Y. Tanaka, G. (s = Au— xV(uVv) + au — bu® — ¢|Vul® in Q x (0, Thax)
Viglialoro, To what extent does the Top = Av — v 4+ u in Q x (0, Thas )
consideration of positive total flux [RGEIR wy, = (a—1) vhuv, v, = —ho on 9 x (0. Toas)
influence the dynamics of Keller—Segel- Y CY - e
type models? Submitted. | u(x,0) = up(x), 7v(x,0) = Tvo(T) x € (.

Theorem Let Q C R™ bounded of class C?*° 5 € (0,1), 7 € {0.1}, x.a.c.h > 0 and o € [0.1]. Then there exist Cpq =
Caa(2,n) and Dy = Daya(€2,n) such that for every

uo, vo : Q = RY, with ug,vo € ('2+‘S(Q) complying with wug, = (o — 1)xhugvg and wvo, = —hvg  on 0f2

whenever

aDaq)%h Q -
b > (\16+Q) + \T\/ hCaq | problem (P;) admits a unique solution
cLan

(u,v) € C2H01+3(() x [0,00)) x C2H57+3 () x [0, 00)) x C2+07+3(Q) x [0, 00)) such that 0 < u,v € L®(Q x (0, 00)).

v' For a=0 it is sufficient b>0

v b increases with a, h and x (responsible of gathering effects)
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