Lecture 1:

Some illustrative optimal control problems

Enrique FERNANDEZ-CARA
Dpto. E.D.A.N. - Univ. of Sevilla

Four interesting optimal control problems
Results and open questions
They lead to new theoretical results ...
They are connected to applications . ..
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Optimal control problems for PDEs
Structure

The state equation:

A(y) = B(v)
{1V (®)

The cost:

(v,y) = J(v,y)
The constraints:

V€ Va, ¥ € Vad

The optimal control problem:

Minimize J(v,y)
Subjectto v € Vag, ¥ € Vag, (v,y) satisfies (S)

Main questions: 3/uniqueness/multiplicity, characterization, computation, ...
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6 Optimal control of a capacitor
@ The problem
@ The main results and their proofs

e Control on the coefficients, homogenization, optimal materials
@ The original problem
@ The relaxed problem

e Optimal design for Navier-Stokes flow
@ The problem
@ An optimality result

° Optimal control oriented to therapies for tumor growth models
@ The problem
@ The results
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Optimal control of a capacitor
The problem

Q c RN bounded, regular, connected, open; I = 992.
w CC Q non-empty, open; 1,,: the characteristic function
The state system:
{ —Ay=1,u in )
y=0 on T,

y = y(x): electric potential; the density of charge is 1., u;

E = —Vy is the associated electric field

Question: How to choose u to have y as good as possible?
For instance, for given a,b > 0, yy € L?(Q) and Uyg C L?(w):

Minimize J(u) = /Iy Yal? ax + - /Iu\zdx
Subjectto u elxlad, (1)

where a, b > 0.
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Optimal control of a capacitor
The main results and their proofs

Theorem 1: existence, uniqueness

Assume: Uy C L?(w) is non-empty, closed, convex.
Then: 3! optimal &

v

Theorem 2: characterization (optimality)

Same hypotheses. Then: 3y, p with

Ay =01, in Q
{ y=0 on I @)
—Ap=§—-ys in Q
{ p=0 on T ()
/(a”+b0)(u—f1) dx >0 VU E Uy (5)
w
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Optimal control of a capacitor
The main results and their proofs

PROOF OF THEOREM 1: i
Recall: J(u) = g/ ly — yql? dx + 5/ |uf? dx Yu € Upg
Q w
u — J(u) is strictly convex, coercive and continuous (hence weakly Isc) in L2(w)

U,q is closed and convex
Hence ... ]

QUESTIONS: a = 0? b = 0? Interpretations?

PROOF OF THEOREM 2:
Try to write that (J/ (&), u — ) > 0 U € Uyq, With &1 € Uy

If p solves (4), then (J/(U),u — 0) = / (ap + b)) (u — &) dx Consequently, ... |

w

In this case, the reciprocal holds: if (3) — (5) holds, then & is the optimal control l
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Optimal control of a capacitor
The main results and their proofs

From the previous argument: (J'(u), v) = / (ap + bu) v dx,

with —Ap=y — yyinQ,p=0o0nT (the adToint state) Useful!

QUESTIONS: First suggested iterative method:
—Ay"=u""",inQ,y"=0o0nT
—Ap"=y"—yyinQ,p"=00nT
J.,(@ap" + bu")(u — u") dx > 0 VU € Uy, U" € Uyg

Convergence? Other iterates based on gradient computation?

Many possible generalizations ...

QUESTIONS: Similar optimal control problems for other PDEs?
Yi— Ay =ul,inQx(0,T)+...
oryw — Ay =uly, iyt + Ay = uly, ...
similar nonlinear PDEs, etc.

Existence/uniqueness? Characterization?

Convergent algorithms?
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Control on the coefficients and homogenization

The original problem

Assume: in Q we find two different dielectric materials, with permeability coefficients «
and 8 (0 < a < B). How can we determine an optimal distribution?

The electrostatic potential y = y(x) for a partition { Gy, Go} of Q:
—V-(a(x)Vy)=f(x)inQ, y=0onTl

where a(x) = ain Gy, a(x) = 8in Gz

(f is given; a is the control and y is the state)

Question: How to choose a to have y as good as possible?
For instance, for given y4 € L?(Q):
Minimize j(a) = %/ ly — yal? dx ©)
Q
Subjectto a€ Ay ={ac L>°(Q): a(x) € {«,B}ae.}

Even beter:
Minimize j(a) = %/ ly — yal? dx
Q

(7)
Subjectto a € Ay, / adx </
Q
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Control on the coefficients and homogenization

The original problem

We assume N = 2 (for simplicity)

IN GENERAL, Z SOLUTION:

Minimizing {a"}, a” — &° weakly-*, y" — y weakly, but ...
(typical for control on the coefficients)

Notation: A(a, B) is the family of 2 x 2 matrices A such that
A(X)E-€> alél’, (AX)TTE-€> I VEER?, xae.inQ

If A7, A° € A(a, B), A" H-converges to A® if

YO C Q, Vg the corresponding solutions satisfy

y™ — y° weakly in H} and A"Vy™ — A°Vy° weakly in L2
[Murat and Tartar, 1978 ...]

Theorem 3: compactness
The family A(«, 8) is compact for the H-convergence

The key point: we can have A” = a"/ Vn and non-diagonal A°
Explicit examples; thus, no solution for (6)
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Control on the coefficients and homogenization

The relaxed problem

What can be done? Relaxation:
(Q) is the relaxed problem of (P) if

(a) 3 solutions to (Q)
(b) Solutions to (Q) = weak limits of minimizing sequences of (P)

Notation: 4, is the family of all symmetric A € A(a, 8) with
af .
<) < Xo(x)<B, ——————— < A\(x) ae.inQ
a < A(x) <A(x) < B a+,3—>\2(x)*1()
A new problem:

Minimize j(A) :— ;/ Y — yql? dx

_“Ja ®)
Subjectto A€ Ay, —V - (AX)VY)=1f(x) in Q, ...

Theorem 4: relaxation

A€ Ay < Als the H-limit of some a"/, with a" € Ay
Hence, the relaxed problem of (6) is (8)

Physical interpretation: a composite anisotropic material
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Control on the coefficients and homogenization

The relaxed problem

QUESTIONS: Optimality systems for (6) and (8)? Convergent iterates? Numerics?

QUESTIONS: The H-closure of A,4 for N-dimensional problems (N > 3)?
Similar results for parabolic and hyperbolic PDEs? Nonlinearities?

In view of the difficulty: periodic structures
Many results under these conditions for many related problems
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Optimal design for Navier-Stokes flow
The problem

Assume: Q is filled with a Navier-Stokes fluid
We try to find the optimal shape of a body travelling in Q:

Minimize T(B,y) := 21// |Dy|? dx
Q\B (9)

Subjectto B € By, (¥,7) solvesNSin Q\ B

Y = Yoo on T (10)

y=0 on 0B

.4 is the family of admissible bodies
For instance: B € B,g < B = O for some connected open O with Dy C O C Dy,
80 € Whee

We are minimizing the drag, subject to B € B, since

T(B,y) = —Co /r Yoo - (o(y, ) - ) dF
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Optimal design for Navier-Stokes flow
The problem

mgewn;r(all._o PROVE 3, unless ARTIFICIAL CONDITIONS ARE IMPOSED TO B4
(typical for optimal design)
Explanation: a minimizing sequence {B", y"}. Then:
@ |ly"||4 is uniformly bounded, whence y” — y weakly in H'
@ B" — BC in the Haussdorf distance sense
But: there is no reason to have y = y0!

This would be the case if all B € B,q are uniformly W12,
But ...

QUESTIONS: Minimal uniform regularity hypotheses for existence?
A “natural” condition on B,4 ensuring that y = y°?
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Optimal design for Navier-Stokes flow
An optimality result

Assume 3. We look for a “body variations” formula:

D(B+u)=D(B)+ D'(B;u) + o(u), B+u={x=(I+u)¢):¢€B}
(differentiating u — D(B + u); B'is a reference body shape)

Theorem 5: optimality

Assume: 0B,T € W2:°° and u € W2, Then:

A ow 9oy oy
D'(B; u) = =
(B:4) /aB(@n 8n> n (UM do,

where (w, q) is the associated adjoint state:

—VAW; + 3 0iy; Wi — 32 ¥ Ojw; + 9 = —2v Ay
V-w=0, etc.

Again very useful!

QUESTIONS: A sequence {B"} “converging” to a solution?
Second-order derivatives and applications?
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Optimal control of a tumor growth model
The problem

Q c RV: organ (the brain), N=2or N =3

T > 0: final time

¢, B: cancer cells and inhibitors populations (fonctions of (x, t); the state)
v: a therapy, acting on w C Q (the control)

Glioblastoma + radiotherapy [Swanson et al., 1990 ...]

The state system:

¢ — V- (D(x)Vc) = f(c) — F(c,B) inQ x(0,T)
Bt — uAB = —h(B) — H(c,B) +vl, inQx(0,T)
c(0) =c°, B(0)=0 inQ, etc.

f and h give the proliferation and dissipation laws of ¢ and 3
F and H determine how ¢ and 3 interact

Simplest choice: f(c) = pc, h(8) = mB, F(c,B) = Re, H(c,B) = Mcp
Assumed in the sequel
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Optimal control of a tumor growth model
The problem

Constraints on v (to be realistic):

)
veVa={vi0<v<A [ vat<B v=0frtg1)
0

(Z is the set of times for therapy application)
Question: how to choose v to have c as good as possible?

Minimize K(v,c,B) = 2 [olc(x, T)]? + 2
Subjectto v € V4, (c,B) satisfies (12)

wx(.1) IV (1)
¢t — V- (D(x)Vc) = pc — Rep inQx(0,T)

Bt —uAB=—-mpB—Mcs+vil, inQx(0,T) (12)
c(0)=cP, B(0)=0 inQ, etc.
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Optimal control of a tumor growth model
The results

Theorem 6: existence

Assume: Vg C L?(w x (0, T)) is as before
Then: 3 optimal control-state (I, ¢, B)

\

Theorem 7: characterization (optimality)

Same hypotheses, (I, C, ,3) is optimal
Then: 3(p, /) such that one has (12),

—pi— V- (D(X)VP) = pb — RBD— MB#
—ft — pAfH = —mi — Rep — Men (13)
B(T) = &(T), A(T)=0 etc.

// (8D + bi)(u— D) dxdt > 0 Vu € Vi, 0 € Vg (14)
wx(0,T)

A\

The arguments are similar to those above ...

QUESTIONS: Detailed argument for existence? For optimality?
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Optimal control of a tumor growth model
The results

Also: (J'(u), v // (ap + bu) v, where
—pt =V - (D(x)Vp) = pp— RBp — MBn in Qx(0,T)
—nt — plAn = —mn — Rep — Mcn in Qx(0,7)
p(T)=¢(T), n(T)=0 inQ, etc.

(the adjoint state associate to u)
Once more: useful

QUESTIONS: Uniqueness of optimal state-control?
The reciprocal of the optimality result?

QUESTIONS: Iterative methods for the computation of ?

Convergence?
[Echevarria et al., 2007]
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THANK YOU VERY MUCH ...
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